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Sequences

A sequence is a list of numbers
dy, A2, Ay ooy Ay v s

in a given order. Each of ay, a,, a; and so on represents a number. These are the terms of
the sequence. For example the sequence

2,4,6,8,10,12,...,2n,...

has first term a; = 2, second term @, = 4 and nth term a, = 2n. The integer n is called
the index of a@,, and indicates where a, occurs in the list.

DEFINITION Infinite Sequence
An infinite sequence of numbers is a function whose domain is the set of positive
integers.

Sequences can be described by writing rules that specify their terms, such as

'
an = \"‘H?
1
b, = [_I)H]H?
_n—1
Cn =~
d.l']' = (_l)ﬂ_H
or by listing terms,
-{{Iﬂ} _ {’\.-":T, -'\__;'E, .'\-'I.E,..., \_.".}}_I,III}
11 1 |
{bu} - {la_isgs_}---a(_” HE,...}

1234 n— 1
{C.H'} _ {0557551755"'1 n 1}

{d.,} = {L, -1, 1, —1,1,—1..., (=) .}
We also sometimes write

{an} = {'\"‘"I; }::‘] -
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Example 1 Write down the first few terms of each of the following sequences.
n+tl]”
(a) -I v

| »* )

) {&1

2 J n=0

Solution

(a) _:[n +1 }
n=l

| »?

To get the first few sequence terms here all we need to dois plug in values of n into the formula given
and we’ll get the sequence terms.

-

n+1)” {
e
L < n=l l

5 6
6 25
—

=

3
. i .
H=L M

n=l

ol
{o]| &
5

1l
et
k-]

|
wh

MNote the inclusion of the “..."” at the end! This is an important piece of notation as it is the only thing
that tells us that the sequence continues on and doesn’t terminate at the last term.

ntl
-1
o [V
2'."1
]\ Jn=0
This one is similar to the first one. The main difference is that this sequence doesn’tstartat n =1.

[ A T S T T

= ]

| 27 L7270 478 167

- a=0

Note that the terms in this sequence alternate in signs. Sequences of this kind are sometimes called
alternating sequences.

Convergence and Divergence

Sometimes the numbers in a sequence approach a single value as the index n increases.
This happens in the sequence
L1111
?2?3?47"'?”?"'

whose terms approach 0 as n gets large, and in the sequence

1234 1
{U,E,g,z,g,...,l _F""}
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whose terms approach 1. On the other hand, sequences like
(V1,V2, V3, V... }
have terms that get larger than any number as n increases, and sequences like
(L,-1,1,-1,1,—1,..., (-1 .}

bounce back and forth between 1 and — 1, never converging to a single value. The follow-
ing definition captures the meaning of having a sequence converge to a limiting value.

If ima, exists and is finite we say that the sequence is convergent. If lma, doesn't exist or is
=+ n—»x
infinite we say the sequence diverges. Note that sometimes we will say the sequence diverges to

oo if ima, == and if lima, =—=° we will sometimes say that the sequence divergesto —ac .
H—+x n—w

DEFINITIONS Converges, Diverges, Limit
The sequence {a,} converges to the number L if to every positive number € there
corresponds an integer N such that for all n,

n =N = la, — L| < €.

If no such number L exists, we say that {a,} diverges.
If {a,} converges to L, we write lim, .~ a, = L, or simply a, — L, and call
L the limit of the sequence

Example 2: Determine whether the following sequences converge or diverge:

1
1- a, ==
n n

Sol: lim(a,) = lim (1) =1=0 (Converge)
n—>0oo (0]

n—-oo \n

(Diverge)
3- a, = (1" (1-1)

o= (7 (1-3) ==

The lim (a,) does not exist so itis (Diverge)
n—-oo
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THEOREM 1

Let {a,} and {b,} be sequences of real numbers and let 4 and B be real numbers.
The following rules hold if lim,—- a, = 4 and lim,— b, = B.

1. Sum Rule: lim,—oc(a, + b,) = A+ B

2. Difference Rule: lim, .oc(a@, — b,) = A — B

3. Product Rule: lim,—oc(a,*b,) = A+ B

4.  Constant Multiple Rule: lim,—~cc(k+b,) = k+B (Any number k)
5. Quotient Rule: T - % =% ifB#0

EXAMPLE 3 Applying Theorem 1

By combining Theorem 1 with the limits of Example 1, we have:

(a) lim (—%) = —1+ lim % =—1-0=0 Constant Multiple Rule and Example 1a

n—>00 n—>0a
X n— 1 . 1 ) .1 e Ble
(b) lim = lim (1 -5 )= lim1 — lim 5y =1— 0 =1 Differencefulc
n—>00 n n—o0 h n—>00 n—o0 1t and Example la
. 5 N T .
(c) lim — = 5+ lim e lim e 5:0-0=20 Product Rule
n—o0p n—00 n—0o0
_ 7,6 (4/n®) — 7 —
(d) lim 4= Tn” _ li /m) _0-7_ —7. Sum and Quotient Rules m

n—00 H6+3 _nLng'iJl-l—(:?l;/nﬁ)_l_i_O

THEOREM 2 The Sandwich Theorem for Sequences

Let {a,}, {b,}, and {c,} be sequences of real numbers. If a, = b, = ¢, holds
for all » beyond some index N, and if lim,—c a, = lim,—~ ¢, = L, then
lim,— b, = L also.

EXAMPLE 4  Applying the Sandwich Theorem

Since 1/n — 0, we know that

(a) _co;n_)o because —% = —CDI,?” = %;

b) o—0 b 0=4 =1

(b) ?—1- ecause =20 =7

(c) (—l}"%—*ﬂ because —% = —l}"% = % n
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THEOREM 3  The Continuous Function Theorem for Sequences

Let {a,} be a sequence of real numbers. If @, — L and if f is a function that is
continuous at L and defined at all a,,, then f(a,) — f(L).

EXAMPLE 5  Applying Theorem 3

Show that V/(n + 1)/n— 1.

Solution We know that (n + 1)/n—> 1. Taking f(x) = Vx and L = 1 in Theorem 3
gives \Vi(in + 1)/n— V1 = 1. [
EXAMPLE 6  The Sequence {2/}

The sequence {1/n} converges to 0. By taking a, = 1/n, f(x) = 2%, and L = 0 in
Theorem 3, we see that 2'/" = f(1/n) — f(L) = 2° = 1. The sequence {2'/"} converges
to 1 [ |

Using l'Hopital’s Rule

The next theorem enables us to use I’Hopital’s Rule to find the limits of some sequences.
It formalizes the connection between lim,_.oc @, and lim, ..o f(x).

THEOREM 4
Suppose that f(x) is a function defined for all x = ng and that {a,} is a sequence
of real numbers such that a, = f(n) forn = ny. Then

lim f(x) =L = lim a, = L.
oo n—oo

EXAMPLE 7  Applying LUHopital’s Rule
Show that

Inn

n—0a

Solution The function (Inx)/x is defined for all x = 1 and agrees with the given
sequence at positive integers. Therefore, by Theorem 5, lim,—o(Inn)/n will equal
lim,—co (In x)/x if the latter exists. A single application of I’'Hépital’s Rule shows that

. Inx . ﬁ _0_
am o = im e =1 =0
We conclude that lim,—c (Inn)/n = 0. ]

When we use I"'Hopital’s Rule to find the limit of a sequence, we often treat n as a
continuous real variable and differentiate directly with respect to n. This saves us from
having to rewrite the formula for a, as we did in Example 7.
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EXAMPLE 8  Applying U'Hopital’s Rule
Find

Lo
nli'm!_‘ﬁ) 5?? )

Solution By I'Hopital’s Rule (differentiating with respect to n),

lim = = lim 202
n—od 5” ol 5
= . K

EXAMPLE 9  Applying L'Hopital’s Rule to Determine Convergence

Does the sequence whose nth term is
— + 1Y\
" n—1

Solution The limit leads to the indeterminate form 1°°. We can apply I’'Hépital’s Rule if
we first change the form to o< - 0 by taking the natural logarithm of a,,:

Ina, = ln(n + l)
n—1

converge? If so, find lim,—c a,.

Then,
Iim Ina, = lim nln(n - l) <+ 0
n—>0o0 n—*00 n—1
(n + 1)
In

= 1 n- 1 0

o nl;mso ]llfn 1]

o =2/ -1

= anm _1/‘”2 |"Hépital’s Rule

2
= lim 22— =2,
n—00 R —_ l

Since Ina, — 2 and f(x) = e" is continuous, Theorem 4 tells us that
a, = e"% — e?,

The sequence {a,} converges to e?. |
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Convergent sequences

Commonly Occurring Limits

The next theorem gives some limits that arise frequently.

THEOREM 5

. lim 222 =

. nl’l’[go n =

2. lim Wn =1
n— >0

3. lim x'/" =1 (x = 0)
n—>00

4. lim x" =0 (x| < 1)
n— >0

tn

=0

6. lim =0 (any x)

H—> 0 HT

lim (1 + %) = " (any x)

The following six sequences converge to the limits listed below:

In Formulas (3) through (6), x remains fixed as n — 0.

‘ Factorial Notation
The notation n! (“n factorial”) means

the product 1+2 -3 - - n of the integers
from 1 to n. Notice that

(mn+ 1) =(n + 1)-n!.Thus,

4 =1-2-3-4 = 24 and
51=1-2-3-4-5=5-41 = 120. We
define 0! to be 1. Factorials grow even
faster than exponentials, as the table
suggests.

EXAMPLE 10  Applying Theorem 5

| 2
(a) nE,n ) _ 2lnn_,0=0

{h} f;fn_z — H.Z,-’n — {nl.'ru)E_)(l)E =1

© V3n=3Unnny>1.1=1

n e" (rounded) n!
1 3 ]
5 148 120
10 22,026 3,628,800
20 4.9 % 108 2.4 % 1018

Formula 1

Formula 2

Formula 3 with x

3 and Formula 2
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(d) (— %) — 0 Formula 4 with x
(e) (n ; 2) = (] + —TZ) —?6_2 Formula 5 with x 2
(f:‘ ]2? — 0 Formula 6 with x 100 |
Example Determine if the following sequences converge or diverge. If the sequence converges
determine its limit.
[3nP-1 ]
a
® 10n+5n" ]
1. n Jn=1
1Y 1
© D %
]\ n n=1
_[ 1 ny®
@ {(-1)"}
Solution
( -1 |
10n+5n° |
{ A
) n|3—— 3— L
3n” -1 : ) nt 3
=lm— ~=hm 10 ==
s S

H

limﬁ 10
n==]10n+5n" nom o
H"l —+5

n

So, the sequence converges and its limit is 5.

[. ” )

e
e

We will need to be careful with this one. We will need to use L'Hospital’s Rule on this sequence. The
problem is that L'Hospital’s Rule only works on functions and not on sequences. Normally this would

be a problem, but we've got Theorem 1 from above to help us out. Let’s define
2x

and note that,
fln)=—
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Theorem 1 says that all we need to do is take the limit of the function.
2n 2x ~ 2x

. e . e . e
lim— =lm—=lim

n—#z i1 X—» ks X—H

= )

So, the sequence in this part diverges (to o< ).

© [(=1)"]

i,

‘_ n i .

We will also need to be careful with this sequence. We might be tempted to just say that the limit of
the sequence terms is zero (and we'd be correct). However, technically we can’t take the limit of
sequences whose terms alternate in sign, because we don’t know how to do limits of functions that
exhibit that same behavior. Also, we want to be very careful to not rely too much on intuition with
these problems. As we will see in the next section, and in later sections, our intuition can lead us
astray in these problems if we aren’t careful.

So, let’s work this one by the book. We will need to use Theorem 2 on this problem. To this we'll first
need to compute,

p _1 M
lim ), = liml =0
H—» 7 H—Hx n

Therefore, since the limit of the sequence terms with absolute value bars on them goes to zero we
know by Theorem 2 that,

)
lim (=1) =0
n—o "

which also means that the sequence converges to a value of zero.

@ {(-1)'}

" I n=0

For this theorem note that all we need to do is realize that this is the sequence in Theorem 3 above
using ¥ = —1. So, by Theorem 3 this sequence diverges.

Examples: Show whether the following sequences are convergence or divergence:

1 4. = n+1
n 2n+1

n 1 1 1
. . n+1 . Z+; . 1+H 1+; 1
Sol: lim =lim({&Z)|=1lim|—&|=—"%3== (Conv.)
n-oo \2n+1 n—oo 7+; n—oo 2+H 2+; 2
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. 2"-1 . %_i‘n . 1> 1% 1-0
Sol: llm(zn )= lim | &7 | = lim 12 = 12 == =1 (Conv.)

4- aq, =1+ 2
Zn
. D™ _ s (=DM _ -D%® _ _
Sol: lim (1+55) = im() + lim (5-) =1+52-=1+40=1 (Conv)
o- a, = cos =
2
nm ooTT O
Sol: lim (cos ?) =cos—=—1 The limit does not exist (Div.)
" +1
. nm
6- a, = sin—-
- 0
Sol: lim (sin "2—”) = sin7” =—1  The limit does not exist (Div.)
e +1
1
7- a, = E
tim ()= L iim (A= Ll L _
Sol 1111—1;1;10 (10n) T 10 7111_{?0 (n) = Xe"x0= (Conv.)

8- a, = (-1)"(1-3)

Sol: lim ((—1)" (1 — %)) = (-1 (1 — é) = +1 The limit does not exist (Dev.)

n—>0oo
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10-

Sol:

11-

Sol:

12-

Sol:

13-

Sol:

14-

Sol:

15-

Sol:

_ 2n+1
nT1-3n
2n 1 1
2n+1 -t 2+
1 ( ) = lim (1" 3;;> = lim (—n> =-2  (Conv)
n—oo —on n— __T —00 \ —3
. = 2n
n T\ n+1

2n
: an \ .. an\ . Z \_ | 2\
i (f25) = Jim () - J,lzzlo(g+%)— jm(—1+%)—vz (Conv)

a, = sinnmn

lim (sinnm) = 0 (Conv.)

n—oo

a, = nicosnrm

lim (nm cosnm) = lim (nm) - lim (cosnm) = oo X (; (Dev.)
n—oo n—oo

n—>0oo

a, = tanhn

n_,-n n —ﬁ 1—%
lim (tanhn) = lim (Zn+z—n) = lim e—<1 :_n> = lim ( i) =1 (Conv.)

n—-oo n—-oo

a, =Inn—In(n+1)

. . n . A
rlll_r)glo(lnn —In(n+1)) = 7111_>r£10 (lnm) = lim <ln ) =

n 1
n—oo —+—
nn

: 1\ _
lim <ln E) =Inl1=0 (Conv.)

n—oo

.1
a, =nsin-
n n

lim (n sin%) = lim (Sin%> =1 (Conv.)  Rule: {}li_r)r(l) (Sinx) = 1}

n—->oo n—0co X

SR
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16- a, =

P 4 _n® A\ ooy
Sol: lim (X220 = lim (Z=5 ) = lim (25 ) =2 =-7  (Conv)
n—-oo \ n®+3 noo\ .3 n—-oo 1+E 140

__In(3n+5)
o n

17- an

3
Lo In(3n+5)\ _ . 3n45 | _ 1 3 _
sol: tim (9) = i (55 = tim (225) =0 (Conw)

Homework:

I an =0
2- an = ;:-1
3- a, 11:—211
- o=

_ +1
> an = (211):11
6- a, =1+ (_;)n

2

- ay (152)1)2
& =1
o 0,20
10-a, = #

n“-2n+1
12-
n n—1
3Tl
13- a, = ;
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2
n .1
14-a, = 7 Sin—

15-a, = (0.5)"
16-a, = V3n+5
17-a, ==

2
18- a, = Inn
19-a, = 11:—/1;
20- a, = Vn?
21-a, = V3n

2 0,= (5
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Series

An infinite series is the sum of an infinite sequence of numbers.

.S'":ﬁ'|+{12+ﬂ3+"‘+ﬂn

DEFINITIONS  Infinite Series, nth Term, Partial Sum, Converges, Sum
Given a sequence of numbers {a,}, an expression of the form

ay +a +ay3+---+a, +- -

is an infinite series. The number a, is the nth term of the series. The sequence
{s,} defined by

§ =

sy = ay + az

"
Sa=arta -+ ta,= D a
k=1

is the sequence of partial sums of the series, the number s, being the nth partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write

o0
ﬂl+02+"'+ﬂ'n+"':zan:£'—
n=1

If the sequence of partial sums of the series does not converge, we say that the
series diverges.

For example, to assign meaning to an expression like

1

6

1 1 1
1+§+1+§+

Indeed there is a pattern. The partial sums form a sequence whose nth term is

S, = 2 — T

This sequence of partial sums converges to 2 because lim,—(1/2") = 0. We say

“the sum of the infinite series 1 + 1 + 1 + -+ l
2 4 on—l

+ 18 2.7
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Suggestive
expression for
Partial sum partial sum Value
First: s; = 1 71 1
: =1+1 a1 3
Second: s =1+ 3 D) 5 :
ird: ST S | 5 1 7
Third: 53_1+2+4 2 i :
nth: 3":1—|—l+l+...+ 1_ 7 — ]_ Q"tl
2 an 1 on 1 on |

If the sequence of partial sums is a convergent sequence (i.e. its limit exists and is finite) then the series

oo

is also called convergent and in this case if lims, = 5 then, Zaj =5 . Likewise, if the sequence of
H—»0 o1

partial sums is a divergent sequence (i.e. its limit doesn’t exist or is plus or minus infinity) then the series
is also called divergent.

Example 1 Determine if the following series is convergent or divergent. If it converges determine
its value.

>n

n=1

Solution
To determine if the series is convergent we first need to get our hands on a formula for the general

term in the sequence of partial sums.

n
S, = Zi
1

This is a known series and its value can be shown to be,
n(n+l)

n
5 = E i=—
" - -
i=1 -

Don't worry if you didn't know this formula (we'd be surprised if anyone knew it...) as you won't be
required to know it in my course.

S0, to determine if the series is convergent we will first need to see if the sequence of partial sums,

(n(n+1)]

N

is convergent or divergent. That's not terribly difficult in this case. The limit of the sequence terms is,
n(n+1)

lim————=w
n—sx 2

Therefore, the sequence of partial sums diverges to =0 and so the series also diverges.

®
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Geometric Series

Geometric series are series of the form
X
b _ —
a+ar+ari+ - +a V4. = Ear" I
n=1

in_which a and r are fixed real numbers and @ # (0. The series can also be written as

[+ o] . . .
> .—oar”. The ratio r can be positive, as in

or negative, as in

n—1
1,1 1
1—3+9— +(—1) +
If |#| < 1, the geometric series a + ar + ar’ + -+ ar" ' + .-~ converges
toa/(l1 —r):
Ziar"_l =71 a_r, <= 1.
If|#| = 1, the series diverges.

The formula a/(1 — r) for the sum of a geometric series applies only when the

. . . . . . oo —
summation index begins with n = 1 in the expression X,— ar"""

(or with the index n = 0 if we write the series as 3,,—o ar").

EXAMPLE 1  Index Starts withn = 1

The geometric series witha = 1/9andr = 1/3 is
1,11 D AR S VO
9+2?+31+"'_29(3> T1-(3) 6 =

EXAMPLE 2  Index Starts withn = 0

The series
o5 5 5 5
Pl S T
is a geometric series witha = 5and r = —1/4. It converges to
—— > -+ [ |

T—r 1+ (1/4)
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Example 3:
(0] 4 (0] 1 -
2n1 4(5)
n=1 n=1
a=4; r=%<1 .......... (Conv.)
4 _a 4 _g
2nt -7 1
n=1 2
Example 4:
3n _ 2n 371 1 _ 2n 1 3n—1 2n—1
E en—1 - g 6n-1 E 6n—1
n= = n=1

1
S-S

1 1
(E)n-l :a=1, r= 5 <1 .. (Conv.)
n=1
1 1
(g)n-l :a=1, r= 3 <1 . (Conv.)
n=1
(=) 1 - (-) ; It is convergent
2 3
n=1 n=1
' oa 1 1 1
(_)n—l _ (_) — — — = —
2 3 1-r ,_1 ;1
n=1 n=1 2 3
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Example 5: Determine whether each of the following series convergence or

divergence. If it is convergent, find the sum.

(1) y (=) = N (ot
7 -/ 5
n=0 n=1

1

a=1; r=\/—§<1 .......... (Conv.)
( LI S 3.414
: : V2 I-r 4 _1
n=1 2
5 1 5 1 1\" " 1\
@ ) mmm= ) i )5 (E) B (§)
n=0 n=1 n=1 n=1
1 1
S(E)"‘1 ;a=5, r==-<1 (Conv.)
n=1
1 1
(§”‘1 ;a=1, r==-<1 (Conv.)
n=1
5(1”‘1 N7t a5 117
n=1 n=1 2 3

(3) i p—2n — i(e—z)nq
n=0 n=1

Z(e‘z)”‘l ;o a=1, r=e?2<1...... (Conv.)

n=1
- a 1

2yl = = =1.15
Z(e ) 1—-r 1—e2
n=
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The nth-Term Test for Divergence

If E a, converges, then a, — 0.

n=1

o0

E a, diverges if lim a, fails to exist or is different from zero.

n=1 n—>00

EXAMPLE 7  Applying the nth-Term Test
(a) D, n” diverges because n* — oo
n=1

(b) 21 nt | diverges because L ;: 1 — 1

(c) E )l diverges because lim,—.oo( —1 )"*1 does not exist
< —n_ . : -n_ _ 1
(d) ”Z‘{I P diverges because lim,— M+ 5. 27 0.
n 1 1
(e) E Z(COS%) - E 2G)" 5 lim (2G)") = 2(0) = 0..... (Conv.)
n—-oo
n=1 n=1
n o0
) E (tan%) =z(1)n  lim (D)t =1 ..... (Div.)
e n=0 "
5(— )” -1, _ -1,
(g) S(T) ; lim S(T) =5(0)=0..... (Conv.)
n—-oo
n=1
h n! lim n! _ 1 _ 1 _ Di
® ) To00n * 1% To00" — nimT0007 — g~ @ - (P
n=0 T nl
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(0]

(i) Z cosnm = Divergnece because of lim (cosnm) = +1 (does not exist)
n—oo —
n=0
9) Z:(—l)"+1 ‘n; lim(-D)™-n= +z (does not exist); ... ... (Div.)
n—-oo —_
n=1

Combining Series

Whenever we have two convergent series, we can add them term by term, subtract

them term by term, or multiply them by constants to make new convergent series.

If Ya, = A and 2 b, = B are convergent series, then

1. Sum Rule: >la, + b,) = Xa, + 2b, = A+ B
2. Difference Rule: >la, — b,) = 2a, — 2b, =4 — B
3. Constant Multiple Rule: >ka, = kXa, = kA (Any number £).

EXAMPLE 9  Find the sums of the following series.

e ) =N I
{a) 2 61':—1 = E (2.'r—| - 6"—[)

n=1

- 1 - |1 o
= pa 2}:—] — J; 6!?-] Difference Rule
= 1 — ! Geometric series with a | and » 1/2,1/6
] _ {1;"2} 1 _ (1/6) (=38 L= NgLW = L= Wil [#) [ L%, ey L
_5_6
=2 3
_4
5
4wl
(b) E o = 42 > Constant Multiple Rule
n=I0 n=(
1
= - - Geometric series with a ¥ 2
4(1 - {1,f2))
-8 m
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Reindexing

As long as we preserve the order of its terms, we can reindex any series without altering its
convergence. To raise the starting value of the index / units, replace the n in the formula
fora,byn — h:

o o0
a,= D app=ata+a+--.
n=1 n=1+h

To lower the starting value of the index % units, replace the » in the formula for a, by
n+ h:

n=1—h

oo o0
E% dy — :E: Auip — @) +a +~ay + .
=

It works like a horizontal shift. We saw this in starting a geometric series with the index
n = 0 instead of the index n = 1, but we can use any other starting index value as well.
We usually give preference to indexings that lead to simple expressions.

EXAMPLE 10  Reindexing a Geometric Series

We can write the geometric series

o0

1 _ 1. 1,
;zn_l—l+2+4+
as
0o 1 oo 1 oo 1
ngﬂ' > ,; s or even n;4 o -
The partial sums remain the same no matter what indexing we choose. [ |
The p-Series

Show that the p-series
<l 1,1 1 1
,Z.n*”_lp+2p+3p+ +—5

( p a real constant) converges if p = 1, and divergesif p = 1.

Example: Use the p-Series
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(1) Z% ;p=1....... (Div.)

S 1
(2) S P= 2. (Con.)

n=1

S 1 X 1 1 _
(3) \/_ﬁ = m y P = E (Dw.)

The Integral Test

EXAMPLE Does the following series converge?

Solution

By using p-series ......... p=2>1.....(Conv.)

By using Integral test to see whether it is convergent or divergent.

1 “1 11% 1 1
ERRY QPR 1 S YR
n 1 X xlq o

n=1

The integral test is convergence........ the series converges.

EXAMPLE 3 The p-Series

Show that the p-series

( p a real constant) converges if p = 1, and divergesif p = 1.

Solution [f p = 1,then f(x) = 1/x” is a positive decreasing function of x. Since

@
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glee’ 1 o0 x_—p-l—l b
—_ — - e 1 -
[ x¥ dx j x P dx g;.li;n}g [—p + 1 l

1 : 1
= lim — — 1
1 — ppooo \pr]

1 1 bP™ —coash—
— 1= p 0-1= p—1 because p — 1 = 0

the series converges by the Integral Test. We emphasize that the sum of the p-series is not
1/(p — 1). The series converges, but we don’t know the value it converges to.
Ifp < 1,thenl — p = 0and

/iah-: L fim (b7 = 1) = oo
|

X7 [ —pp,m

The series diverges by the Integral Test.

® 1
Example: E ~
n=1"

Solution:
* By using p — series .....p = 1 ... ....(Div.)

* By using integral test

z 1 1
— ... ] —dx =[Inx]? =lnw—-In1l =00
n X

The series is divergent because the integral test diverges.

@ n
Example: z —
P .

n * x * 1 ® 1 1
Z — e f —zdxzf xe " dx=[——e‘x2] =—Ze @ e
em 1 e~ 1 2 1 2 2
n=1
1 1 1
"~ 2e 2e®  2e
The integral test converges ......... The series converges.
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Comparison Tests

We can test the convergence of many more series by comparing their terms to those

of a series whose convergence is known.

Limit Comparison Test
Suppose thata, = Oand b, = 0 foralln = N (N an integer).

1. If limw% = ¢ > 0, then Xa, and 2 b, both converge or both diverge.
n—>0 n

2. If limﬁo% = 0 and X b, converges, then X a, converges.
n—0 H

3. If lim % = oo and X b, diverges, then X a, diverges.
n—00 Uy

EXAMPLE Using the Limit Comparison Test

Which of the following series converge, and which diverge?

3 5 7 9 - 2n + 1 - 2n+ 1
a) T+ttt = Yy ———= Yy ———
@ 7 +9%76 725 ,Z{(n+l}‘ ,;#—1—2114—1

11 1 1 =1
) [ +3+7rt = 2

1+2In2 1 +3In3 1+4In4 w1 +nlnn
(c) 9 +—37  t 7 +“._n=22—”2+5

Solution

(a) Let a, = (2n + l),"(n2 + 2n + 1). For large n, we expect a, to behave like
2n/n* = 2/n since the leading terms dominate for large n, so we let b, = 1/n. Since

zbn = 2 %diverges
n=1

n=1
and

. ay 9 2?12 +n
lim — = lim ———— =
n—0oa bn n—oo s + 2n + 1

3

>a, diverges by Part 1 of the Limit Comparison Test. We could just as well have
taken b, = 2/n, but 1/n is simpler.
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(b) Let a, = 1/(2" — 1). For large n, we expect a, to behave like 1/2", so we let
b, = 1/2". Since

[} 0
EEJ,, = 2 7 converges

n=1 n=1

and
lim 2% = | -
m —-—— — 1m
n—s00 by n—oo 20 — 1

1 1
= m—an

=1,

> a, converges by Part 1 of the Limit Comparison Test.

(¢) Let a, = (1 +n lnj"x}l/{n2 + 5). For large n, we expect a, to behave like
l[;l‘ﬂln.rf]/’n2 = (Inn)/n, which is greater than 1/n for n = 3, so we take b, = 1/n.

Since
Ebn = E% diverges
n=2 n=2
and
.Gy .. n+n‘lnn
Im — = lm ————
n—00 by, n—oo  pc + 5
= .'_j(_".,
> a, diverges by Part 3 of the Limit Comparison Test. [ |
Example:
M -
a =
" 2n2 —n
n=1
1 . .
b, = = ; using p — series ... ... p=2>1 (Conv.)
n=1
lim 9 = lim = = lim —— =259 c
m-—=1IMm_—-—-——=1h ——F== e Ay = LOND.
nﬁa)bn naa)an —-N nﬁooz _“1 2 n
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(0]

3n3 —2n%?+4
(2) an = ns—n2+2

n=1
1 . .
b, = 3 ; using p — series ... ... p=2>1. (Conv.)
n=1
2 4
_ay . 3mt-2nt+4n®? 3 pto3
lim — = lim z > = lim =3>0.... a, = Conv
n—>oobn n-oo n>—n —|—2 n—>001_l+£
n3 ' nd
3) E
a, = —_—
" V8nz — 3n
n=1
z : 1
b, = — ; using p — series ... ... p==<1......(Div.)
n3
n=1
1
2 1 3
lim = = 1 i I ( n )3 1 ! 0.5 > 0
im -— = lim =lim|——| =lim|——= | =
n—-oo b n—-oo 2 1 n—oo 87’12 — 3n n—oo _ E
n (8n? —3n)3 8 -
a, = diverge because b,, is divergent
(4) a, = v
e = n3+1
n=1
z : 1
b, = — ; using p — series ... ... p==>1......(Conv.)
nz2
n=1
5 1
. Qn . nz2-n2 . n’ .
lim — = lim = lim = lim =1>0....
n—oo b, n-on3 + 1 n-on3 + 1 n—oo 1+ i
n3

a, = Converge as b, is convergent
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Homework:

oo
n

(1) T e (Geometric series)

1
(2) E T o .. (Integral test)
1
(3) E —_— (Comparison test)
n—2

(4) Z o 1)(1an1) s er ... (Comparison test)

n=1

......... (Comparison test)
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Sequences

A sequence is a list of numbers
dy, A2, Ay ooy Ay v s

in a given order. Each of ay, a,, a; and so on represents a number. These are the terms of
the sequence. For example the sequence

2,4,6,8,10,12,...,2n,...

has first term a; = 2, second term @, = 4 and nth term a, = 2n. The integer n is called
the index of a@,, and indicates where a, occurs in the list.

DEFINITION Infinite Sequence
An infinite sequence of numbers is a function whose domain is the set of positive
integers.

Sequences can be described by writing rules that specify their terms, such as

'
an = \"‘H?
1
b, = [_I)H]H?
_n—1
Cn =~
d.l']' = (_l)ﬂ_H
or by listing terms,
-{{Iﬂ} _ {’\.-":T, -'\__;'E, .'\-'I.E,..., \_.".}}_I,III}
11 1 |
{bu} - {la_isgs_}---a(_” HE,...}

1234 n— 1
{C.H'} _ {0557551755"'1 n 1}

{d.,} = {L, -1, 1, —1,1,—1..., (=) .}
We also sometimes write

{an} = {'\"‘"I; }::‘] -
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Example 1 Write down the first few terms of each of the following sequences.
n+tl]”
(a) -I v

| »* )

) {&1

2 J n=0

Solution

(a) _:[n +1 }
n=l

| »?

To get the first few sequence terms here all we need to dois plug in values of n into the formula given
and we’ll get the sequence terms.

-

n+1)” {
e
L < n=l l

5 6
6 25
—

=

3
. i .
H=L M

n=l

ol
{o]| &
5

1l
et
k-]

|
wh

MNote the inclusion of the “..."” at the end! This is an important piece of notation as it is the only thing
that tells us that the sequence continues on and doesn’t terminate at the last term.

ntl
-1
o [V
2'."1
]\ Jn=0
This one is similar to the first one. The main difference is that this sequence doesn’tstartat n =1.

[ A T S T T

= ]

| 27 L7270 478 167

- a=0

Note that the terms in this sequence alternate in signs. Sequences of this kind are sometimes called
alternating sequences.

Convergence and Divergence

Sometimes the numbers in a sequence approach a single value as the index n increases.
This happens in the sequence
L1111
?2?3?47"'?”?"'

whose terms approach 0 as n gets large, and in the sequence

1234 1
{U,E,g,z,g,...,l _F""}
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whose terms approach 1. On the other hand, sequences like
(V1,V2, V3, V... }
have terms that get larger than any number as n increases, and sequences like
(L,-1,1,-1,1,—1,..., (-1 .}

bounce back and forth between 1 and — 1, never converging to a single value. The follow-
ing definition captures the meaning of having a sequence converge to a limiting value.

If ima, exists and is finite we say that the sequence is convergent. If lma, doesn't exist or is
=+ n—»x
infinite we say the sequence diverges. Note that sometimes we will say the sequence diverges to

oo if ima, == and if lima, =—=° we will sometimes say that the sequence divergesto —ac .
H—+x n—w

DEFINITIONS Converges, Diverges, Limit
The sequence {a,} converges to the number L if to every positive number € there
corresponds an integer N such that for all n,

n =N = la, — L| < €.

If no such number L exists, we say that {a,} diverges.
If {a,} converges to L, we write lim, .~ a, = L, or simply a, — L, and call
L the limit of the sequence

Example 2: Determine whether the following sequences converge or diverge:

1
1- a, ==
n n

Sol: lim(a,) = lim (1) =1=0 (Converge)
n—>0oo (0]

n—-oo \n

(Diverge)
3- a, = (1" (1-1)

o= (7 (1-3) ==

The lim (a,) does not exist so itis (Diverge)
n—-oo
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THEOREM 1

Let {a,} and {b,} be sequences of real numbers and let 4 and B be real numbers.
The following rules hold if lim,—- a, = 4 and lim,— b, = B.

1. Sum Rule: lim,—oc(a, + b,) = A+ B

2. Difference Rule: lim, .oc(a@, — b,) = A — B

3. Product Rule: lim,—oc(a,*b,) = A+ B

4.  Constant Multiple Rule: lim,—~cc(k+b,) = k+B (Any number k)
5. Quotient Rule: T - % =% ifB#0

EXAMPLE 3 Applying Theorem 1

By combining Theorem 1 with the limits of Example 1, we have:

(a) lim (—%) = —1+ lim % =—1-0=0 Constant Multiple Rule and Example 1a

n—>00 n—>0a
X n— 1 . 1 ) .1 e Ble
(b) lim = lim (1 -5 )= lim1 — lim 5y =1— 0 =1 Differencefulc
n—>00 n n—o0 h n—>00 n—o0 1t and Example la
. 5 N T .
(c) lim — = 5+ lim e lim e 5:0-0=20 Product Rule
n—o0p n—00 n—0o0
_ 7,6 (4/n®) — 7 —
(d) lim 4= Tn” _ li /m) _0-7_ —7. Sum and Quotient Rules m

n—00 H6+3 _nLng'iJl-l—(:?l;/nﬁ)_l_i_O

THEOREM 2 The Sandwich Theorem for Sequences

Let {a,}, {b,}, and {c,} be sequences of real numbers. If a, = b, = ¢, holds
for all » beyond some index N, and if lim,—c a, = lim,—~ ¢, = L, then
lim,— b, = L also.

EXAMPLE 4  Applying the Sandwich Theorem

Since 1/n — 0, we know that

(a) _co;n_)o because —% = —CDI,?” = %;

b) o—0 b 0=4 =1

(b) ?—1- ecause =20 =7

(c) (—l}"%—*ﬂ because —% = —l}"% = % n
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THEOREM 3  The Continuous Function Theorem for Sequences

Let {a,} be a sequence of real numbers. If @, — L and if f is a function that is
continuous at L and defined at all a,,, then f(a,) — f(L).

EXAMPLE 5  Applying Theorem 3

Show that V/(n + 1)/n— 1.

Solution We know that (n + 1)/n—> 1. Taking f(x) = Vx and L = 1 in Theorem 3
gives \Vi(in + 1)/n— V1 = 1. [
EXAMPLE 6  The Sequence {2/}

The sequence {1/n} converges to 0. By taking a, = 1/n, f(x) = 2%, and L = 0 in
Theorem 3, we see that 2'/" = f(1/n) — f(L) = 2° = 1. The sequence {2'/"} converges
to 1 [ |

Using l'Hopital’s Rule

The next theorem enables us to use I’Hopital’s Rule to find the limits of some sequences.
It formalizes the connection between lim,_.oc @, and lim, ..o f(x).

THEOREM 4
Suppose that f(x) is a function defined for all x = ng and that {a,} is a sequence
of real numbers such that a, = f(n) forn = ny. Then

lim f(x) =L = lim a, = L.
oo n—oo

EXAMPLE 7  Applying LUHopital’s Rule
Show that

Inn

n—0a

Solution The function (Inx)/x is defined for all x = 1 and agrees with the given
sequence at positive integers. Therefore, by Theorem 5, lim,—o(Inn)/n will equal
lim,—co (In x)/x if the latter exists. A single application of I’'Hépital’s Rule shows that

. Inx . ﬁ _0_
am o = im e =1 =0
We conclude that lim,—c (Inn)/n = 0. ]

When we use I"'Hopital’s Rule to find the limit of a sequence, we often treat n as a
continuous real variable and differentiate directly with respect to n. This saves us from
having to rewrite the formula for a, as we did in Example 7.
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EXAMPLE 8  Applying U'Hopital’s Rule
Find

Lo
nli'm!_‘ﬁ) 5?? )

Solution By I'Hopital’s Rule (differentiating with respect to n),

lim = = lim 202
n—od 5” ol 5
= . K

EXAMPLE 9  Applying L'Hopital’s Rule to Determine Convergence

Does the sequence whose nth term is
— + 1Y\
" n—1

Solution The limit leads to the indeterminate form 1°°. We can apply I’'Hépital’s Rule if
we first change the form to o< - 0 by taking the natural logarithm of a,,:

Ina, = ln(n + l)
n—1

converge? If so, find lim,—c a,.

Then,
Iim Ina, = lim nln(n - l) <+ 0
n—>0o0 n—*00 n—1
(n + 1)
In

= 1 n- 1 0

o nl;mso ]llfn 1]

o =2/ -1

= anm _1/‘”2 |"Hépital’s Rule

2
= lim 22— =2,
n—00 R —_ l

Since Ina, — 2 and f(x) = e" is continuous, Theorem 4 tells us that
a, = e"% — e?,

The sequence {a,} converges to e?. |
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Convergent sequences

Commonly Occurring Limits

The next theorem gives some limits that arise frequently.

THEOREM 5

. lim 222 =

. nl’l’[go n =

2. lim Wn =1
n— >0

3. lim x'/" =1 (x = 0)
n—>00

4. lim x" =0 (x| < 1)
n— >0

tn

=0

6. lim =0 (any x)

H—> 0 HT

lim (1 + %) = " (any x)

The following six sequences converge to the limits listed below:

In Formulas (3) through (6), x remains fixed as n — 0.

‘ Factorial Notation
The notation n! (“n factorial”) means

the product 1+2 -3 - - n of the integers
from 1 to n. Notice that

(mn+ 1) =(n + 1)-n!.Thus,

4 =1-2-3-4 = 24 and
51=1-2-3-4-5=5-41 = 120. We
define 0! to be 1. Factorials grow even
faster than exponentials, as the table
suggests.

EXAMPLE 10  Applying Theorem 5

| 2
(a) nE,n ) _ 2lnn_,0=0

{h} f;fn_z — H.Z,-’n — {nl.'ru)E_)(l)E =1

© V3n=3Unnny>1.1=1

n e" (rounded) n!
1 3 ]
5 148 120
10 22,026 3,628,800
20 4.9 % 108 2.4 % 1018

Formula 1

Formula 2

Formula 3 with x

3 and Formula 2
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(d) (— %) — 0 Formula 4 with x
(e) (n ; 2) = (] + —TZ) —?6_2 Formula 5 with x 2
(f:‘ ]2? — 0 Formula 6 with x 100 |
Example Determine if the following sequences converge or diverge. If the sequence converges
determine its limit.
[3nP-1 ]
a
® 10n+5n" ]
1. n Jn=1
1Y 1
© D %
]\ n n=1
_[ 1 ny®
@ {(-1)"}
Solution
( -1 |
10n+5n° |
{ A
) n|3—— 3— L
3n” -1 : ) nt 3
=lm— ~=hm 10 ==
s S

H

limﬁ 10
n==]10n+5n" nom o
H"l —+5

n

So, the sequence converges and its limit is 5.

[. ” )

e
e

We will need to be careful with this one. We will need to use L'Hospital’s Rule on this sequence. The
problem is that L'Hospital’s Rule only works on functions and not on sequences. Normally this would

be a problem, but we've got Theorem 1 from above to help us out. Let’s define
2x

and note that,
fln)=—
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Theorem 1 says that all we need to do is take the limit of the function.
2n 2x ~ 2x

. e . e . e
lim— =lm—=lim

n—#z i1 X—» ks X—H

= )

So, the sequence in this part diverges (to o< ).

© [(=1)"]

i,

‘_ n i .

We will also need to be careful with this sequence. We might be tempted to just say that the limit of
the sequence terms is zero (and we'd be correct). However, technically we can’t take the limit of
sequences whose terms alternate in sign, because we don’t know how to do limits of functions that
exhibit that same behavior. Also, we want to be very careful to not rely too much on intuition with
these problems. As we will see in the next section, and in later sections, our intuition can lead us
astray in these problems if we aren’t careful.

So, let’s work this one by the book. We will need to use Theorem 2 on this problem. To this we'll first
need to compute,

p _1 M
lim ), = liml =0
H—» 7 H—Hx n

Therefore, since the limit of the sequence terms with absolute value bars on them goes to zero we
know by Theorem 2 that,

)
lim (=1) =0
n—o "

which also means that the sequence converges to a value of zero.

@ {(-1)'}

" I n=0

For this theorem note that all we need to do is realize that this is the sequence in Theorem 3 above
using ¥ = —1. So, by Theorem 3 this sequence diverges.

Examples: Show whether the following sequences are convergence or divergence:

1 4. = n+1
n 2n+1

n 1 1 1
. . n+1 . Z+; . 1+H 1+; 1
Sol: lim =lim({&Z)|=1lim|—&|=—"%3== (Conv.)
n-oo \2n+1 n—oo 7+; n—oo 2+H 2+; 2
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. 2"-1 . %_i‘n . 1> 1% 1-0
Sol: llm(zn )= lim | &7 | = lim 12 = 12 == =1 (Conv.)

4- aq, =1+ 2
Zn
. D™ _ s (=DM _ -D%® _ _
Sol: lim (1+55) = im() + lim (5-) =1+52-=1+40=1 (Conv)
o- a, = cos =
2
nm ooTT O
Sol: lim (cos ?) =cos—=—1 The limit does not exist (Div.)
" +1
. nm
6- a, = sin—-
- 0
Sol: lim (sin "2—”) = sin7” =—1  The limit does not exist (Div.)
e +1
1
7- a, = E
tim ()= L iim (A= Ll L _
Sol 1111—1;1;10 (10n) T 10 7111_{?0 (n) = Xe"x0= (Conv.)

8- a, = (-1)"(1-3)

Sol: lim ((—1)" (1 — %)) = (-1 (1 — é) = +1 The limit does not exist (Dev.)

n—>0oo



2"d Year (2020-2021) Mathematics |1 Dr. Rafea Dakhil

10-

Sol:

11-

Sol:

12-

Sol:

13-

Sol:

14-

Sol:

15-

Sol:

_ 2n+1
nT1-3n
2n 1 1
2n+1 -t 2+
1 ( ) = lim (1" 3;;> = lim (—n> =-2  (Conv)
n—oo —on n— __T —00 \ —3
. = 2n
n T\ n+1

2n
: an \ .. an\ . Z \_ | 2\
i (f25) = Jim () - J,lzzlo(g+%)— jm(—1+%)—vz (Conv)

a, = sinnmn

lim (sinnm) = 0 (Conv.)

n—oo

a, = nicosnrm

lim (nm cosnm) = lim (nm) - lim (cosnm) = oo X (; (Dev.)
n—oo n—oo

n—>0oo

a, = tanhn

n_,-n n —ﬁ 1—%
lim (tanhn) = lim (Zn+z—n) = lim e—<1 :_n> = lim ( i) =1 (Conv.)

n—-oo n—-oo

a, =Inn—In(n+1)

. . n . A
rlll_r)glo(lnn —In(n+1)) = 7111_>r£10 (lnm) = lim <ln ) =

n 1
n—oo —+—
nn

: 1\ _
lim <ln E) =Inl1=0 (Conv.)

n—oo

.1
a, =nsin-
n n

lim (n sin%) = lim (Sin%> =1 (Conv.)  Rule: {}li_r)r(l) (Sinx) = 1}

n—->oo n—0co X

SR
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16- a, =

P 4 _n® A\ ooy
Sol: lim (X220 = lim (Z=5 ) = lim (25 ) =2 =-7  (Conv)
n—-oo \ n®+3 noo\ .3 n—-oo 1+E 140

__In(3n+5)
o n

17- an

3
Lo In(3n+5)\ _ . 3n45 | _ 1 3 _
sol: tim (9) = i (55 = tim (225) =0 (Conw)

Homework:

I an =0
2- an = ;:-1
3- a, 11:—211
- o=

_ +1
> an = (211):11
6- a, =1+ (_;)n

2

- ay (152)1)2
& =1
o 0,20
10-a, = #

n“-2n+1
12-
n n—1
3Tl
13- a, = ;
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2
n .1
14-a, = 7 Sin—

15-a, = (0.5)"
16-a, = V3n+5
17-a, ==

2
18- a, = Inn
19-a, = 11:—/1;
20- a, = Vn?
21-a, = V3n

2 0,= (5
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Series

An infinite series is the sum of an infinite sequence of numbers.

.S'":ﬁ'|+{12+ﬂ3+"‘+ﬂn

DEFINITIONS  Infinite Series, nth Term, Partial Sum, Converges, Sum
Given a sequence of numbers {a,}, an expression of the form

ay +a +ay3+---+a, +- -

is an infinite series. The number a, is the nth term of the series. The sequence
{s,} defined by

§ =

sy = ay + az

"
Sa=arta -+ ta,= D a
k=1

is the sequence of partial sums of the series, the number s, being the nth partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write

o0
ﬂl+02+"'+ﬂ'n+"':zan:£'—
n=1

If the sequence of partial sums of the series does not converge, we say that the
series diverges.

For example, to assign meaning to an expression like

1

6

1 1 1
1+§+1+§+

Indeed there is a pattern. The partial sums form a sequence whose nth term is

S, = 2 — T

This sequence of partial sums converges to 2 because lim,—(1/2") = 0. We say

“the sum of the infinite series 1 + 1 + 1 + -+ l
2 4 on—l

+ 18 2.7
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Suggestive
expression for
Partial sum partial sum Value
First: s; = 1 71 1
: =1+1 a1 3
Second: s =1+ 3 D) 5 :
ird: ST S | 5 1 7
Third: 53_1+2+4 2 i :
nth: 3":1—|—l+l+...+ 1_ 7 — ]_ Q"tl
2 an 1 on 1 on |

If the sequence of partial sums is a convergent sequence (i.e. its limit exists and is finite) then the series

oo

is also called convergent and in this case if lims, = 5 then, Zaj =5 . Likewise, if the sequence of
H—»0 o1

partial sums is a divergent sequence (i.e. its limit doesn’t exist or is plus or minus infinity) then the series
is also called divergent.

Example 1 Determine if the following series is convergent or divergent. If it converges determine
its value.

>n

n=1

Solution
To determine if the series is convergent we first need to get our hands on a formula for the general

term in the sequence of partial sums.

n
S, = Zi
1

This is a known series and its value can be shown to be,
n(n+l)

n
5 = E i=—
" - -
i=1 -

Don't worry if you didn't know this formula (we'd be surprised if anyone knew it...) as you won't be
required to know it in my course.

S0, to determine if the series is convergent we will first need to see if the sequence of partial sums,

(n(n+1)]

N

is convergent or divergent. That's not terribly difficult in this case. The limit of the sequence terms is,
n(n+1)

lim————=w
n—sx 2

Therefore, the sequence of partial sums diverges to =0 and so the series also diverges.

®
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Geometric Series

Geometric series are series of the form
X
b _ —
a+ar+ari+ - +a V4. = Ear" I
n=1

in_which a and r are fixed real numbers and @ # (0. The series can also be written as

[+ o] . . .
> .—oar”. The ratio r can be positive, as in

or negative, as in

n—1
1,1 1
1—3+9— +(—1) +
If |#| < 1, the geometric series a + ar + ar’ + -+ ar" ' + .-~ converges
toa/(l1 —r):
Ziar"_l =71 a_r, <= 1.
If|#| = 1, the series diverges.

The formula a/(1 — r) for the sum of a geometric series applies only when the

. . . . . . oo —
summation index begins with n = 1 in the expression X,— ar"""

(or with the index n = 0 if we write the series as 3,,—o ar").

EXAMPLE 1  Index Starts withn = 1

The geometric series witha = 1/9andr = 1/3 is
1,11 D AR S VO
9+2?+31+"'_29(3> T1-(3) 6 =

EXAMPLE 2  Index Starts withn = 0

The series
o5 5 5 5
Pl S T
is a geometric series witha = 5and r = —1/4. It converges to
—— > -+ [ |

T—r 1+ (1/4)
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Example 3:
(0] 4 (0] 1 -
2n1 4(5)
n=1 n=1
a=4; r=%<1 .......... (Conv.)
4 _a 4 _g
2nt -7 1
n=1 2
Example 4:
3n _ 2n 371 1 _ 2n 1 3n—1 2n—1
E en—1 - g 6n-1 E 6n—1
n= = n=1

1
S-S

1 1
(E)n-l :a=1, r= 5 <1 .. (Conv.)
n=1
1 1
(g)n-l :a=1, r= 3 <1 . (Conv.)
n=1
(=) 1 - (-) ; It is convergent
2 3
n=1 n=1
' oa 1 1 1
(_)n—l _ (_) — — — = —
2 3 1-r ,_1 ;1
n=1 n=1 2 3
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Example 5: Determine whether each of the following series convergence or

divergence. If it is convergent, find the sum.

(1) y (=) = N (ot
7 -/ 5
n=0 n=1

1

a=1; r=\/—§<1 .......... (Conv.)
( LI S 3.414
: : V2 I-r 4 _1
n=1 2
5 1 5 1 1\" " 1\
@ ) mmm= ) i )5 (E) B (§)
n=0 n=1 n=1 n=1
1 1
S(E)"‘1 ;a=5, r==-<1 (Conv.)
n=1
1 1
(§”‘1 ;a=1, r==-<1 (Conv.)
n=1
5(1”‘1 N7t a5 117
n=1 n=1 2 3

(3) i p—2n — i(e—z)nq
n=0 n=1

Z(e‘z)”‘l ;o a=1, r=e?2<1...... (Conv.)

n=1
- a 1

2yl = = =1.15
Z(e ) 1—-r 1—e2
n=
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The nth-Term Test for Divergence

If E a, converges, then a, — 0.

n=1

o0

E a, diverges if lim a, fails to exist or is different from zero.

n=1 n—>00

EXAMPLE 7  Applying the nth-Term Test
(a) D, n” diverges because n* — oo
n=1

(b) 21 nt | diverges because L ;: 1 — 1

(c) E )l diverges because lim,—.oo( —1 )"*1 does not exist
< —n_ . : -n_ _ 1
(d) ”Z‘{I P diverges because lim,— M+ 5. 27 0.
n 1 1
(e) E Z(COS%) - E 2G)" 5 lim (2G)") = 2(0) = 0..... (Conv.)
n—-oo
n=1 n=1
n o0
) E (tan%) =z(1)n  lim (D)t =1 ..... (Div.)
e n=0 "
5(— )” -1, _ -1,
(g) S(T) ; lim S(T) =5(0)=0..... (Conv.)
n—-oo
n=1
h n! lim n! _ 1 _ 1 _ Di
® ) To00n * 1% To00" — nimT0007 — g~ @ - (P
n=0 T nl
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(0]

(i) Z cosnm = Divergnece because of lim (cosnm) = +1 (does not exist)
n—oo —
n=0
9) Z:(—l)"+1 ‘n; lim(-D)™-n= +z (does not exist); ... ... (Div.)
n—-oo —_
n=1

Combining Series

Whenever we have two convergent series, we can add them term by term, subtract

them term by term, or multiply them by constants to make new convergent series.

If Ya, = A and 2 b, = B are convergent series, then

1. Sum Rule: >la, + b,) = Xa, + 2b, = A+ B
2. Difference Rule: >la, — b,) = 2a, — 2b, =4 — B
3. Constant Multiple Rule: >ka, = kXa, = kA (Any number £).

EXAMPLE 9  Find the sums of the following series.

e ) =N I
{a) 2 61':—1 = E (2.'r—| - 6"—[)

n=1

- 1 - |1 o
= pa 2}:—] — J; 6!?-] Difference Rule
= 1 — ! Geometric series with a | and » 1/2,1/6
] _ {1;"2} 1 _ (1/6) (=38 L= NgLW = L= Wil [#) [ L%, ey L
_5_6
=2 3
_4
5
4wl
(b) E o = 42 > Constant Multiple Rule
n=I0 n=(
1
= - - Geometric series with a ¥ 2
4(1 - {1,f2))
-8 m
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Reindexing

As long as we preserve the order of its terms, we can reindex any series without altering its
convergence. To raise the starting value of the index / units, replace the n in the formula
fora,byn — h:

o o0
a,= D app=ata+a+--.
n=1 n=1+h

To lower the starting value of the index % units, replace the » in the formula for a, by
n+ h:

n=1—h

oo o0
E% dy — :E: Auip — @) +a +~ay + .
=

It works like a horizontal shift. We saw this in starting a geometric series with the index
n = 0 instead of the index n = 1, but we can use any other starting index value as well.
We usually give preference to indexings that lead to simple expressions.

EXAMPLE 10  Reindexing a Geometric Series

We can write the geometric series

o0

1 _ 1. 1,
;zn_l—l+2+4+
as
0o 1 oo 1 oo 1
ngﬂ' > ,; s or even n;4 o -
The partial sums remain the same no matter what indexing we choose. [ |
The p-Series

Show that the p-series
<l 1,1 1 1
,Z.n*”_lp+2p+3p+ +—5

( p a real constant) converges if p = 1, and divergesif p = 1.

Example: Use the p-Series
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(1) Z% ;p=1....... (Div.)

S 1
(2) S P= 2. (Con.)

n=1

S 1 X 1 1 _
(3) \/_ﬁ = m y P = E (Dw.)

The Integral Test

EXAMPLE Does the following series converge?

Solution

By using p-series ......... p=2>1.....(Conv.)

By using Integral test to see whether it is convergent or divergent.

1 “1 11% 1 1
ERRY QPR 1 S YR
n 1 X xlq o

n=1

The integral test is convergence........ the series converges.

EXAMPLE 3 The p-Series

Show that the p-series

( p a real constant) converges if p = 1, and divergesif p = 1.

Solution [f p = 1,then f(x) = 1/x” is a positive decreasing function of x. Since

@
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glee’ 1 o0 x_—p-l—l b
—_ — - e 1 -
[ x¥ dx j x P dx g;.li;n}g [—p + 1 l

1 : 1
= lim — — 1
1 — ppooo \pr]

1 1 bP™ —coash—
— 1= p 0-1= p—1 because p — 1 = 0

the series converges by the Integral Test. We emphasize that the sum of the p-series is not
1/(p — 1). The series converges, but we don’t know the value it converges to.
Ifp < 1,thenl — p = 0and

/iah-: L fim (b7 = 1) = oo
|

X7 [ —pp,m

The series diverges by the Integral Test.

® 1
Example: E ~
n=1"

Solution:
* By using p — series .....p = 1 ... ....(Div.)

* By using integral test

z 1 1
— ... ] —dx =[Inx]? =lnw—-In1l =00
n X

The series is divergent because the integral test diverges.

@ n
Example: z —
P .

n * x * 1 ® 1 1
Z — e f —zdxzf xe " dx=[——e‘x2] =—Ze @ e
em 1 e~ 1 2 1 2 2
n=1
1 1 1
"~ 2e 2e®  2e
The integral test converges ......... The series converges.
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Comparison Tests

We can test the convergence of many more series by comparing their terms to those

of a series whose convergence is known.

Limit Comparison Test
Suppose thata, = Oand b, = 0 foralln = N (N an integer).

1. If limw% = ¢ > 0, then Xa, and 2 b, both converge or both diverge.
n—>0 n

2. If limﬁo% = 0 and X b, converges, then X a, converges.
n—0 H

3. If lim % = oo and X b, diverges, then X a, diverges.
n—00 Uy

EXAMPLE Using the Limit Comparison Test

Which of the following series converge, and which diverge?

3 5 7 9 - 2n + 1 - 2n+ 1
a) T+ttt = Yy ———= Yy ———
@ 7 +9%76 725 ,Z{(n+l}‘ ,;#—1—2114—1

11 1 1 =1
) [ +3+7rt = 2

1+2In2 1 +3In3 1+4In4 w1 +nlnn
(c) 9 +—37  t 7 +“._n=22—”2+5

Solution

(a) Let a, = (2n + l),"(n2 + 2n + 1). For large n, we expect a, to behave like
2n/n* = 2/n since the leading terms dominate for large n, so we let b, = 1/n. Since

zbn = 2 %diverges
n=1

n=1
and

. ay 9 2?12 +n
lim — = lim ———— =
n—0oa bn n—oo s + 2n + 1

3

>a, diverges by Part 1 of the Limit Comparison Test. We could just as well have
taken b, = 2/n, but 1/n is simpler.
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(b) Let a, = 1/(2" — 1). For large n, we expect a, to behave like 1/2", so we let
b, = 1/2". Since

[} 0
EEJ,, = 2 7 converges

n=1 n=1

and
lim 2% = | -
m —-—— — 1m
n—s00 by n—oo 20 — 1

1 1
= m—an

=1,

> a, converges by Part 1 of the Limit Comparison Test.

(¢) Let a, = (1 +n lnj"x}l/{n2 + 5). For large n, we expect a, to behave like
l[;l‘ﬂln.rf]/’n2 = (Inn)/n, which is greater than 1/n for n = 3, so we take b, = 1/n.

Since
Ebn = E% diverges
n=2 n=2
and
.Gy .. n+n‘lnn
Im — = lm ————
n—00 by, n—oo  pc + 5
= .'_j(_".,
> a, diverges by Part 3 of the Limit Comparison Test. [ |
Example:
M -
a =
" 2n2 —n
n=1
1 . .
b, = = ; using p — series ... ... p=2>1 (Conv.)
n=1
lim 9 = lim = = lim —— =259 c
m-—=1IMm_—-—-——=1h ——F== e Ay = LOND.
nﬁa)bn naa)an —-N nﬁooz _“1 2 n
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(0]

3n3 —2n%?+4
(2) an = ns—n2+2

n=1
1 . .
b, = 3 ; using p — series ... ... p=2>1. (Conv.)
n=1
2 4
_ay . 3mt-2nt+4n®? 3 pto3
lim — = lim z > = lim =3>0.... a, = Conv
n—>oobn n-oo n>—n —|—2 n—>001_l+£
n3 ' nd
3) E
a, = —_—
" V8nz — 3n
n=1
z : 1
b, = — ; using p — series ... ... p==<1......(Div.)
n3
n=1
1
2 1 3
lim = = 1 i I ( n )3 1 ! 0.5 > 0
im -— = lim =lim|——| =lim|——= | =
n—-oo b n—-oo 2 1 n—oo 87’12 — 3n n—oo _ E
n (8n? —3n)3 8 -
a, = diverge because b,, is divergent
(4) a, = v
e = n3+1
n=1
z : 1
b, = — ; using p — series ... ... p==>1......(Conv.)
nz2
n=1
5 1
. Qn . nz2-n2 . n’ .
lim — = lim = lim = lim =1>0....
n—oo b, n-on3 + 1 n-on3 + 1 n—oo 1+ i
n3

a, = Converge as b, is convergent
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Homework:

oo
n

(1) T e (Geometric series)

1
(2) E T o .. (Integral test)
1
(3) E —_— (Comparison test)
n—2

(4) Z o 1)(1an1) s er ... (Comparison test)

n=1

......... (Comparison test)
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Differential Equations

1- First Order Differential Equations ...... flx,y,y))=0
2- Second Order Differential Equations ...f(x,y,y’,y") =0
3- Higher Order Differential Equations ...f(x,y,y",y", ", y"",...) =0

First Order Differential Equations

A first-order differential equation is an equation

dy
o =~ ey (1)

in which f(x, v) is a function of two variables defined on a region in the xy-plane. The
equation is of first order because it involves only the first derivative dy/dx (and not
higher-order derivatives). We point out that the equations

vy = f(x,y) and %}-‘ = flx,y)

are equivalent to Equation (1) and all three forms will be used interchangeably in the text.

A solution of Equation (1) is a differentiable function y = y(x) defined on an interval
[ of x-values (perhaps infinite) such that

d oy — .
20 Y0 = flx y(x)

Types of First-order Differential Equations

1- Separable,

2- Homogeneous,
3
4- Linear,
5

Exact,

Bernoulli

1- Separable Differential Equations

Suppose we have a differential equation of the form
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dy
7 = f@w. (D

where f is a function of both the independent and dependent variables. A solution of the
equation is a differentiable function y = y(x) defined on an interval of x-values

Equation (1) is separable if f can be expressed as a product of a function of x and a
function of y. The differential equation then has the form

o 15 a function of x;

dy
a = g(H(y). H is a function of y.

When we rewrite this equation in the form

dy  gx) 1

de m H(y) = hiy)

its differential form allows us to collect all y terms with dy and all x terms with dx:

h(y) dy = g(x) dx.

Now we simply integrate both sides of this equation:

/ h(y) dy = / g(x) dx. (2)

After completing the integrations, we obtain the solution y defined implicitly as a function
of x.

EXAMPLE 1 Solve the differential equation

D1 yen y =
dx_{ .}’j! }" -

Solution Since 1 + vy is never zero for y = —1, we can solve the equation by separat-
ing the variables.

dy (1 + v)e*
dx Y o -
Treat dyldx as a quotient of
dy = (1 + yje*dx differentials and multiply
dy | both sides by dx.
= ' dx Divide by (1 + ¥).

dy
= " dx Integrate both sides.
L=y

. C represents the combined
In(l +y)=¢+C : ‘

constants of integration.

The last equation gives y as an implicit function of x. [
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v
EXAMPLE 2 Solve the equation y(x + Hd—':_ = x(y* + 1).

Solution We change to differential form, separate the variables, and integrate:
Y + Ddy = 2% + 1) dx

y dy _ xdx
_‘,'.12 — 1 _.x + ]

_\"ﬂ'}-‘ _ | 1 " . | |
‘l + \,: - x _|_ ] X |_]|-.Iu|L' X |\_, x

In(l +y)=x—In|x+ 1] + C.

I | =t

The last equation gives the solution y as an implicit function of x. [

Examples: Find the solution of the following differential equations:

1- sinxdx +y?*dy =0

jsinxdx+jy2dy=0
3

y
—cosx+—=c¢
3

2- xdx—y?dy=0

jxdx—jyzdy=0

X2 ys_
2 3 ¢
. 4y _ 2.3
3 =YX
d
—)2]=x3dx
y
d
j—};:fﬁdx
y
1_x4+
y & °¢
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—4
x*+c

y:

dy _f
” ;y(1) =

f ydy = f —xdx

7=—7+C

y2+x2=2c=c
424+ 12=¢c > c=17
y2+x2 =17

d_y_ 2N\, X
dx—(1+y)e

dy
1+ y?

dy X
_[1+y2_je dx

tan"ly=e*+¢

= e*dx

y =tan(e* +¢)

In(y? + 1) dx + y(x 1)dy 0

InGy? + 1 dx = - 2E =D
2y
(x—l) (y? + 1) In(y? +1)
2y
d« [ O*+1D
(x—1) In(y? + 1) dy

In(x—1)=—=In(In(y?>+ 1)) +c¢
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dy
7- —= cos(x +y)

We cannot separate this equation, so we change it to
du

Lett x+y=u - d——1+ (Note:y = f(x))
dy du
dx  dx

y du
i cos(x+y) - T 1 = cos(u)
du
— =1+ cos(u)
dx

du

1 + cos(u) = dx

f% J ax

(1 —=-cosu) _
(1 —cosu)(1 + cosu) du = j dx

1- 1-
(1 —cosu) du=ldx . ( cosu) u—fdx

(1 —cos?u)

1 cosu
j - du—j - du =jdx
sin? u sin? u

jcsczudu—jcotucscuduzjdx

~ sin2u

—cotu+cscu=x+c

—cot(x+y)+csc(x+y)=x+c

2- Homogeneous Differential Equations

A first-order differential equation of the form

dy _ (y
i F(-J

is called homogeneous. It can be transformed into an equation whose
variables are separable by defining the new variable v = y/x. Then,
y = vx and

dy dv
ay _ dv

dx " T dx’
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Substitution into the original differential equation and collecting terms
with like variables then gives the separable equation

dx N dv
X v — Fu)

After solving this separable equation, the solution of the original
equation is obtained when we replace v by y/x.

Examples: Find the solution of the following differential equations:

oWy _ytx
dx  «x
dy _y
=211
dx x+
y B dy dv
Let.x—v - y=vx - dx_xdx+v
dv dv dx
x—+v=v+1 - x—=1 - dv=—
dx dx X
dx y
jdvz — - v=Inx+c - —=lnx+c
b b
y
2- (xex+y)dx—xdy=0
y
(xex+y)dx=xdy
y
dy xex+y y y
—_— == ex + —
dx X X
y B dy dv
Let.x—v - y=vx - dx_xdx+v
dv+ vy dv ’ dv dx
—_— = —_ _—= - —_— T —
x—tv=e'tv X =e =
dv dx B dx
f—z — - je”dv= —
ev X X
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Y
—e x=Ilnx+c

—eV=lnx+c -
3. W _*Y
dx x+y
dy 1-%
— = (Note: + x)
dx ]_+.X
dy dv

Let:;zv - y = vXx - %zxa+v
dv 1—v
XEJ”’_Hv

dv 1-v 1-—2v—v?
xa=1+v_v= 1+v

dx 1+v

?=1—2v—v2dv

dx 1+v

jx 1—2v—v2 dv

1
Inx = —Eln(l—Zv—vz) +c

__1 Y _ Yy
lnx——zln(l—ZE—(;) )+c

Homework:

1- (x+1);l—z=x(y2+1)

dy _ xy1-y? ) _
2- dx  1+4x2 » y(0)=1

3- xdy —ydx —x*y3dy =0

dy x+y
4- ===
dx x-=y
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3- Exact Differential Equations

oM 0N

M(x,y)dx + N(x,y)dy =0 isexact dif ferentical equation if
of of
Note: M = a ; N = @

ay  ox

Examples: Solve the following differential equations:

1- 2xydx + (1 +x?)dy =0

M=2 om 2
= - —_— =
Xy 3y X
N = (1+ x3?) oN 2
= - _— =
X 72 X

_ oM ON

~The D.E.is exact beccause — = —
dy Ox

2xydx + (1 +x?)dy =0

2xydx + dy + x2dy = 0 - 2xydx + x*dy = —dy

d(x*y) = —dy
| aey = [ -ay
x*y=—-y+c

2- (x+siny)dx + (xcosy — 2y)dy =0

M + si —aM
= - =
X +siny 3y cosy

N = 2 o _
=xcosy—2y - S-=Cosy

oM ON

~ The D.E.is exact beccause — = —
Jdy Ox
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(x +siny)dx + (xcosy — 2y)dy =0
xdx +sinydx +xcosydy —2ydy =0

d(xsiny) = 2ydy — xdx

fd(xsiny) =j2ydy—jxdx

2
_ x
xsmy=y2—7+c

3- (5y*x3 —2y7)dy — (x” — 3x%y>)dx =0

(5y*x3 — 2y")dy + (3x%y°> —x)dx =0

oM
M =3x%y> —x7 - = 15x2y*

oN
N =5y*x3 -2y7 - T = 15x2y*

oM ON
~ The D.E.is exact beccause v =

y  ox
(5y*x3 —2y)dy + (3x%y°> —x)dx =0
Sy*x3dy — 2y’dy + 3x2y°dx — x’dx = 0
d(x3y®) = 2y7dy + x”dx
fd(x3y5) = j2y7dy+fx7dx

8 8
yo X

34,5 —

x°y> =—+—+c

4- ( L - 2y) dx + (2ytan™' x — 2x +sinhy)dy = 0

1+x2
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y y? ) oM 2y )
—_— _— - = J—
1+x2 < dy 1+ x?
N = 2ytan! 2x + sinh N 2y 2
= —_— e — —_—
ytan™ x X + sinhy 1T
oM ON
~The D.E.is exact beccause — = —
dy Ox

2
y _ -1 — i =
(1 e Zy) dx + (2ytan™ x — 2x)dy + sinhydy = 0

d(y?tan ! x — 2xy) + sinhydy = 0

jd(y2 tan~!x — 2xy) + f sinhydy =0

y?tan~!x — 2xy + coshy = ¢

dy
5>+
ty

_ 2 cinh—1 x® _
5- 3x“sinh ydx+1 1+y2dy—0

N

1 3
3x%sinh tydx + ( P )dy =0

1+y2 /1+y2
M = 332 inh-1 oM 3x?
= 3x“sin y - =
dy J1+y2
1 x3 oN 3x?
N = >+ - =
1+y /1+y2 6x /1+y2

oM ON

~ The D.E.is exact beccause — = —
dy Ox

d(x3sinh™1y) + =0

1+y?

L dy
fd(x351nh 1y)+f1_|_yZ=O

x3sinh™'y+tan"ly =¢
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4- Linear Differential Equations

A first-order linear differential equation is one that can be written in the form

dv
=+ Py - 0. ()

where P and @ are continuous functions of x. Equation (1) is the linear equation’s standard
form.

To solve the linear equation v’ + P(x)y = Q(.x_). multiply both sides by the integrating

_ e [P dx

factor v(x) and inle;grate both sides.

EXAMPLE Solve the equation

r— = x2 + 3y =
Xy = X 3y, x>0.
Solution First we put the equation in standard form -
dy 3
(_1.; = I)‘ = X,
so P(x) = —3/x is identified.
The integrating factor is

v(x) = ‘,j Plydy — o [(=3/x) dx

Constant of integration 1s 0,

= g3 Ink s0 v 1s as simple as possible
i e—.‘ln.t : 0
— XY I
= € = =3
X

Next we multiply both sides of the standard form by v(x) and integrate:

1dy 3 1
Erri
% (:_31) = é Left-hand side is L:—il vy,
A%}-‘ = _/Ilz dx Integrate both sides.
=V = —% + C.

Solving this last equation for y gives the general solution:

y=x (—% + C) = —x? + Cx, x = 0. |
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EXAMPLE Find the particular solution of
3xy" —y=Inx + 1, x =0,

satisfying y(1) = —2.

Solution With x > 0, we write the equation in standard form:

v ]v=]nx+l
y 3x- 3x

Then the integrating factor is given by

U= ef—d'.r;*lr — gl[—];-"?}lnx — x—],-’.l_ x>0
Thus

—1/ ] —A4/
X ]f'q’}-' = if{]nx + 1x 43 dx. Left-hand side is wy.

Integration by parts of the right-hand side gives
x—];_a}, =—x"nx + 1)+ f x*dx + C.

Therefore

1/ 1/ 1/

x By =—x"Inx+1)-3x"P+C
or, solving for v,

y=—(nx + 4) + Cx'/3,

When x = 1 and y = —2 this last equation becomes
—2=—-(0+4) +C,
SO
C =2
Substitution into the equation for y gives the particular solution

y=2!'"—Inx — 4. [

In solving the linear equation in Example, we integrated both sides of the equation
after multiplying each side by the integrating factor. However, we can shorten the amount
of work, as in Example, by remembering that the left-hand side always integrates into
the product v(x) - y of the integrating factor times the solution function. From Equation
this means that

v(x)y = / v(x)Q(x) dx.

We need only integrate the product of the integrating factor v(x) with Q(x) on the right-
hand side of Equation (1) and then equate the result with v{x)y to obtain the general solu-
tion. Nevertheless, to emphasize the role of v(x) in the solution process, we sometimes
follow the complete procedure as illustrated in Example.
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Observe that if the function Q(x) is identically zero in the standard form given by

Equation (1), the linear equation is separable and can be solved by the method of

separable method

Y gy - 060
dx (xX)y = Ox

d_:‘r €1 P[.TJ_\" = D (Nx) )

dy
y

Examples:
dy __sinx
1- xa+3y— "
dy 3 sinx
— 4 —y =
dx xy x3

3
£ 3
| F.= efP(x)dx _ efxdx = g3lnx — pInx® _ ;3

3 2 .
x°>—+4+ 3x°y = sinx
dx Y

x3dy + 3x?ydx = sinx dx

d(x3y) = sinx dx

jd(x3y) = jsinx dx

x3y =—cosx+c
— COS X (o
Y= x3 x3
t(1+t3)dx = (x + xt? — t?)dt (Note: x = f(t))
dx x+xt?—t*> x(1+t*)—t*> x(1+t%) t>  x t
dt  t(1+t2)  t(1+t2)  t(1+t2) t(A+t2) t (1+1t?)
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dx 1 t

it t° - (+t2)

1 _
[F.= e/ P®dt — o/ —¢dt _ ,—Int _ pInt™* _ —

1 dx 1 B 1

t dt t27  (1+1t?)

1 d ! dt = dt

t TR T T ey

a4

(t) (1+t2?)

fd a —j L
(t)_ (1 +t2)

X

?=—tan‘1t+c

x =t(—tan 1t +¢)

dx  3x-yS

dx 3x-y> 3x

—_— :__y
dy y y
dx 3
4
dy vy

3

I.F.= e/ POy — ef y® = g=3Iny — glny™?
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1 3
F-dx—dey=—ydy
A = —yd
e yay
Jago=[ -
e yay
2
x__Y
y3_ 2+c
5
x=—y?+cy3
Homework:

1- (x2 4+ y?)dx + (2xy + cosy)dy =0
dy _
2-2_3y=6

Ay 2 2
3 o txTy=x
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5- Bernoulli Differential Equations

A Bernoulli differential equation is of the form

cf_"lr' Plx)y = R
I (x)y = Qx)y".

Observe that, if n = 0 or 1, the Bernoulli equation is linear.
For other values of n. the substitution u = }‘l'” transforms
the Bernoulli equation into the linear equation

i“_ + (1 — nP(x)u = (1 — n)Q(x).
dx
Examples:
ay _ o — —X,,2
L ———y=eTy
n=2 - u:yl_nzyl_zzy_l N y:u—l
dy _ ,du
dx dx
Substitution into the original equation gives
du
—y—2__ _ 1 — ,—x,, -2 o2
u dx u e "u ( u )
u tu=—e™" Is li D.E
dx u=-—e (Is linear D.E.)

[.F.= e/ PMdx — pfdx — ox

du
exa+ e*u =—e

X Hp—X

e

e*du + e*udx = —dx

d(e*u) = —dx

jd(exu) =f—dx

X

e‘u=—x+c
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1—

-3

u=y'mt=yltt=y
_,ady du dy 1 du
_3y - = N - = —
dx dx dx -3y *dx
Substitution into the original equation gives

1 du+2 .
—3y~*dx X Y

du 6

- —3:_3 2
dx x x

du 6

= —3x2 (Is linear D.E.)

dx x

6
| F.= efP(x)dx — ef—ydx — g~ 6Inx — elnx‘6 _

x6
ldu 6 3
x6dx x7  x*
1 6 3
qu——7udx———4dx
3
d(F =—Fdx
u

fd(; =.[—Fdx

-3
u
—=x7+c - y—6=x‘3+c
X X

(+ =3y
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3 xZ—z +y=y?
dy 1 1 _,
dx " x” " x”
n=—2 N u=yl = y1—(—2) = y3 > y= ul/3
d 1 du
=3 g
Substitution into the original equation gives
lu—2/3 d_u + 1u1/3 — lu—2/3
3 dx x X
du 3 3
ax X" Tx

3
3 3
| F.= efP(x)dx _ efxdx — g3lnx — plnx® _ .3

du
x3 — + 3x%u = 3x?
dx

x3du + 3x%udx = 3x?dx

d(x3u) = 3x%dx
fd(x3u) =j3x2dx

x3u=x3+c¢

x3y3=x3+¢

Homework:

Ay 2
- ——y=-y

Ay 2
2 Y =Xxy
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Second — Order Differential Equations

An equation of the form

Px)y"(x) + O(x)y'(x) + Rx)p(x) = Glx), (1)

which is linear in y and its derivatives, is called a second-order linear differential equation.

1. If G(x) = 0, the equation is said to be Homogeneous as following
P(x)y" +Q(x)y" + R(x)y =0 (2)

2. If G(x) # 0, the equation is called Nonhomogeneous

P(x)y" +Q(x)y" + R(x)y = G(x)

1. Second — Order Linear Homogeneous Differential Equations

Two fundamental results are important to solving Equation (2). The first of these says
that if we know two solutions y; and y; of the linear homogeneous equation, then any
linear combination y = ¢;y; + ¢2)» is also a solution for any constants ¢; and ¢;.

THEOREM 1—The Superposition Principle If yi(x) and y»(x) are two solutions
to the linear homogeneous equation (2), then for any constants ¢; and ¢, the
function

Wx) = cpyilx) + eapax)

is also a solution to Equation (2).

Constant-Coefficient Homogeneous Equations
Suppose we wish to solve the second-order homogeneous differential equation

ay" + by' +cy =0, (3)

where a, b, and ¢ are constants. To solve Equation (3), we seek a function which when
multiplied by a constant and added to a constant times its first derivative plus a constant
times its second derivative sums identically to zero. One function that behaves this way is
the exponential function y = €™, when r is a constant. Two differentiations of this expo-
nential function give y' = re’ and »” = r’e’*, which are just constant multiples of the
original exponential. If we substitute y = ™ into Equation (3), we obtain

ar’e™ + bre™ + ce™ =
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Since the exponential function is never zero, we can divide this last equation through by
e"™. Thus, y = €™ is a solution to Equation (3) if and only if » is a solution to the algebraic
equation

ar’ + br + ¢ = 0. (4)

Equation (4) is called the auxiliary equation (or characteristic equation) of the differen-
tial equation ay” + by' + ¢y = 0. The auxiliary equation is a quadratic equation with
roots

_ b+ Vb® — 4ac
= g and "

_ —b— Vb* — dac

" 2a

There are three cases to consider which depend on the value of the discriminant b? — 4ac.

Case 1: b2 — 4ac > 0. In this case the auxiliary equation has two real and unequal roots
r1and 5. Then y; = e"* and y, = e™* are two linearly independent solutions to Equation
(3) because ™" is not a constant multiple of ¢"'” (see Exercise 61). From Theorem 2 we
conclude the following result.

THEOREM 1 If | and r are two real and unequal roots to the auxiliary
equation ar’ + br + ¢ = 0, then

y = C|€'r|x 4 Czer;;x

is the general solution to ay” + by" + ¢y = 0.

Note: If ry # 1, — Then the solutionis: y=cqe"*+ c,e"?*

EXAMPLE 1  Find the general solution of the differential equation
Y=y — 6y = 0.

Solution Substitution of v = ™ into the differential equation yields the auxiliary
equation

FP—r—6= 0,
which factors as
(r— 3)r+ 2)=0.

The roots are r; = 3 and r» = —2. Thus, the general solution is

—T
V= cre™ + e ™, [ |
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Case 2: b®> — 4ac = 0. In this case r| = 1y = —b/2a. To simplify the notation, let
r = —b/2a. Then we have one solution y; = " with 2ar + b = 0. Since multiplication
of "™ by a constant fails to produce a second linearly independent solution, suppose we try
multiplying by a function instead. The simplest such function would be u(x) = x, so lets
see if y» = xe™ is also a solution. Substituting y» into the differential equation gives

ayy” + by + vy = are™ + r’xe’™) + b(e™ + rxe™) + cxe™
= (2ar + b)e™ + (ar’ + br + c)xe™
= (&™) + (O)xe™ = 0.

The first term is zero because r = —b/2a; the second term is zero because r solves the
auxiliary equation. The functions y; = e™ and y; = xe"™ are linearly independent (see
Exercise 62). From Theorem 2 we conclude the following result.

THEOREM 2 If r is the only (repeated) real root to the auxiliary equation
ar® + br + ¢ = 0, then

v =ce™ + crxe™

is the general solution to ay” + by’ + ¢y = 0.

Note: Ifry =r, =r — Thenthe solutionis: y=cie™+ cxe™
EXAMPLE 2  Find the general solution to
v+ 4yt + 4y = 0.

Solution The auxiliary equation is
P4+ 4r+4 =0,

which factors into

(r+2)2=0.
Thus, » = —2 is a double root. Therefore, the general solution is
y = cre = + cyxe X, [ |

Case 3: b2—4ac < 0. In this case the auxiliary equation has two complex roots

rp = a + i andr = « — i3, where a and 3 are real numbers and iZ = —1. (These real
numbers are &« = —b/2a and B = Vdac — b;";’Za.] These two complex roots then give

rise to two linearly independent solutions

vy = e T = ¢(cos Bx + isin Bx) and y; = e P = ¢™(cos Bx — isin Bx).
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(The expressions involving the sine and cosine terms follow from Euler’s identity in Sec-
tion 8.9.) However, the solutions y; and y; are complex valued rather than real valued.
Nevertheless, because of the superposition principle (Theorem 1), we can obtain from
them the two real-valued solutions

_l l,_rrx ,_L,_l,_fax'
»m=Fy Tty =eTeospxand  yg =52y~ 570 = e™sin B

The functions y3 and yy4 are linearly independent (see Exercise 63). From Theorem 2 we
conclude the following result.

THEOREM 3 Ifry =« + i and r» = a — i3 are two complex roots to the
auxiliary equation ar> + br + ¢ = 0, then

v = e™(cycos Bx + crsin Bx)

is the general solution to ay” + by' + ¢y = 0.

Note: Ifry =a+if and r,=a—if — Thenthesolutionis:

y = e*(cy sin x + ¢, cos ffx)

EXAMPLE 3  Find the general solution to the differential equation

y' =4y + 5 =0.

Solution The auxiliary equation is
PP —dr+5=0.

The roots are the complex pair r = (4 + V16 — 200/2o0rr =2 +iandr =2 — i
Thus, « = 2 and B = 1 give the general solution

y = e*(cy cos x + ¢ sin x). [ |

Examples: Find the general solution of the following differential equations:

1. y"—=y' =2y =0

14 2

Lety=e™* - y' =re™* - y'=re™

e™ subinoriginal Eq.

r2e™ —re™ —2e™ =0 +e™)
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r2—r—2=0
r—2)(r+1)=0
n=2 and nr,=-1 (ry #1y)

y =ce?* +ce™

.y —6y"+9y =0
Lety=e™ - y' =re™
r2e™ — 6re™ + 9e™ =0
r’2—6r+9=0
r—3)(@r-3)=0

n=3 and 1, =3

y = ce3* + cxe3*

. y'"+4y"+5y=0
Lety=¢e™ - y' =re™*

r2e’™ 4+ 4re™ 4 5™ = (

r’+4r+5=0

—b ¥ Vb? — 4ac
" 2a ”

— yll = rlelx

e™ subinoriginal Eq.

- eTX)

(n=mr,=71)

- y'"" =7r%e™ subinoriginal Eq.

(+e™)

—4F V42 —4%1%5
21

r =

n=—24+i and rn,=-2-1 - a=-2 and B=1

= e %*(c,sinx + ¢, cosx
y 1 2

Homework:

1. y"+4y=0
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Initial Value and Boundary Value Problems

The general solution to a second-order equation contains two arbitrary constants, it is

necessary to specify two conditions. These conditions are called initial conditions.

THEOREM If P, O, R, and G are continuous throughout an open interval /,
then there exists one and only one function y(x) satisfying both the differential
equation

P(x)y"(x) + Q)" (x) + Rx)p(x) = G(x)
on the interval [, and the imitial conditions
vixg) =yo and  Y(xp) = »

at the specified point xp = [.

EXAMPLE Find the particular solution to the initial value problem
Y= Ey=0, M0 =1, YO = -1

Solution The auxiliary equation is
P =2r+1=r—-17>=0.
The repeated real root is » = 1, giving the general solution
y = cie’ + caxe’.
Then,
v = ciet + clx + et

From the initial conditions we have

1l =¢ + 20 and —1=¢ +c-1.
Thus, ¢y = 1 and ¢ = —2. The unique solution satisfying the initial conditions is
y =¢e" — 2xe'.

Another approach to determine the values of the two arbitrary constants in the

general solution to a second-order differential equation is to specify the values of the

&
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solution function at two different points in the interval I. That is, we solve the

differential equation subject to the boundary values

EXAMPLE Solve the boundary value problem

i

y' + 4y = 0, wW0) =0, L(ﬁ) = 1.
Solution The auxiliary equation is #> + 4 = 0, which has the complex roots r = +2i.
The general solution to the differential equation is
y = ¢jcos 2x + ¢y sin 2x.
The boundary conditions are satisfied if

y0)=¢c -1 +e-0=0

}(%) = cos(%) + ¢ sin(%) = 1.

It follows that ¢; = 0 and ¢; = 2. The solution to the boundary value problem is

v = 2 sin 2x. [ |

Nonhomogeneous Linear Differential Equations

Two methods for solving second-order linear nonhomogeneous differential equations
with constant coefficients. These are the methods of undetermined coefficients and

variation of parameters. We begin by considering the form of the general solution.

Form of the General Solution
Suppose we wish to solve the nonhomogeneous equation
ay" + by' + cy = G), 1)

where a, b, and ¢ are constants and G is continuous over some open interval /. Let
Ve = c1y1 + c2; be the general solution to the associated complementary equation

ay" + by + cy = 0. (2)

(We learned how to find y. in Section 16.1.) Now suppose we could somehow come up
with a particular function yj, that solves the nonhomogeneous equation (1). Then the sum

Y=Yt W (3)
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also solves the nonhomogeneous equation (1) because
a{yc + yp)” + b(rvc + ,]’JP)I + Cl:yc + }rp)

= (ay." + by’ + cyo) + (@ + by + )

=1 + G(x} ¥, solves Eq. (2) and y, solves Eq. (1)
= G(x).
THEOREM The general solution y = y(x) to the nonhomogeneous differen-

tial equation (1) has the form

.V = J’c + J’pn

where the complementary solution y; is the general solution to the associated
homogeneous equation (2) and y, is any particular solution to the nonhomoge-
neous equation (1).

The Method of Undetermined Coefficients

This method for finding a particular solution y;, to nonhomogeneous equation (1) applies
to special cases for which (i(x) is a sum of terms of various polynomials p(x) multiplying
an exponential with possibly sine or cosine factors. That is, G(x) is a sum of terms of the
following forms:

pix)e™,  pax)eTcos Bx,  p3(x)e™ sin Bux.

2x

For instance, 1 — x, e, xe*, cos x, and 5¢® — sin 2x represent functions in this category.

You may find the following table helpful in solving the problems at the end of this

section.

TABLE 16.1 The method of undetermined coefficients for selected equations

of the form
ay" + by' + v = G(x).
If G(x) has a term Then include this
that is a constant expression in the
multiple of ... And if trial function for y,.
e™ r 1s not a root of Ae™

the auxiliary equation

r 1s a single root of the Axe™

auxiliary equation

r is a double root of the Axle™
auxiliary equation
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sin kx, cos kx k 1s not a root of Bcoskx + Csinkx
the auxiliary equation

px® + gx + m 0 is not a root of the Dx* + Ex + F
auxiliary equation
0 is a single root of the Dx* + Ex* + Fx
auxiliary equation
0 is a double root of the Dx* + Ex* + Fx?
auxiliary equation

Example: Solve the following nonhomogeneous differential equation:
y'" —4y =sinx

Stepl:Findy, - y"—4y=0

VY = e* e

Step 2: Find y,
G(x) =sinx and there is no similarity between y, and G(x), therefore:
Yp = Asinx + B cosx
yp = Acosx — Bsinx
Yp = —Asinx — Bcosx
Substituting y,,¥,, Y, inthe original equation (y"" — 4y = sinx),we get
—Asinx — Bcosx —4(Asinx + Bcosx) = sinx

—5Asinx — 5B cosx = sinx
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B sinx - —54=1 > A=-=

B CoSX -» —-5B=0 -> B=0

1
Yp = —gsinx
1
Y=Y+ ¥ = e+ e — zsinx

Example: Solve the following nonhomogeneous differential equation:
y'—y' —2y=e*
Stepl: Findy, - y"—y'=2y=0
r2—r—2=0
r=2)r+1=0
. Y = e + e
Step 2: Find y,
G(x) = e?* and there is similarity between y, and G(x), therefore:

Note that: If we assume

yp = Ae?*
yp = 24e**
yy = 4Ae**

Substituting y,,y, Y, in the original equation (y" —y' — 2y = e**),we get
4Ae?* — 2Ae?* — 24e?* = e?*

0 = e?*  the assumption is not correct, thus, we assume Vp = Axe?*

®
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yp = Axe®*
yp = 2Axe** + Ae?*
Vy = 4Axe®* + 4Ae**
Substituting y,,y,, Y, inthe original equation (y" —y' — 2y = e*®), we get
4Axe?* + 44e?* — (2Axe?* + Ae?*) — 2(Axe?*) = e?*

1
34e%* = %X -» A==

1

S Yp = §xezx

Y=Y+ ¥ =ce**+ce™ + §xezx

Example: Solve the following nonhomogeneous differential equation:
y'+2y'—3y=6
Stepl: Findy, - y"4+2y"=3y=0
r’24+2r—3=0
r—1D@r+3)=0
LY. =ceX + e
Step 2: Find y,

G(x) = 6 and there is no similarity between y,. and G(x), therefore:

yp:A
Yp =0
Yp =0
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Substituting y,,¥,,Y, inthe original equation (y" + 2y’ — 3y = 6),we get

0+2+x0—-34=6

Y=Y+ =cer+ce =2
Example: Solve the following nonhomogeneous differential equation:

y'"" — 6y’ +9y =e3*
Stepl:Findy, - y"—-6y"+9y=0
r2—6r+9=0
(r—=3r-3)=0
rn=r=3
Ve = ¢183% + ¢y xe3”
Step 2: Find y,
G(x) = e?* and there is similarity between y, and G(x), therefore:

has = 3 as a repeated root. The appropriate choice for y; in this case is neither Ae* nor
Axe™ because the complementary solution contains both of those terms already. Thus, we
choose a term containing the next higher power of x as a factor. When we substitute

MVp = AxZe®*
and its derivatives in the given differential equation, we get
(94x%e* + 124xe® + 24e*) — 6(34x%e™ + 24xe™) + 94x%e™ = ¥
or
24e™ = ¥,

Thus, A = 1/2, and the particular solution is

1 5 3
Yp = fx e . |

1
Y=Y+ =13 +cxe® + §x2e3x
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Solving nonhomogeneous D.E by the Method of VVariation of Parameters

This is a general method for finding a particular solution of the nonhomogeneous equation
(1) once the general solution of the associated homogeneous equation is known. The
method consists of replacing the constants ¢; and ¢, in the complementary solution by
functions v; = vy(x) and v» = v2(x) and requiring (in a way to be explained) that the

resulting expression satisfy the nonhomogeneous equation (1). There are two functions to
be determined, and requiring that Equation (1) be satisfied is only one condition. As a sec-
ond condition, we also require that

U|'y1 + UQI}’Q = 0.

(4)

Variation of Parameters Procedure
To use the method of variation of parameters to find a particular solution to the
nonhomogeneous equation

ay" + by + ¢y = G(x),

we can work directly with the Equations (4) and (35). It is not necessary to re-
derive them. The steps are as follows.

1.

Solve the associated homogeneous equation
ay' + by +cv =20
to find the functions y; and ;.
Solve the equations
vi'yr + v’y =0,
G(x)
a

vyl 'y =

simultaneously for the derivative functions v;" and v;'.
Integrate v," and v;" to find the functions v| = v(x) and v2 = vy(x).
Write down the particular solution to nonhomogeneous equation (1) as

Vp = vyt va.

Example: Solve y"' —y' — 2y = e?*

Stepl:Findy, - y"—-y' —=2y=0

r2—r—2=0

r—=2)r+1=0



2"d Year (2020-2021) Mathematics |1 Dr. Rafea Dakhil

Ly =cet* + e

Step 2: Find y,
Vp = V1% +ve7F
vie** +ve™* =0 ... (D

vi2e?* +vy(—e ) =e?* ... (2) Note(a=1)

3vje?* = e?*

, 1 1 x
n=z = vl—jgdng
1
—e +ve™* =0 - vy = —§e3x
15 3
v, = | —ze**dx =— —e**
3
X
yp — §er §e3xe—x
X 1

x
— — 2 - 2 2
Y=Yty =cre* +ce x+§ex—§ex

Example: Solve y"" + y = secx

Stepl:Findy, - y"4+y=0

r2+1=0
r?=-1
n=1i; rn=-—i (a=0;p=1)

v Y. =e%ysinx + ¢, cosx) = ¢y sinx + ¢, cosx

Step 2: Find y,
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Yp = VySinx + v, cosx

visinx +vy,cosx =0 ... (D
v;cosx + vy(—sinx) =secx  ...... (2) Note(a=1)
| 0 cosx|
o = Isecx —sinxl _ —Ccosxsecx =—1=1
1 |sinx COSX| —sin2x —cos?2x -1
coOsx —sinx
12 =fldx=x
|sinx 0 | _ _
o — dcosx secxl _ sin x secx _ —sinx
2 |smx COSX| —sin?2x —cos?x  cosx
cosx —sinx
—sinx
v, = | ——dx = In|cos x|
CoS X

Yp = x sinx + cos x In|cos x|

Yy =Y.+ Y, =cisinx + ¢, cosx + x sinx + cos x In|cos x|

y = (¢; + x) sinx + cos x (¢, + In|cos x|)

EXAMPLE Find the general solution to the equation
y" + y = tanux.
Solution The solution of the homogeneous equation

J}H 4+ p=

o

is given by

0

Ve = cjcosx + ¢ps8inx.

Since yi(x) = cosx and y(x) = sin x, the conditions to be satisfied in Equations (4) and

(5) are

vy cosx + vy’ sinx

—v; sinx + vy’ cosx

Solution of this system gives

tan x. a
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0 sin x

o' = tanx cosx| _ —tanxsinx _ —sin’x
1 — . - . - .
COS X sin x coszx + smzx cos.x

—sinx COSXx

Likewise,

‘ COS X 0

) —sinx tanx i
vy = : = sin x.
‘ cosXx  sinXx

—sinXx COSX

After integrating v’ and v;', we have
—sin? x
vi(x) = /—cosx dx

= —f(secx — cos x) dx

= —In|secx + tanx| + sinx,

and

vs(x) = fsinxdx = —cosX.

Note that we have omitted the constants of integration in determining v; and v;. They
would merely be absorbed into the arbitrary constants in the complementary solution.
Substituting v and v; into the expression for y, in Step 4 gives

Yp =[—In |sec x + tan x| + sinx] cosx + (—cos x) sinx
= (—cosx) In|sec x + tan x|
The general solution is

¥y =cjcosx + ¢ysinx — (cosx) In|secx + tan x| [

EXAMPLE Solve the nonhomogeneous equation
y' o+ = 2y = xe".
Solution The auxiliary equation is
Pt r=2=@F+Dr-1)=0
giving the complementary solution
Ve = cre ¥ + e

The conditions to be satistfied in Equations (4) and (5) are
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v'e F 4+ et =0,

—2ui'e ™ + v'e" = xet. a=1

Solving the above system for v;" and v;" gives

0 &
x i Ix
vy’ S — _Liex
: e ot 3¢ 34
—2e & !
Likewise,
e 0
, —2e¢ ¥ xe xe ™  «x
U»-j pr— — = — pr— .
- e 3¢ 3

Integrating to obtain the parameter functions, we have

vi(x) = f—%xe‘l" dx

1 [xe™ e
= ‘E(T - / T‘f"’f)

_ L _ S o
= 2?(1 3x)e™,

Vo [x X
vg(x_}—/3 dx G

and

Therefore,

The general solution to the differential equation is

_ | | i
y = ce = 4 oore” — gxe" + Exze“,

where the term (1/27)e” in y, has been absorbed into the term c;e” in the complementary
solution. |
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EXAMPLE Solve the nonhomogeneous equation y” — 2y" — 3y = 1 — x2,

Solution The auxiliary equation for the complementary equation y” — 2y’ — 3y = 0 is
P=2r=3=@r+1)r—-3)=0.
It has the roots » = —1 and » = 3 giving the complementary solution
Ve =cle * + (‘363".

Now G(x) = 1 — x” is a polynomial of degree 2. It would be reasonable to assume that a
particular solution to the given nonhomogeneous equation is also a polynomial of degree 2
because if y is a polynomial of degree 2, then y” — 2y’ — 3y is also a polynomial of de-
gree 2. So we seek a particular solution of the form

yp = Ax* + Bx + C.

We need to determine the unknown coefficients 4, B, and C. When we substitute the poly-
nomial y;, and its derivatives into the given nonhomogeneous equation, we obtain

24 —2QAx + B) = 3UAx2 +Bx+ O) =1 — x?

or, collecting terms with like powers of x,

—34x%> + (=44 — 3B)x + 24 — 2B - 3C) =1 — x~

This last equation holds for all values of x if its two sides are identical polynomials of
degree 2. Thus, we equate corresponding powers of x to get

—34 = —1, —44 — 3B =0, and 24 — 2B —3C=1.

These equations imply in turn that 4 = 1/3, B = —4/9, and C = 5/27. Substituting these
values into the quadratic expression for our particular solution gives

1 4 5
yp=§x2—§x+ﬁ.

By Theorem 7, the general solution to the nonhomogeneous equation is

. v, - 3
Y=Yt ¥p = cre +Cz€3+§x2—§x+f- u
EXAMPLE Find a particular solution of y" — »" = 2 sin x.

Solution If we try to find a particular solution of the form
Vp = Asinx

and substitute the derivatives of y; in the given equation, we find that 4 must satisfy the
equation

—Asinx + Acosx = 2sinx
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for all values of x. Since this requires A to equal both —2 and 0 at the same time, we con-
clude that the nonhomogeneous differential equation has no solution of the form A sin x.
[t turns out that the required form is the sum

¥p = Asinx + Bcosx.

The result of substituting the derivatives of this new trial solution into the differential
equation is

—Asinx — Bcosx —(4dcosx — Bsinx) = 2sinx

or
(B— A)sinx — (4 + B)cosx = 2sinx.

This last equation must be an identity. Equating the coefficients for like terms on each side
then gives

B—4=2 and A+ B=0

Simultaneous solution of these two equations gives 4 = —1 and B = 1. Our particular
solution is

Yp = COSX — sinx. [ |

EXAMPLE Find a particular solution of " — 3y’ + 2y = Se*.

Solution If we substitute
Yp = Ae*
and its derivatives in the differential equation, we find that
Ae* — 34e* + 24e* = Se*
or
0 = Se*.

However, the exponential function is never zero. The trouble can be traced to the fact that
v = e" 1s already a solution of the related homogeneous equation

y' =3y + 2y = 0.
The auxiliary equation is
P =3r+2=0—-Dr-—2) =0,

which has » = 1 as a root. So we would expect 4¢* to become zero when substituted into
the left-hand side of the differential equation.

The appropriate way to modify the trial solution in this case 1s to multiply 4e* by x.
Thus, our new trial solution 1s

yp = Axe”.



2"d Year (2020-2021) Mathematics |1 Dr. Rafea Dakhil

The result of substituting the derivatives of this new candidate into the differential equation is
(Axe™ + 24e™) — 3(Axe" + Ae") + 24xe™ = Se*
or
—Ae* = Se".
Thus, 4 = —35 gives our sought-after particular solution

Yp = —Sxe. [ |

EXAMPLE Find the general solution to y" — y" = Se¢* — sin 2x.

Solution We first check the auxiliary equation
P
r<—r=0.

Its roots are » = | and r = 0. Therefore, the complementary solution to the associated ho-
mogeneous equation is

Ve = cie* + o

We now seek a particular solution y,. That is, we seek a function that will produce
5e* — sin 2x when substituted into the left-hand side of the given differential equation.
One part of y; is to produce Se*, the other —sin 2x.

Since any function of the form ¢je” is a solution of the associated homogeneous equa-
tion, we choose our trial solution y;, to be the sum

yp = Axe* + Bcos 2x + Csin 2x,

including xe* where we might otherwise have included only e*. When the derivatives of y,
are substituted into the differential equation, the resulting equation is

(Axe*™ + 24e* — 4B cos 2x — 4C sin 2x)
— (Axe" + Ae* — 2B sin 2x + 2C cos 2x) = Se¢* — sin 2x

or
Ae* — (4B + 2C)cos 2x + (2B — 4C) sin 2x = 5e* — sin 2x.
This equation will hold if
A=35, 4B + 2C = 0, 2B — 4C = —1,

or4d =5,B= —1/10,and C = 1/5. Our particular solution is
Yp = dxet — ll—(}coslr + %sinlr.

The general solution to the differential equation is

X X 1 1 .
V=Y.t yp =ce + ¢+ Sxe —ﬁ0052x+§sm2x. [ |
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Second — Order Differential Equations

An equation of the form

Px)y"(x) + O(x)y'(x) + Rx)p(x) = Glx), (1)

which is linear in y and its derivatives, is called a second-order linear differential equation.

1. If G(x) = 0, the equation is said to be Homogeneous as following
P(x)y" +Q(x)y" + R(x)y =0 (2)

2. If G(x) # 0, the equation is called Nonhomogeneous

P(x)y" +Q(x)y" + R(x)y = G(x)

1. Second — Order Linear Homogeneous Differential Equations

Two fundamental results are important to solving Equation (2). The first of these says
that if we know two solutions y; and y; of the linear homogeneous equation, then any
linear combination y = ¢;y; + ¢2)» is also a solution for any constants ¢; and ¢;.

THEOREM 1—The Superposition Principle If yi(x) and y»(x) are two solutions
to the linear homogeneous equation (2), then for any constants ¢; and ¢, the
function

Wx) = cpyilx) + eapax)

is also a solution to Equation (2).

Constant-Coefficient Homogeneous Equations
Suppose we wish to solve the second-order homogeneous differential equation

ay" + by' +cy =0, (3)

where a, b, and ¢ are constants. To solve Equation (3), we seek a function which when
multiplied by a constant and added to a constant times its first derivative plus a constant
times its second derivative sums identically to zero. One function that behaves this way is
the exponential function y = €™, when r is a constant. Two differentiations of this expo-
nential function give y' = re’ and »” = r’e’*, which are just constant multiples of the
original exponential. If we substitute y = ™ into Equation (3), we obtain

ar’e™ + bre™ + ce™ =
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Since the exponential function is never zero, we can divide this last equation through by
e"™. Thus, y = €™ is a solution to Equation (3) if and only if » is a solution to the algebraic
equation

ar’ + br + ¢ = 0. (4)

Equation (4) is called the auxiliary equation (or characteristic equation) of the differen-
tial equation ay” + by' + ¢y = 0. The auxiliary equation is a quadratic equation with
roots

_ b+ Vb® — 4ac
= g and "

_ —b— Vb* — dac

" 2a

There are three cases to consider which depend on the value of the discriminant b? — 4ac.

Case 1: b2 — 4ac > 0. In this case the auxiliary equation has two real and unequal roots
r1and 5. Then y; = e"* and y, = e™* are two linearly independent solutions to Equation
(3) because ™" is not a constant multiple of ¢"'” (see Exercise 61). From Theorem 2 we
conclude the following result.

THEOREM 1 If | and r are two real and unequal roots to the auxiliary
equation ar’ + br + ¢ = 0, then

y = C|€'r|x 4 Czer;;x

is the general solution to ay” + by" + ¢y = 0.

Note: If ry # 1, — Then the solutionis: y=cqe"*+ c,e"?*

EXAMPLE 1  Find the general solution of the differential equation
Y=y — 6y = 0.

Solution Substitution of v = ™ into the differential equation yields the auxiliary
equation

FP—r—6= 0,
which factors as
(r— 3)r+ 2)=0.

The roots are r; = 3 and r» = —2. Thus, the general solution is

—T
V= cre™ + e ™, [ |
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Case 2: b®> — 4ac = 0. In this case r| = 1y = —b/2a. To simplify the notation, let
r = —b/2a. Then we have one solution y; = " with 2ar + b = 0. Since multiplication
of "™ by a constant fails to produce a second linearly independent solution, suppose we try
multiplying by a function instead. The simplest such function would be u(x) = x, so lets
see if y» = xe™ is also a solution. Substituting y» into the differential equation gives

ayy” + by + vy = are™ + r’xe’™) + b(e™ + rxe™) + cxe™
= (2ar + b)e™ + (ar’ + br + c)xe™
= (&™) + (O)xe™ = 0.

The first term is zero because r = —b/2a; the second term is zero because r solves the
auxiliary equation. The functions y; = e™ and y; = xe"™ are linearly independent (see
Exercise 62). From Theorem 2 we conclude the following result.

THEOREM 2 If r is the only (repeated) real root to the auxiliary equation
ar® + br + ¢ = 0, then

v =ce™ + crxe™

is the general solution to ay” + by’ + ¢y = 0.

Note: Ifry =r, =r — Thenthe solutionis: y=cie™+ cxe™
EXAMPLE 2  Find the general solution to
v+ 4yt + 4y = 0.

Solution The auxiliary equation is
P4+ 4r+4 =0,

which factors into

(r+2)2=0.
Thus, » = —2 is a double root. Therefore, the general solution is
y = cre = + cyxe X, [ |

Case 3: b2—4ac < 0. In this case the auxiliary equation has two complex roots

rp = a + i andr = « — i3, where a and 3 are real numbers and iZ = —1. (These real
numbers are &« = —b/2a and B = Vdac — b;";’Za.] These two complex roots then give

rise to two linearly independent solutions

vy = e T = ¢(cos Bx + isin Bx) and y; = e P = ¢™(cos Bx — isin Bx).
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(The expressions involving the sine and cosine terms follow from Euler’s identity in Sec-
tion 8.9.) However, the solutions y; and y; are complex valued rather than real valued.
Nevertheless, because of the superposition principle (Theorem 1), we can obtain from
them the two real-valued solutions

_l l,_rrx ,_L,_l,_fax'
»m=Fy Tty =eTeospxand  yg =52y~ 570 = e™sin B

The functions y3 and yy4 are linearly independent (see Exercise 63). From Theorem 2 we
conclude the following result.

THEOREM 3 Ifry =« + i and r» = a — i3 are two complex roots to the
auxiliary equation ar> + br + ¢ = 0, then

v = e™(cycos Bx + crsin Bx)

is the general solution to ay” + by' + ¢y = 0.

Note: Ifry =a+if and r,=a—if — Thenthesolutionis:

y = e*(cy sin x + ¢, cos ffx)

EXAMPLE 3  Find the general solution to the differential equation

y' =4y + 5 =0.

Solution The auxiliary equation is
PP —dr+5=0.

The roots are the complex pair r = (4 + V16 — 200/2o0rr =2 +iandr =2 — i
Thus, « = 2 and B = 1 give the general solution

y = e*(cy cos x + ¢ sin x). [ |

Examples: Find the general solution of the following differential equations:

1. y"—=y' =2y =0

14 2

Lety=e™* - y' =re™* - y'=re™

e™ subinoriginal Eq.

r2e™ —re™ —2e™ =0 +e™)
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r2—r—2=0
r—2)(r+1)=0
n=2 and nr,=-1 (ry #1y)

y =ce?* +ce™

.y —6y"+9y =0
Lety=e™ - y' =re™
r2e™ — 6re™ + 9e™ =0
r’2—6r+9=0
r—3)(@r-3)=0

n=3 and 1, =3

y = ce3* + cxe3*

. y'"+4y"+5y=0
Lety=¢e™ - y' =re™*

r2e’™ 4+ 4re™ 4 5™ = (

r’+4r+5=0

—b ¥ Vb? — 4ac
" 2a ”

— yll = rlelx

e™ subinoriginal Eq.

- eTX)

(n=mr,=71)

- y'"" =7r%e™ subinoriginal Eq.

(+e™)

—4F V42 —4%1%5
21

r =

n=—24+i and rn,=-2-1 - a=-2 and B=1

= e %*(c,sinx + ¢, cosx
y 1 2

Homework:

1. y"+4y=0
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Initial Value and Boundary Value Problems

The general solution to a second-order equation contains two arbitrary constants, it is

necessary to specify two conditions. These conditions are called initial conditions.

THEOREM If P, O, R, and G are continuous throughout an open interval /,
then there exists one and only one function y(x) satisfying both the differential
equation

P(x)y"(x) + Q)" (x) + Rx)p(x) = G(x)
on the interval [, and the imitial conditions
vixg) =yo and  Y(xp) = »

at the specified point xp = [.

EXAMPLE Find the particular solution to the initial value problem
Y= Ey=0, M0 =1, YO = -1

Solution The auxiliary equation is
P =2r+1=r—-17>=0.
The repeated real root is » = 1, giving the general solution
y = cie’ + caxe’.
Then,
v = ciet + clx + et

From the initial conditions we have

1l =¢ + 20 and —1=¢ +c-1.
Thus, ¢y = 1 and ¢ = —2. The unique solution satisfying the initial conditions is
y =¢e" — 2xe'.

Another approach to determine the values of the two arbitrary constants in the

general solution to a second-order differential equation is to specify the values of the

&
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solution function at two different points in the interval I. That is, we solve the

differential equation subject to the boundary values

EXAMPLE Solve the boundary value problem

i

y' + 4y = 0, wW0) =0, L(ﬁ) = 1.
Solution The auxiliary equation is #> + 4 = 0, which has the complex roots r = +2i.
The general solution to the differential equation is
y = ¢jcos 2x + ¢y sin 2x.
The boundary conditions are satisfied if

y0)=¢c -1 +e-0=0

}(%) = cos(%) + ¢ sin(%) = 1.

It follows that ¢; = 0 and ¢; = 2. The solution to the boundary value problem is

v = 2 sin 2x. [ |

Nonhomogeneous Linear Differential Equations

Two methods for solving second-order linear nonhomogeneous differential equations
with constant coefficients. These are the methods of undetermined coefficients and

variation of parameters. We begin by considering the form of the general solution.

Form of the General Solution
Suppose we wish to solve the nonhomogeneous equation
ay" + by' + cy = G), 1)

where a, b, and ¢ are constants and G is continuous over some open interval /. Let
Ve = c1y1 + c2; be the general solution to the associated complementary equation

ay" + by + cy = 0. (2)

(We learned how to find y. in Section 16.1.) Now suppose we could somehow come up
with a particular function yj, that solves the nonhomogeneous equation (1). Then the sum

Y=Yt W (3)
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also solves the nonhomogeneous equation (1) because
a{yc + yp)” + b(rvc + ,]’JP)I + Cl:yc + }rp)

= (ay." + by’ + cyo) + (@ + by + )

=1 + G(x} ¥, solves Eq. (2) and y, solves Eq. (1)
= G(x).
THEOREM The general solution y = y(x) to the nonhomogeneous differen-

tial equation (1) has the form

.V = J’c + J’pn

where the complementary solution y; is the general solution to the associated
homogeneous equation (2) and y, is any particular solution to the nonhomoge-
neous equation (1).

The Method of Undetermined Coefficients

This method for finding a particular solution y;, to nonhomogeneous equation (1) applies
to special cases for which (i(x) is a sum of terms of various polynomials p(x) multiplying
an exponential with possibly sine or cosine factors. That is, G(x) is a sum of terms of the
following forms:

pix)e™,  pax)eTcos Bx,  p3(x)e™ sin Bux.

2x

For instance, 1 — x, e, xe*, cos x, and 5¢® — sin 2x represent functions in this category.

You may find the following table helpful in solving the problems at the end of this

section.

TABLE 16.1 The method of undetermined coefficients for selected equations

of the form
ay" + by' + v = G(x).
If G(x) has a term Then include this
that is a constant expression in the
multiple of ... And if trial function for y,.
e™ r 1s not a root of Ae™

the auxiliary equation

r 1s a single root of the Axe™

auxiliary equation

r is a double root of the Axle™
auxiliary equation
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sin kx, cos kx k 1s not a root of Bcoskx + Csinkx
the auxiliary equation

px® + gx + m 0 is not a root of the Dx* + Ex + F
auxiliary equation
0 is a single root of the Dx* + Ex* + Fx
auxiliary equation
0 is a double root of the Dx* + Ex* + Fx?
auxiliary equation

Example: Solve the following nonhomogeneous differential equation:
y'" —4y =sinx

Stepl:Findy, - y"—4y=0

VY = e* e

Step 2: Find y,
G(x) =sinx and there is no similarity between y, and G(x), therefore:
Yp = Asinx + B cosx
yp = Acosx — Bsinx
Yp = —Asinx — Bcosx
Substituting y,,¥,, Y, inthe original equation (y"" — 4y = sinx),we get
—Asinx — Bcosx —4(Asinx + Bcosx) = sinx

—5Asinx — 5B cosx = sinx
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B sinx - —54=1 > A=-=

B CoSX -» —-5B=0 -> B=0

1
Yp = —gsinx
1
Y=Y+ ¥ = e+ e — zsinx

Example: Solve the following nonhomogeneous differential equation:
y'—y' —2y=e*
Stepl: Findy, - y"—y'=2y=0
r2—r—2=0
r=2)r+1=0
. Y = e + e
Step 2: Find y,
G(x) = e?* and there is similarity between y, and G(x), therefore:

Note that: If we assume

yp = Ae?*
yp = 24e**
yy = 4Ae**

Substituting y,,y, Y, in the original equation (y" —y' — 2y = e**),we get
4Ae?* — 2Ae?* — 24e?* = e?*

0 = e?*  the assumption is not correct, thus, we assume Vp = Axe?*

®
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yp = Axe®*
yp = 2Axe** + Ae?*
Vy = 4Axe®* + 4Ae**
Substituting y,,y,, Y, inthe original equation (y" —y' — 2y = e*®), we get
4Axe?* + 44e?* — (2Axe?* + Ae?*) — 2(Axe?*) = e?*

1
34e%* = %X -» A==

1

S Yp = §xezx

Y=Y+ ¥ =ce**+ce™ + §xezx

Example: Solve the following nonhomogeneous differential equation:
y'+2y'—3y=6
Stepl: Findy, - y"4+2y"=3y=0
r’24+2r—3=0
r—1D@r+3)=0
LY. =ceX + e
Step 2: Find y,

G(x) = 6 and there is no similarity between y,. and G(x), therefore:

yp:A
Yp =0
Yp =0
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Substituting y,,¥,,Y, inthe original equation (y" + 2y’ — 3y = 6),we get

0+2+x0—-34=6

Y=Y+ =cer+ce =2
Example: Solve the following nonhomogeneous differential equation:

y'"" — 6y’ +9y =e3*
Stepl:Findy, - y"—-6y"+9y=0
r2—6r+9=0
(r—=3r-3)=0
rn=r=3
Ve = ¢183% + ¢y xe3”
Step 2: Find y,
G(x) = e?* and there is similarity between y, and G(x), therefore:

has = 3 as a repeated root. The appropriate choice for y; in this case is neither Ae* nor
Axe™ because the complementary solution contains both of those terms already. Thus, we
choose a term containing the next higher power of x as a factor. When we substitute

MVp = AxZe®*
and its derivatives in the given differential equation, we get
(94x%e* + 124xe® + 24e*) — 6(34x%e™ + 24xe™) + 94x%e™ = ¥
or
24e™ = ¥,

Thus, A = 1/2, and the particular solution is

1 5 3
Yp = fx e . |

1
Y=Y+ =13 +cxe® + §x2e3x
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Solving nonhomogeneous D.E by the Method of VVariation of Parameters

This is a general method for finding a particular solution of the nonhomogeneous equation
(1) once the general solution of the associated homogeneous equation is known. The
method consists of replacing the constants ¢; and ¢, in the complementary solution by
functions v; = vy(x) and v» = v2(x) and requiring (in a way to be explained) that the

resulting expression satisfy the nonhomogeneous equation (1). There are two functions to
be determined, and requiring that Equation (1) be satisfied is only one condition. As a sec-
ond condition, we also require that

U|'y1 + UQI}’Q = 0.

(4)

Variation of Parameters Procedure
To use the method of variation of parameters to find a particular solution to the
nonhomogeneous equation

ay" + by + ¢y = G(x),

we can work directly with the Equations (4) and (35). It is not necessary to re-
derive them. The steps are as follows.

1.

Solve the associated homogeneous equation
ay' + by +cv =20
to find the functions y; and ;.
Solve the equations
vi'yr + v’y =0,
G(x)
a

vyl 'y =

simultaneously for the derivative functions v;" and v;'.
Integrate v," and v;" to find the functions v| = v(x) and v2 = vy(x).
Write down the particular solution to nonhomogeneous equation (1) as

Vp = vyt va.

Example: Solve y"' —y' — 2y = e?*

Stepl:Findy, - y"—-y' —=2y=0

r2—r—2=0

r—=2)r+1=0



2"d Year (2020-2021) Mathematics |1 Dr. Rafea Dakhil

Ly =cet* + e

Step 2: Find y,
Vp = V1% +ve7F
vie** +ve™* =0 ... (D

vi2e?* +vy(—e ) =e?* ... (2) Note(a=1)

3vje?* = e?*

, 1 1 x
n=z = vl—jgdng
1
—e +ve™* =0 - vy = —§e3x
15 3
v, = | —ze**dx =— —e**
3
X
yp — §er §e3xe—x
X 1

x
— — 2 - 2 2
Y=Yty =cre* +ce x+§ex—§ex

Example: Solve y"" + y = secx

Stepl:Findy, - y"4+y=0

r2+1=0
r?=-1
n=1i; rn=-—i (a=0;p=1)

v Y. =e%ysinx + ¢, cosx) = ¢y sinx + ¢, cosx

Step 2: Find y,
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Yp = VySinx + v, cosx

visinx +vy,cosx =0 ... (D
v;cosx + vy(—sinx) =secx  ...... (2) Note(a=1)
| 0 cosx|
o = Isecx —sinxl _ —Ccosxsecx =—1=1
1 |sinx COSX| —sin2x —cos?2x -1
coOsx —sinx
12 =fldx=x
|sinx 0 | _ _
o — dcosx secxl _ sin x secx _ —sinx
2 |smx COSX| —sin?2x —cos?x  cosx
cosx —sinx
—sinx
v, = | ——dx = In|cos x|
CoS X

Yp = x sinx + cos x In|cos x|

Yy =Y.+ Y, =cisinx + ¢, cosx + x sinx + cos x In|cos x|

y = (¢; + x) sinx + cos x (¢, + In|cos x|)

EXAMPLE Find the general solution to the equation
y" + y = tanux.
Solution The solution of the homogeneous equation

J}H 4+ p=

o

is given by

0

Ve = cjcosx + ¢ps8inx.

Since yi(x) = cosx and y(x) = sin x, the conditions to be satisfied in Equations (4) and

(5) are

vy cosx + vy’ sinx

—v; sinx + vy’ cosx

Solution of this system gives

tan x. a
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0 sin x

o' = tanx cosx| _ —tanxsinx _ —sin’x
1 — . - . - .
COS X sin x coszx + smzx cos.x

—sinx COSXx

Likewise,

‘ COS X 0

) —sinx tanx i
vy = : = sin x.
‘ cosXx  sinXx

—sinXx COSX

After integrating v’ and v;', we have
—sin? x
vi(x) = /—cosx dx

= —f(secx — cos x) dx

= —In|secx + tanx| + sinx,

and

vs(x) = fsinxdx = —cosX.

Note that we have omitted the constants of integration in determining v; and v;. They
would merely be absorbed into the arbitrary constants in the complementary solution.
Substituting v and v; into the expression for y, in Step 4 gives

Yp =[—In |sec x + tan x| + sinx] cosx + (—cos x) sinx
= (—cosx) In|sec x + tan x|
The general solution is

¥y =cjcosx + ¢ysinx — (cosx) In|secx + tan x| [

EXAMPLE Solve the nonhomogeneous equation
y' o+ = 2y = xe".
Solution The auxiliary equation is
Pt r=2=@F+Dr-1)=0
giving the complementary solution
Ve = cre ¥ + e

The conditions to be satistfied in Equations (4) and (5) are
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v'e F 4+ et =0,

—2ui'e ™ + v'e" = xet. a=1

Solving the above system for v;" and v;" gives

0 &
x i Ix
vy’ S — _Liex
: e ot 3¢ 34
—2e & !
Likewise,
e 0
, —2e¢ ¥ xe xe ™  «x
U»-j pr— — = — pr— .
- e 3¢ 3

Integrating to obtain the parameter functions, we have

vi(x) = f—%xe‘l" dx

1 [xe™ e
= ‘E(T - / T‘f"’f)

_ L _ S o
= 2?(1 3x)e™,

Vo [x X
vg(x_}—/3 dx G

and

Therefore,

The general solution to the differential equation is

_ | | i
y = ce = 4 oore” — gxe" + Exze“,

where the term (1/27)e” in y, has been absorbed into the term c;e” in the complementary
solution. |
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EXAMPLE Solve the nonhomogeneous equation y” — 2y" — 3y = 1 — x2,

Solution The auxiliary equation for the complementary equation y” — 2y’ — 3y = 0 is
P=2r=3=@r+1)r—-3)=0.
It has the roots » = —1 and » = 3 giving the complementary solution
Ve =cle * + (‘363".

Now G(x) = 1 — x” is a polynomial of degree 2. It would be reasonable to assume that a
particular solution to the given nonhomogeneous equation is also a polynomial of degree 2
because if y is a polynomial of degree 2, then y” — 2y’ — 3y is also a polynomial of de-
gree 2. So we seek a particular solution of the form

yp = Ax* + Bx + C.

We need to determine the unknown coefficients 4, B, and C. When we substitute the poly-
nomial y;, and its derivatives into the given nonhomogeneous equation, we obtain

24 —2QAx + B) = 3UAx2 +Bx+ O) =1 — x?

or, collecting terms with like powers of x,

—34x%> + (=44 — 3B)x + 24 — 2B - 3C) =1 — x~

This last equation holds for all values of x if its two sides are identical polynomials of
degree 2. Thus, we equate corresponding powers of x to get

—34 = —1, —44 — 3B =0, and 24 — 2B —3C=1.

These equations imply in turn that 4 = 1/3, B = —4/9, and C = 5/27. Substituting these
values into the quadratic expression for our particular solution gives

1 4 5
yp=§x2—§x+ﬁ.

By Theorem 7, the general solution to the nonhomogeneous equation is

. v, - 3
Y=Yt ¥p = cre +Cz€3+§x2—§x+f- u
EXAMPLE Find a particular solution of y" — »" = 2 sin x.

Solution If we try to find a particular solution of the form
Vp = Asinx

and substitute the derivatives of y; in the given equation, we find that 4 must satisfy the
equation

—Asinx + Acosx = 2sinx
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for all values of x. Since this requires A to equal both —2 and 0 at the same time, we con-
clude that the nonhomogeneous differential equation has no solution of the form A sin x.
[t turns out that the required form is the sum

¥p = Asinx + Bcosx.

The result of substituting the derivatives of this new trial solution into the differential
equation is

—Asinx — Bcosx —(4dcosx — Bsinx) = 2sinx

or
(B— A)sinx — (4 + B)cosx = 2sinx.

This last equation must be an identity. Equating the coefficients for like terms on each side
then gives

B—4=2 and A+ B=0

Simultaneous solution of these two equations gives 4 = —1 and B = 1. Our particular
solution is

Yp = COSX — sinx. [ |

EXAMPLE Find a particular solution of " — 3y’ + 2y = Se*.

Solution If we substitute
Yp = Ae*
and its derivatives in the differential equation, we find that
Ae* — 34e* + 24e* = Se*
or
0 = Se*.

However, the exponential function is never zero. The trouble can be traced to the fact that
v = e" 1s already a solution of the related homogeneous equation

y' =3y + 2y = 0.
The auxiliary equation is
P =3r+2=0—-Dr-—2) =0,

which has » = 1 as a root. So we would expect 4¢* to become zero when substituted into
the left-hand side of the differential equation.

The appropriate way to modify the trial solution in this case 1s to multiply 4e* by x.
Thus, our new trial solution 1s

yp = Axe”.
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The result of substituting the derivatives of this new candidate into the differential equation is
(Axe™ + 24e™) — 3(Axe" + Ae") + 24xe™ = Se*
or
—Ae* = Se".
Thus, 4 = —35 gives our sought-after particular solution

Yp = —Sxe. [ |

EXAMPLE Find the general solution to y" — y" = Se¢* — sin 2x.

Solution We first check the auxiliary equation
P
r<—r=0.

Its roots are » = | and r = 0. Therefore, the complementary solution to the associated ho-
mogeneous equation is

Ve = cie* + o

We now seek a particular solution y,. That is, we seek a function that will produce
5e* — sin 2x when substituted into the left-hand side of the given differential equation.
One part of y; is to produce Se*, the other —sin 2x.

Since any function of the form ¢je” is a solution of the associated homogeneous equa-
tion, we choose our trial solution y;, to be the sum

yp = Axe* + Bcos 2x + Csin 2x,

including xe* where we might otherwise have included only e*. When the derivatives of y,
are substituted into the differential equation, the resulting equation is

(Axe*™ + 24e* — 4B cos 2x — 4C sin 2x)
— (Axe" + Ae* — 2B sin 2x + 2C cos 2x) = Se¢* — sin 2x

or
Ae* — (4B + 2C)cos 2x + (2B — 4C) sin 2x = 5e* — sin 2x.
This equation will hold if
A=35, 4B + 2C = 0, 2B — 4C = —1,

or4d =5,B= —1/10,and C = 1/5. Our particular solution is
Yp = dxet — ll—(}coslr + %sinlr.

The general solution to the differential equation is

X X 1 1 .
V=Y.t yp =ce + ¢+ Sxe —ﬁ0052x+§sm2x. [ |



