Conic sections are the curves obtained by intersecting a plane and a right circular cone. A plane
perpendicular to the cone’s axis cuts out a circle; a plane parallel to a side of the cone produces a
parabola; a plane at an arbitrary angle to the axis of the cone forms an ellipse; and a plane parallel
to the axis cuts out a hyperbola. If we extend the cone through its vertex and form a second cone,
you find the second branch of the hyperbola. All these curves can be described as graphs of
second-degree equations in two variables.
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parabola

1. A parabola is defined as the set of all points in a plane that are equidistant from a line and a
point not on the line. The line is called the directrix and the point is called the focus (plural,
foci).

focus

axis | parabola YA
\ \ N /
|
| F

F(O,P}o

directrix

vertex

A parabola has its simplest equation when its focus and directrix straddle one of the coordinate
axes. For example, suppose that the focus lies at the point F(0, p) on the positive y-axis and that
the directrix is the line (y = - p)

»

The vertex lies

halfway between —_

directrix and focus. &
Directrix: y = —p 0(x. -p)

In the notation of the figure, a point P(x, y) lies on the parabola if and only if PF = PQ From the
distance formula,

PF=\NGx—0+(y—pf=Ver+ (- pt
PO =V — 0P+ (y— (—p)) = Viy + p)

When we equate these expressions, square, and simplify, we get



or x? = 4py

standard form 1)

These equations reveal the parabola’s symmetry about the y-axis. We call the y-axis the axis of
the parabola (short for “axis of symmetry”). The point where a parabola crosses its axis is the
vertex. The vertex of the parabola x* = 4py lies at the origin. The positive number p is the
parabola’s focal length.

If the parabola opens downward, with its focus at (0, - p) and its directrix the line y = p. Then
Eq.(1) become

2

Directrix: y = p

Vertex at origin
-

Focus (0, —p)

The parabola x? = -4py, p > 0.

We can obtain similar equations for parabolas opening to the right or to the left

Standard-form equations for parabolas with vertices at the origin (p > 0)

Equation Focus Directrix Axis Opens

x? = 4py (0, p) y=-p y-axis Up

x% = —4py (0, —p) y=p y-axis Down

y2 = 4px (r.0) X =-p X-axis To the right
y2 = —4dpx (—p,0) xX=p X-axis To the left

a) The parabola y> = 4px (b) The parabola y? = - 4px.




If the parabola opens downward, with its focus at (0, - p) and its directrix the line y = p. Then

Eq.(1) become

2

Directrix: y = p

Vertex at origin
-

Focus (0, —p)

The parabola x? = -4py, p > 0.

We can obtain similar equations for parabolas opening to the right or to the left

Standard-form equations for parabolas with vertices at the origin (p > 0)

Equation Focus Directrix Axis Opens

x? = 4py (0, p) y=-p y-axis Up

x% = —4py (0, —p) y=p y-axis Down

y2 = 4px (r.0) X =-p X-axis To the right
y2 = —4dpx (—p,0) xX=p X-axis To the left




>

Directrix Directrix
xX=-p xX=p
Vertex Vertex

& > X > X
0} F(p.0) F(-p.0) 0
(a) (b)

(a) The parabola y? = 4px (b) The parabola y* = - 4px.

which is an equation of the parabola with focus (p, 0) and directrix x = —p. (Interchanging
x and y amounts to reflecting about the diagonal line v = x.} The parabola opens to the
right if g > 0 and o the left if p << 0 [see Figure 4. parts (c) and {d)]. In both cases the
graph is symmetnic with respect o the v-axis, which is the axis of the parabola.

oy W

5 EXAMPLE 1 Find the focus and directrix of the parabola v* + 10x = 0 and skeich
=7 the graph.
SOLUTION If we write ihe equation as ¥* = — 10x and compare il with Equation 2, we
see that 4p = — 10, so p = —3. Thus the focus is {p. 0) = (—3. 0) and the direcirix
is ¥ = 3, The sketch is shown in Figure 5.
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1.1 Writing Quadratic Equations in the Formy = a(x - h)? + k
The standard form of a quadratic function is y = ax? + bx + ¢ In this section, we will write the
quadratic equation in the formy = a(x - h)? + k where a, h, and k are real numbers. To do that, we

will need to complete the square

=>» To write a quadratic equation in the formy = a(x - h)? + k



1) Isolate the x-terms to one side of the equation.

2) Factor out the leading coefficient.

3) Add the value needed to complete the square to both sides of the equation.
4) Rewrite the trinomial as a binomial squared.

5) Solve the equation fory.

SUMMARY OF THE EFFECTS OF THE REAL NUMBERS

a, h, AND k OF A QUADRATIC EQUATION ONA

VERTICAL PARABOLA

The real numbers a, A, and & of a quadratic equation in the form
y = a(x — h)* + k affect the graph of the equation.

If @ > 0, then the graph is concave upward (opens upward).

If a < 0, then the graph is concave downward (opens downward).
If |a| > 1, then the graph is narrower than it would be if a = 1.

If |a| < 1, then the graph is wider than it would be if a = 1.

The vertex of the graph is (k, k).
The axis of symmetry is the line graphed by x = .

EXAMPLE | Write the quadratic equations in the form y = a(x — h)’ + k. Identify a, h.
and k.

a.y=x>—4x+7 b.y=-2x"—16x — 35

Solution
a. y=x'—dx+7
y—7= x? — 4x Isolate the x-terms.
y—T+4=x"—4x+4 Add ()% = 4 to both sides.
y - 3= (x - 2)2 Write the trinomial as a binomial squared.

y= ()C - 2)2 +3 Solve for y.
In the equation y = (x —2)* + 3,a=1,h =2,and k = 3.

b. y = —2x* — 16x — 35

y+35= —2x* — 16x Isolate the x-terms.

y+35= —2(x2 + 8x) Factor out the leading coefficient,
-2

y+ 354 [-2(16)] = =2(x* + 8x + 16)  Add —2(2)% or —2(16), to both
sides.
y+3=-2(x+ 4)2 Write the trinomial as a binomial
squared.
y = —2(x + 4)2 -3 Solve for y.

In the equation y = —2(x + 4)> — 3,0ry = —=2[x — (—=4)]* + (-3),
a=-2h=—4andk = 3.



EXAMPLE 2 Determine the vertex and axis of symmetry for the graph of each equation.
Describe the graph, but do not draw it.

ay=2x—-47-3 b.y=-x"—-4x-8

Solution

a. y=2x-4}-3
ory=2(x — 4+ (—3)  Write theequationiny = a(x — h)? + k form.
We see thata =2, h = 4,and k = 3.
Since a = 2 and 2 > 0, the graph is concave upward.
Since 2| = 2 > 1, then the graph is narrower than it would be if a = 1.
The vertex is (h, k), or (4, —3).
The axis of symmetry is the graph of x = 4.
b. y=—x>—4x — 8
First, write the equation in the form y = a(x — h)* + k.

y + 8 = —x2 — 4x lsolate the x-terms.

y +8 = —1(x* + 4x) Factor out the leading
coefficlent.

y+ 8+ [—1(4)] = —1(x* + 4x + 4) Add —1(2)2, or —1(4), to both

sldes.

y + 4 = —'l(x + 2)2 Write the trinomial as a
binomial squared.

y = —l(x + 2)2 — 4 Solve for y.

ory=—1[x — (=2)]* + (—4)

Therefore,a = —1,h = -2, and k = —4.
Since a = —1 and —1 < 0, the graph is concave downward.
Since |—1| = 1, the graph is the same width as it would be ifa = 1.
The vertex is (h. k), or (—2,—4).
The axis of symmetry is the graph of x = —2.
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Application of Parabola in real life

An arch bridge: a parabola represents the profile of the supporting
structure of an arch bridge. This concrete bridge transfers its weight
horizontally into abutments

NTA-ACADEMY




A suspension bridge: a parabola represents the profile of the cable of
a suspended-deck suspension bridge. The curve of the cable created
by the chains follows the curve of a parabola.

NTA-ACADEMY
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Example: The cables of a suspended-deck suspension bridge are in the
shape of a parabola. The pillars supporting the cable are 600 feet apart
and rise 90 feet above the road. The lowest height of the cable, which is
10 feet above the road, is reached halfway between the pillars. What is
the height of the cable from the road at a point 150 feet (horizontally)
from the center of the bridge?

(300,90)

<--->150ft

(.---..------..--------- )

600 feet

ANSWER: Let the x-axis be the road and the y-axis be the location halfway
between the pillars. The vertex of the parabola will be (0,10). The point on the
pillar (300,90) lies on the parabola. We need an equation for the parabola to find
(150,y) on the parabola.

Coordinate of vertex(h,k) (0,10)-Coordinate of pillar (x,y)(300,90)
(x-h)*= 4p(y-k)
(x-0)*=4p(y-10)

(300-0)2=4p(90-10)

(300)2=4p(90-10)
p=281.25

Coordinate of vertex(h,k) (0,10)
Needed coordinate (x,y) (150,y)

(x-h)? = 4p(y-k)

(x-0)>=4p(y-10)

(x-0)>=4(281.25)(y-10) — > (150-0)?=4(281.25)(y-10) —> (150)?=1125(y-10)
22500=1125y-11250

Y=30 feet
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Writing Quadratic Equations in the Formy = a(x - h)? + k

The standard form of a quadratic function is y = ax? + bx + ¢ In this section, we will write the
quadratic equation in the form y = a(x - h)? + k where a, h, and k are real numbers. To do that, we
will need to complete the square

=>» To write a quadratic equation in the formy = a(x - h)? + k

1) Isolate the x-terms to one side of the equation.

2) Factor out the leading coefficient.

3) Add the value needed to complete the square to both sides of the equation.
4) Rewrite the trinomial as a binomial squared.

5) Solve the equation fory.

SUMMARY OF THE EFFECTS OF THE REAL NUMBERS

a, h, AND k OF A QUADRATIC EQUATION ONA

VERTICAL PARABOLA

The real numbers a4, A, and & of a quadratic equation in the form
y = a(x — h)* + k affect the graph of the equation.

If a > 0, then the graph is concave upward (opens upward).

If a < 0, then the graph is concave downward (opens downward).
If |a| > 1, then the graph is narrower than it would be if @ = 1.

If |a| < 1, then the graph is wider than it would be if 2 = 1.

The vertex of the graph is (A, k).
The axis of symmetry is the line graphed by x = 4.
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EXAMPLE | Write the quadratic equations in the form y = a(x — h)* + k. Identify a. A,
and k.

a.y=x>—4x+7 b.y=-2x>—16x — 35

Solution
a. y=x"—4x+7
y—7=x>—4x Isolate the x-terms.
y—T7+4=x*—4x+4 Add (7)2 = 4 to both sides.
y—3=(x—2) Write the trinomial as a binomial squared.
y=(x—-2P+3  solefory.
In the equationy = (x —2)* + 3,a=1,h=2,and k = 3.

b. y = —=2x*— 16x — 35
y+ 35 = —2x% — 16x Isolate the x-terms.
y + 35 = —2(x2 + Sx) Factor out the leading coefficient,
—2.
+ 35 4+ [=2(16)] = —2(x* + 8x + 16 Add —2(2)2, or —2(16), to both
y
sides.
y+3= —2(x + 4)2 Write the trinomial as a binomial
squared.
y=-2(x+4Y-3 Solve for .

In the equation y = —=2(x + 4> — 3.ory = =2[x — (—=4)]* + (-3).
a=-2,h=—4,andk = 3.

EXAMPLE 2 Determine the vertex and axis of symmetry for the graph of each equation.
Describe the graph, but do not draw it.
a. y=2x-4"-3 b.y=-x"—4x-38

Solution

a. y=2x-47-3
ory = 2(x - 4)2 + (—3) Write the equationIny = a(x — h)? + k form.
We see thata =2, h = 4,and k = 3.
Since a = 2 and 2 > 0, the graph is concave upward.
Since |2| = 2 > 1, then the graph is narrower than it would be if a = 1.
The vertex is (h, k), or (4, —3).
The axis of symmetry is the graph of x = 4.
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=» Graphing a Vertical Parabola
To graph a parabola, we use the information that we can determine from its
equation and add points to establish a pattern for the curve.
v To graph a vertical parabola,
* Locate and label the vertex, (h, k)
* Graph the axis of symmetry x = h, with a dashed line.
+ Graph enough points to see a pattern. The x- and y-intercepts are important points to

determine. Connect the points with a smooth curve.

EXAMPLE 3 Graph the vertical parabola for y = 2(x — 4)* — 3.

Solution

y=2(x-4y-3
y=2(x — 472+ (-3) Write the equation In the form y = a(x — h)* + k.
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Therefore,a = 2. h = 4,and kK = —3.
The vertex is (A, k), or (4, —3).
The axis of symmetry is the line x = 4.
The graph opens upward, becausea = 2 > 0.
The graph is narrower than it would be if @ = 1, because |a| = |2| > 1.
The y-intercept is the point on the graph where x = 0. Substitute O for x and

solve for y.
y=2(x—4 -3
y=2(0—4Y%—-3

y =2(16) — 3
y=32-3
y =29

The y-intercept is (0, 29).
The x-intercept is the point on the graph where y = 0. Therefore, substi-
tute O for y and solve for x.
y=2(x—4)? -3
0=2(x—4)?—-3

2(x —4)2 =3
, 3
_4-=_
(x ) >
l‘r§
x — 4= :b\,lz
3
=4:t [ —
X \‘2
_4 :t '}Ié g
* V2 2
V6
=4+ ——
* 2
8 + V6
x:

2
The x-intercepts are about (5.22, 0) and (2.78, 0).

y=2x—4Y -3
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=» Graphing a Horizontal Parabola
Some parabolas open left or right. In such a case, the parabola has a horizontal axis of

symmetry and is called a horizontal parabola.

The form of a quadratic equation that will graph a horizontal parabola is x = a(y-k)? + h
the real numbers a, h, and k affect a vertical parabola, they also affect a horizontal

parabola.

SUMMARY OF THE EFFECTS OF THE REAL NUMBERS

a,h, AND k OF A QUADRATIC EQUATION ON A
HORIZONTAL PARABOLA

The real numbers a, i, and & of a quadratic equation in the form
x = a(y — k)* + h affect its graph.

If a > 0, then the graph opens to the right.

If a < 0, then the graph opens to the left.

If |a| > 1, then the graph is narrower than it would be if g = 1.
If |a| <C 1, then the graph is wider than it would be if 2 = 1.
The vertex of the graph is (&, k).

The axis of symmetry is the line graphed by y = k.

EXAMPLE 4 Graph the horizontal parabolas.
ax=(y—37+5 b.x=-2y"—4y—5

Solution

a. x=(y—37+5
The equation is written in the form x = a(y — k)?> + h. Therefore,
a=1h=5and k = 3.
The vertex is (h, k), or (5, 3).
The axis of symmetry is the graph of y = k,or y = 3.
The graph opens to the right, becausea =1 > 0.
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The y-intercept is the point on the graph where x = (. Substitute 0 for
x and solve for y.

x=(y—-37+5
0=(y-3P+5

(y=3P=-5
y—3=xV-5
y=3+iV5

y is an imaginary number. Therefore, the graph has no y-intercept. In
fact, we know this is so because the vertex is located at (g 'g) and opens to
the right. /

The x-intercept is the point on the graph where y = 0.

x=(-37+5
x=(0—-37%+5
x =14

The x-intercept is (14, 0).

= Writing Quadratic Equations, Given the Vertex and a Point on the

Graph

Earlier, we learned that although two points determine a straight line, you need three

points to determine a curve. Thus, an infinite number of parabolas can be drawn

through any two given points. However, if we know that one of these points is the

vertex and if we know that the parabola is vertical or horizontal, then we can write an

equation for the specific parabola that passes through these points.

Mathematicsl|,
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EXAMPLE 5§

a. Write an equation of a vertical parabola with a vertex of (2, 6) and passing
through the point (-1, 4).

b. Write an equation of a horizontal parabola with a vertex of (—1, 1) and a
y-intercept of (0, 2).
Solution

a. Since the vertex is (2, 6), it follows that 4 = 2 and k = 6. Also, we know
that the point (—1, 4) is a solution of the equation. We will substitute —1
for x and 4 for y, as well as 2 for 7 and 6 for k, in the equation
y = a(x — h)* + k and solve for a.

y=alx —h?+k
4=al(-1)—-2P+6 Substitute.
4=a(-37+6

4=9a+6
2

a=——
9

Now, we write an equation using the known values for a, i, and &.
y=a(x —h?+k

y=f§(x72)2+6

The graph of the equation y = —3(x — 2)> + 6 is a vertical parabola
with a vertex of (2, 6) and passing through the point (—1, 4).
b. First, we substitute values for 4, k. x, and y. Given the vertex (—1, 1), we
know thath = —land k = 1.
We use the coordinates of the y-intercept forxandy,x = 0and y = 2.
Then we solve for a.

x=aly — kP’ +h
0=a2 - 17+ (-1) Substitute.
0=a(1? -1
O=a-—-1
a=1
Write an equation usinga = 1, h = —1l,and k = 1.

x=aly— kP’ +h
x=1y— 17+ (-1)
(y—17 -1

The graph of the equation x = (y — 1)> — 1 is a horizontal parabola with
a vertex of (—1, 1) and a y-intercept of (0, 2).
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Polar Coordinates

Consider the rectangular coordinate system.

We want to find another way to get to the point (X, y). One way to do this is to use an angle 0 and a

distance r. It will look like this

0 = directed angle
Polar
axis

e To form the polar coordinate system in the plane, fix a point O, called the pole (or origin),
and construct from O an initial ray called the polar axis, as shown in the above figure. Then,
each point (P) in the plane can be assigned polar coordinates (r, 0).

Where

r = directed distance from O to P

0 = directed angle, counter clockwise from polar axis to OP.

P(r, 6)

/N

Directed distance Directed angle from
from O to P initial ray to OP

e The 0 coordinate in (r, 0) is this angle, in degree or radian measure. The angle 0 is positive if

the rotation is counterclockwise and negative if the rotation is clockwise.
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e The r coordinate in (r, 0) is the directed distance from the pole to the point P. It is positive if

measured from the pole along the terminal side of 6 and negative if measured along the
terminal side extended through the pole.

(S

b2y

(a)

NN
\K_
NN

(b)

k]

(c)

With rectangular coordinates, each point (x.») has a unique representation. This is not true with
polar coordinates. For instance, the coordinates (r.6) and (r,27+ &) represent the same point.

Also because ris a directed distance, the coordinates (.6) and (—r.7+6) represent the same

point.

Sign conversion

0:+ve when measured counter clockwise

0:-ve when measured clockwise

r:+ in the direction of 0

r:- in the opposite direction of 6

e Three are infinite pairs of polar coordinates of each point




AL Muthanna University, College of Engineering, Dep. Of Civil Eng. Mathematics, 2" Year

EXAMPLE 1 Find all the polar coordinates of the point P(2, 7 /6).

Solution We sketch the initial ray of the coordinate system, draw the ray from the ori-
gin that makes an angle of 77 /6 radians with the initial ray, and mark the point (2, 7/6)

(Figure 11.22). We then find the angles for the other coordinate pairs of P in which r = 2
and r = —2.

For r = 2, the complete list of angles is

mm 4 T4 (LS
G 6_2'n', 6_411', 6_677,.

For r = —2, the angles are
S S S5 S5
== == + —=2 + =27 4
6" 6_217, 6_477, 6_677,

The corresponding coordinate pairs of P are

(2,%+2nﬂ'), n=0+1,+2. ...

and
(—2,—%’7 + 2nﬂ'), n=0,+1, +2. ...,

When n = 0, the formulas give (2, 7/6) and (—2,—57/6). When n = 1, they give
(2, 137 /6) and (—2, 77 /6), and so on. [ |




— > X
Initial ray
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