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Polar Coordinates 

 
Consider the rectangular coordinate system. 

 
 

We want to find another way to get to the point (x, y). One way to do this is to use an angle θ and a 

distance r. It will look like this 

 

• To form the polar coordinate system in the plane, fix a point O, called the pole (or origin), 

and construct from O an initial ray called the polar axis, as shown in the above figure. Then, 

each point (P) in the plane can be assigned polar coordinates (r, θ). 

Where 

r = directed distance from O to P 

θ = directed angle, counter clockwise from polar axis to 𝑂𝑃̅̅ ̅̅ . 

 

• The θ coordinate in (r, θ) is this angle, in degree or radian measure. The angle θ is positive if 

the rotation is counterclockwise and negative if the rotation is clockwise.  
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• The r coordinate in (r, θ) is the directed distance from the pole to the point P. It is positive if 

measured from the pole along the terminal side of θ and negative if measured along the 

terminal side extended through the pole. 

  

 

 

 

 

Sign conversion 

θ:+ve when measured counter clockwise 

θ:-ve when measured clockwise 

r:+ in the direction of θ 

r:- in the opposite direction of θ  

 

• Three are infinite pairs of polar coordinates of each point  
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Coordinates conversion 

To establish the relationship between polar and rectangular (Cartesian) coordinates, let the polar 

axis to coincide with the positive x-axis and the pole with the origin. 
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Example 2: Convert each of the following points into the given coordinate system. 

 

Solution  

a) r = -4, θ = 2π/3 

x =-4 cos (2π/3) = 4 cos (π/3) = 2 

y = =-4 sin (2π/3) = =-4 sin (π/3) = -2√3 

The point is (2, -2√3) 

b) (-1, -1) is on the Ⅲ quadrant, and tan(θ) =1,             θ =5π/4  

𝑟2 = 2              𝑟 = √2  

The point is (√2, 5π/4). 
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Steps for finding points of intersection of two polar 

curves 

To find the points of intersection of two polar curves, 

solve both curves for r, 

set the two curves equal to each other 

solve for θ 

Using these steps, we might get more intersection points than actually 

exist, or fewer intersection points than actually exist. To verify that we’ve 

found all of the intersection points, and only real intersection points, we 

graph our curves and visually confirm the intersection points. 

We can also convert our polar equations to rectangular equations, solve 

for the points of intersection of the rectangular curves, and then convert 

the rectangular points of intersection back into polar coordinates. Even 

though it’s extra work to convert everything from polar to rectangular, 

using this method guarantees that we’ll find all of the points of 

intersection, and only the real points of intersection 

How to find the points of intersection of polar curves 

Two examples of finding intersection points of the 

polar curves 

Example 

Find the points of intersection of the polar curves. 

1. r=sin θ 

2. r=1−sinθ 

To find the points of intersection of these polar curves, we’ll set them 

equal to each other and solve for θ. 

Sin θ=1−sinθ 



2sin θ=1 

Sin θ=1/2 

θ=π/6, 5π/6 

To find the values of r that are associated with these values of θ, we’ll 

plug the θ values back into either of the original polar curves; we’ll 

choose r=Sinθ. 

For θ=π/6 

r=sinπ/6 

r=1/2 

For θ=5π/6 

r=sin5π/6 

r=1/2 

Putting these values together, the points of intersection are 

(1/2,π/6) and (1/2,5π/6)    

To confirm that these are the points of intersection, we can graph both 

curves. 

 



Looking at the graph, we see that (0,0) is also a point of intersection, so in 

total, the graphs intersect each other at 

(1/2,π/6) and (1/2,5π/6) and (0,0) 

 
 

In the previous example, we had to graph the polar curves in order to find 

all of the points of intersection. That’s because we left everything in polar 

form. 

Let’s try another example where we convert our polar curves into 

rectangular coordinates. 

 

Example 

Find the points of intersection of the polar curves. 

r=cosθ 

r=2−cosθ 

We’ll convert the polar curves to rectangular coordinates using the 

conversion formula  

x=rcosθ 

cosθ=x/r 

Plugging x/r into the given polar equations for cosθ, we get 

r=cosθ 

r=x/r 

x=r2  and r=2−cosθ 

r=2−x/r 



r2 =2r-x 

x=2r−r2 

We’ve gotten rid of θ, but now we need to get rid of r, which we’ll 

do using the conversion formula  

r2=x2+y2 

𝑟 = √𝑥2 + 𝑦2 

Plugging x2+y2into the given polar equations for r2, and √𝑥2 + 𝑦2 in for 

r, we get 

x=r2 

x= 𝑥2 + 𝑦2 

x2+y2−x=0  ------------1 

and 

x=2r−r2 

x=2√𝑥2 + 𝑦2−(x2+y2) 

x=2√𝑥2 + 𝑦2−x2-y2 

x2+y2 -2√𝑥2 + 𝑦2+x=0-----------2 

Since both of our rectangular equations are equal to 0, we can set them 

equal to each other. 

x2+y2 −x=x2 + y2 −2√𝑥2 + 𝑦2 + X 

−x=−2√𝑥2 + 𝑦2+x 

−2√𝑥2 + 𝑦2=−2x 

√𝑥2 + 𝑦2=X 



 

Since we found that x2+y2=x when we were converting r=cosθ 

to rectangular coordinates, we can say 

√𝑥=x 

x=x2 

x2−x=0 

x(x−1)=0 

x(x-1)=0 

x=0, 1 

To find the y values associated with these x-values, we’ll plug them into 

x2+y2−x=0 

For x=0 

(0)2+y2−(0)=0 

y=0 

For x=1 

 (1)2+y2−(1)=0 

y=0 

Putting our values together, we know that the points of intersection are 

(0,0) and (1,0)   

We need to convert these rectangular coordinate points back into polar 

coordinates, which we’ll do using the conversion formulas 

r=√𝑥2 + 𝑦2 

θ=tan−1(y/x) 



Plugging the rectangular coordinate points into these formulas, we get 

For (0,0) 

r=√(0)2 + (0)2  so r=0 

Since the equation for \theta is undefined, the rectangular 

point (0,0) can’t be defined in polar coordinates and 

therefore isn’t a polar point of intersection. 

For (1,0) 

r=√(1)2 + (0)2   so r=1 

θ=tan−1(0/1) so θ=0 

The only point of intersection of the given polar curves is the polar point 

(1,0).If we want to double-check ourselves, we can sketch the polar 

curves and confirm this point of intersection. 
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