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- Shear and moment Diagrams

Members that are slender and support loadings that

are applied perpendicular to their longitudinal axis
are called beams. In generalc beams are long,

straight bars having a constant cross-sectional area.

;z; .

Simply supported beam

Often they are classified as to how they are

Cantilevered beam

supported. For example, a simply supported beam is

pinned at one end and roller supported at the other¢
Fig. 6-1, a cantilevered beam is fixed at one end and

free at the other, and an overhanging beam has one

e ——
. ili

Overhanging beam

Fig. 6-1

or both of its ends freely extended over the supports. Beams are considered among the

most important of all structural elements. They are used to support the floor of a building,

the deck of a bridge, or the wing of an aircraft. Also, the axle of an automobile, the boom of

a crane, even many of the bones of the body act as beams.

Beam Sign Convention. Before presenting a method
for determining the shear and moment as functions of x
and later plotting these functions (shear and moment
diagrams), it is first necessary to establish a sign
convention so as to define “positive” and “negative”

values for V and M . Although the choice of a sign
convention is arbitrary, here we will use the one often
used in engineering practice and shown in Fig. 6-3 . The
positive directions are as follows: the distributed load acts
upward on the beam; the internal shear force causes a
clockwise rotation of the beam segment on which it acts;
and the internal moment causes compression in the top

Positive external distributed load

|

Positive internal shear

) (.

Positive internal moment
Beam sign convention

Fig. 6-3
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fibers of the segment such that it bends the segment so that it “holds water”. Loadings that
are opposite to these are considered negative.

%+ Important point

e Beams are long straight members that are subjected to loads perpendicular to
their longitudinal axis. They are classified according to the way they are supported,
e.g., simply supported, cantilevered, or overhanging.

e In order to properly design a beam, it is important to know the variation of the
internal shear and moment along its axis in order to find the points where these
values are a maximum.

e Using an established sign convention for positive shear and moment, the shear and
moment in the beam can be determined as a function of its position x on the beam,
and then these functions can be plotted to form the shear and moment diagrams.

e Procedure for Analysis

The shear and moment diagrams for a beam can be constructed using the following
procedure.
Support Reactions.

* Determine all the reactive forces and couple moments acting on the beam, and resolve
all the forces into components acting perpendicular and parallel to the beam’s axis.
Shear and Moment Functions.

* Specify separate coordinates x having an origin at the beam’s left end and extending to
regions of the beam between concentrated forces and/or couple moments, or where there
is no discontinuity of distributed loading.

 Section the beam at each distance x, and draw the free-body diagram of one of the
segments. Be sure V and M are shown acting in their positive sense, in accordance with
the sign convention given in Fig. 6-3.

* The shear is obtained by summing forces perpendicular to the beam’s axis.

* To eliminate V , the moment is obtained directly by summing moments about the
sectioned end of the segment.
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Shear and Moment Diagrams.

* Plot the shear diagram ( V versus x ) and the moment diagram ( M versus x ). If
numerical values of the functions describing V and M are positive, the values are plotted
above the x axis, whereas negative values are plotted below the axis.

* Generally it is convenient to show the shear and moment diagrams below the free-body
diagram of the beam.
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Example 01: Draw the shear and moment diagrams
w
for the beam shown in Fig. 6-4 a. P HH ' l Yiy ” ny
-t A— s
Solution: | |
| L |
1. Support Reactions (a)
2. Shear and Moment Functions. e .
wL 7
+T21‘}=O; 7—wx—V=O !———li——. M
V = w(£ = x) ! v
2 Lld
2 (v
C+3IM = 0; —<WTL)x + (wx)(%) +M=0
w
i 2
M = 3(Lx —x°)
wL L IW_L
3. Shear and Moment Diagrams. 53 2
The shear and moment diagrams shown in Fig. 6-4 c¢ are
obtained by plotting moment and shear obtained above the WTL\
point of zero shear can be found from: T x
—;—
L 2
V= (E—x)=0 M My =YL
8
L ~
X ==
2 L &

NOTE: From the moment diagram, this value of x represents the
point on the beam where the maximum moment occurs, so from moment Eq., we have

o= 5[ 1(5) - (4]
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Example 02: Draw the shear and moment diagrams for the wo
beam shown in Fig. 6-5 a.

Solution:

Support Reactions. The distributed load is replaced by its Resultant
force and the reactions have been determined as shown in Fig. 6-5 b.

Shear and Moment Functions. A free-body diagram of a beam
segment of length x is shown in Fig. 6-5 c. Note that the intensity of the

triangular load at the section is found by proportion, thatis, w/x=wo/Lorw  wlL® ! %L !
= wox /L. With the load intensity known, the resultant of the distributed 3 (b)
loading is determined from the area under the diagram. Thus,
Wo
woLl 1 [ wpx
+ FE =0: _ | — - V=0 wol
e () * ]l
L) T
vV = E(L2 - x? (1) WO,_z(
14
1 ‘LL
3 L 3
X
M= ﬂ(—zL-‘ +3L% — xY) (2) M
6L B
These results can be checked by, _ Wo3L2 /
v w w l(Lx)x
w=—=—0(0—2x)=—£ OK 2% 1. _ wpx
dx 2L L wo L W=

San
-
-

_aM _ wy 2 _ 2__ 2 _ S ‘ M
Vg gt t - a =gl oK (1%‘)
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15kN

5kN/m
80 kN-m h‘ﬂTlTlTl
for the beam shown in Fig. below &
~N_______________}

Solution: 7

Example 03: Draw the shear and moment diagrams

Sm 1 S5m

Support Reactions. The reactions at the supports have been
determined and are shown on the free-body diagram of the beam, Fig. d. 80 kN-m

Shear and Moment Functions. Since there is a discontinuity of distributed (' BM
load and also a concentrated load at the beam’s center, two regions of x must be l
considered in order to describe the shear and moment functions for the entire Xy —-l 4

(b)

beam. 5.75 kN

0 £X1<5m, fig. b
I5kN 5(x;—5)

+13F, = 0; 575kN -V =0 80 kKN-m t--"-l"-—-}
V =575kN (1) C DM
A
C+ZIM =0, —80kN-'m —575kNx; +M =0 Sm Juxz_sjlxz_s'V
M = (5.75x; + 80)kN-m ) P
These !
C

+13F,=0; 575kN — 15kN — 5kN/m(x; —5m) — V =0 15kN

S5kN/m
V = (15.75 — 5x5) kN (3) 80 kN-m l‘m‘ﬂ‘ﬂ‘ﬂ

C+SM =0; —80kN-m—575kNx; + 15kN(x, — 5m) (';qc

A+ B
+5kN/m(x2—5m)(m)+M=0 I om >
2 5.75kN 3425kN
M = (—2.5x> + 15.75x, + 92.5)kN-m (4) v (N)

These results can be checked in part by noting that w = dV /dx 575
and V =dM/dx. Also, when x1 = 0, Egs. 1 and 2 give x (m)
VV'=5.75 kN and M = 80 kN.m; when x2 = 10 m, Egs. 3 and 4 —9.25
give V=-34.25 kN and M = 0. These values check with the
support reactions shown on the free-body diagram, Fig. d .
Shear and Moment Diagrams. Equations 1 through 4 are plotted M (N-m) —34.25
in Fig. d. -7

80

x(m)

(d)
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¢ Graphical Method for Constructing Shear and moment diagrams

In cases where a beam is subjected to several different loadings, determining V and M as
functions of x and then plotting these equations can become quite tedious. In this section a
simpler method for constructing the shear and moment diagrams is discussed—a method
based on two differential relations, one that exists between distributed load and shear,

and the other between shear and moment.

Regions of Distributed Load. For purposes of generality, consider the beam shown in Fig.
6-8a, which is subjected to an arbitrary loading. A free-body diagram for a very small
segment Ax of the beam is shown in Fig. 6-8b. Since this segment has been chosen at a
position x where there is no concentrated force or couple moment, the results to be
obtained will not apply at these points of concentrated loading. Notice that all the loadings
shown on the segment act in their positive directions according to the established sign
convention, Fig. 6-3. Also, both the internal resultant shear and moment, acting on the right
face of the segment, must be changed by a small amount in order to keep the segment in
equilibrium. The distributed load, which is approximately constant over Ax, has been
replaced by a resultant force w(x) Ax that acts at 1/2( Ax ) from the right side. Applying the

equations of equilibrium to the segment, we have.
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‘w(x)Ax
w(x)
s
I I
I |
I I
I I 1
| — — —(Ax)
| I 2
V
M
M+ AM
0]
V+ AV
a1
Free-body diagram
of segmentAx
(a) (b)

+13F, =0; V+wkx)Ax —(V+ AV) =0
AV = w(x) Ax

C+IMp=0; -VAx — M — wx) Ax[3Ax)] + M + AM) = 0
AM =V Ax + w(x) %(A)c)2

Dividing by Ax and taking the limit as Ax — 0, the above two equations
become

dv
= = w(x) % = V(x)
slope of  distributed slope of shear
shear diagram = load intensity moment diagram = at each
at each point at each point at each point point
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These two equations provide a convenient

means for quickly obtaining the shear and 7 w=w(x) VB
moment diagrams for a beam. Equation 6-1 = [ *’]/I/

states that at a point the slope of the shear [,I 1 -
diagram equals the intensity of the _'.4.*.- ‘

distributed loading. For example, consider v '| w=\negativ.e increasing
the beam in Fig. 6-9 a. The distributed . —”{c SIOPC;: fegative increasing
loading is negative and increases from zero V,q\ —“’/D

to wB . Therefore, the shear diagram will be \ ‘. \ *

a curve that has a negative slope, increasing 1,
|
n

V = positive decreasing
slope = positive decrleasing
|

from zero to -wB. Specific slopes WA = 0, -
wC, -wD, and -wB are shown in Fig. 6-9 b. In
a similar manner, Eq. 6-2 states that at a

point the slope of the moment diagram is

equal to the shear. Notice that the shear
diagram in Fig. 6-9 b starts at +VA, Fig. 6-9

decreases to zero, and then becomes negative and decreases to -VB. The moment diagram
will then have an initial slope of +VA which decreases to zero, then the slope becomes
negative and decreases to -VB. Specific slopes VA, VC, VD, 0, and -VB are shown in
Fig. 6-9c.

Equations 6-1 and 6-2 may also be rewritten in the form dV = w(x)dx and dM = Vdx. Noting
that w(x) dx and V dx represent differential areas under the distributed loading and shear
diagram, respectively, we can integrate these areas between any two points € and D on the

beam, Fig. 6-9 d, and write
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AV = /H"(_I}d_l'
. (6-3)
change in _ area under
shear  distributed loading
AM = / Vix)dx
, (6-4)
change in _ area under
moment  shear diagram

Equation 6-3 states that the change in shear

between C and D is equal to the area under

the distributed-loading curve between these
two points, Fig. 6-9 d. In this case the change
is negative since the distributed load acts

downward. Similarly, from Eq. 6-4, the

change in moment between C and D, Fig. 6-9 f

, is equal to the area under the shear diagram
within

the region from C to D. Here the change is

positive. Since the above equations do not

apply at points where a concentrated force or

couple moment acts, we will now consider

Fig. 6-9 (cont.)

each of these cases.
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Regions of Concentrated Force and Moment. A freebody diagram of a small segment of the
beam in Fig. 6-8 a taken from under the force is shown in Fig. 6-10 a . Here it can be seen
that force equilibrium requires
+TEF_,.=O; V+F-(V+AV)=0
AV =F (6-5)
Thus, when F acts upward on the beam, !V is positive so the shear will “jump” upward.
Likewise, if F acts downward, the jump (!V) will be downward.
When the beam segment includes the couple moment M0, Fig. 6-10 b, then moment
equilibrium requires the change in moment to be
C+IM, = 0; M+ AM -M,— VAx-M=0
Letting Ax — 0, we get
AM = M, (6-6)
In this case, if MO is applied clockwise, M is positive so the moment diagram will “jump”

upward. Likewise, when MO acts counterclockwise, the jump (AM) will be downward.
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Example 01
Draw the shear and moment diagrams for the beam shown

Solution

M|x=L = M|x=0 + AM

M|,_, = —3PL + 2P)(L) = —PL

P P
r N
3,,51 ) \
1 =0
y downward force P
/ downward jump P
2P H
W i
3 1 X
\ (©
\
V = positive constant
M slope = positive constant

|
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Example 02
Draw the shear and moment diagrams for the Mo
beam shown £ | "l‘fi'
| L | L |
(a)
Solution
M,
L—+— L
M "
0 b 0
2L \ ®) 2L
vV \
w=0
slope =0
|
)
7 I\ T "
M,
-t (c) ,

clockwise moment M;, |

M \ positive jump M \ )
\ (if = negative constant

slope = negative constant

.- X

- M, /2
(d)
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Stresses in Beams
v'Symmetrical beams

1. INTRODUCTION

Forces and couples acting on the beam cause bending (flexural stresses) and shearing
stresses on any cross section of the beam and deflection perpendicular to the
longitudinal axis of the beam. If couples are applied to the ends of the beam and no
forces act on it, the bending is said to be pure bending. If forces produce the bending,
the bending is called ordinary bending.

2. ASSUMPTIONS

In using the following formulas for flexural and shearing stresses, it is assumed that a
plane section of the beam normal to its longitudinal axis prior to loading remains plane
after the forces and couples have been applied, and that the beam is initially straight
and of uniform cross section and that the moduli of elasticity in tension and

compression are equal.
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3. FLEXURE FORMULA
Stresses caused by the bending moment are

known as flexural or bending stresses.

Consider a beam to be loaded as shown.

Consider a fiber at a distance y from the neutral axis, because of the beam’s curvature,
as the effect of bending moment, the fiber is stretched by an amount of cd. Since the
curvature of the beam is very small, bcd and Oba are considered as similar triangles.

The strain on this fiber is

cid 1
ab p
By Hooke’s law, ¢ = ¢ / E, then
4] 1 1
E- p P

which means that the stress is proportional to the distance y from the neutral axis.
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For this chapter, the notation f; will be used
instead of G, to denote flexural stresses.

Compression (Fo Jona

fy

Tension {fo )

Considering a differential area dA at a distance y from N.A., the force acting over the
area is

aF=fidda=YEaa-Eyaa
P

P

The resultant of all the elemental moment about N.A. must be equal to the bending

moment on the section.
L
M= ‘[yrﬂ—" o Iy—ydﬂ
P

M= E‘[yzdﬂ
P

But Jyzdﬁ =1,

Then M=—orp=—
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substituting p = Ey / f

Ey  EI
fi M
then My
ﬁ- - T
M
and iﬁ }:nu:.: — _r:
I
EI
The bending stress due to beams curvature is M ?f
The beam curvature is: fi= I B I
. s Ec
k=1/p ol

where p is the radius of curvature of the beam in mm (in), M is the bending moment in
N-mm (lb-in), f» is the flexural stress in MPa (psi), I is the centroidal moment of inertia
in mm: (in:), and c is the distance from the neutral axis to the outermost fiber in mm
(in).

4, SECTION MODULUS

In the formula i Mc M :
h I I/c
the ratio I/c is called the section modulus and is usually denoted by S with units of mm;

(ins). The maximum bending stress may then be written as

. M



Al-Muthanna University
College of Engineering
Civil Engineering Department

Lecturer/ Alaa Al-Najjar

Strength of Materials - Second Year ‘ 2019-2020

This form is convenient because the values of S are available in handbooks for a wide

range of standard structural shapes.

5. SOLVED PROBLEMS

Problem 01. A simply supported beam, 2 in wide by 4 in high and 12 ft long is
subjected to concentrated load of 2000 Ib at a point 3 ft from one of the supports.
Determine the maximum fiber stress and the stress in a fiber located 0.5 in from the top of
the beam at mid span.

. EMg> =0
Solution 12R; = 9(2000)

2000 Ib
R; = 1500 1b

|-¢—3Ft4»t< o ft
A1 =0

: 12R2 = 3(2000)
i R>=5001b

. ' 12 ft
| %

MMaximum fiber stress:

=500 b

i Shear Diagram

i b=2in
| 4500 Ib-ft

! _ Mec _ 4500(12)(2)
(i o = = (i
12

{ fo dmae = 10,125 psi

Moment Diagram

Stress in a fiber located 0.5 in from the top of the
beam at midspan:

M 4500
& 9
Ml = 3000 1b-ft

0.5 in
= My y = 1.5in
I

_ 3000(12)(1.5)

MN.A,

,ﬂ,,
)

i 2(4°%) 4 ERT
12 S
fo = 5,062.5 psi B in
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Problem 01. A high strength steel band saw, 20 mm wide by 0.80 mm thick, runs over
pulleys 600mm in diameter. What maximum flexural stress is developed? What minimum

diameter pulleys can be used without exceeding a flexural stress of 400 MPa? Assume E =
200 GPa

Solution
Flexural stress developed:

ET

M=—
p

- Mc _ (EI/p)

Jo T I

._ Ec _ 200000(0.80/2)

" 300

fr = 266.67 MPa

Minimum diameter of pulley:

0.80 mm = E
P
400 = 200000(0.80/2)
P
g = 200 mm

diameter, d = 400 mm
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6. Floor Framing
In floor framing, the subfloor is supported by light beams called floor joists or simply

joists which in turn supported by heavier beams called girders then girders pass the
load to columns. Typically, joist act as simply supported beam carrying a uniform load

of magnitude p over an area of sL,

where

p = floor load per unit area

L = length (or span) of joist

s = center to center spacing of joists and

wo = sp = intensity of distributed load in joist.

g
Column [ g Girder Column
ﬁﬁ
Subflpor >
| il ERE )
1IN I
|
: L ¥
Column Girder Column
+ i E )|

5 3 S

Typical Floor Framing Plan
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Example. Floor joists 50 mm wide by 200 mm high, simply supported on a 4-m
span, carry a floor loaded at 5 kN/m.. Compute the center-line spacing between joists to
develop abending stress of 8 MPa. What safe floor load could be carried on a center-line
spacing of 0.40 m?

Solution
Part 1:
Me
Wi = 5:5 kN,n‘r_n _ {_ﬁ: | I T
wlvllllllvllv“llL where: (fi ) = 5 MPa
‘{ L=4m * M= 1 (5s){42)
R, = 10s kN R, = 10s kN =10s kN-m
Load Diagram c=h/2
Mmm = :I-I'r'H WOLJ e :-:_'DE}‘."PE
=100 nmun
E Ic = 100 mm s ii'ﬂ
2 NA 12
= 3
" _ 50(200°%)
12
s s =33.33 >§ 108 mums
Cross-Section g 10s(100})(1000")
33.33x 10°
wo = 0.4p kN/m 5 =0.267 m
AR EEEEERESEE rr"]r 3
Part 2:
' L=4m Me
R, = 0.8p kN R; = 0.8p L e = ;
hﬁ df;?g::ﬂ where: M= %wa [z
= 1(04p)(#)
=0.8p
g — 0:8p(100)(1000%)
33.33 % 10°
p = 3.33 kN/m?
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Composite Beams

1. INTRODUCTION

e Beams constructed of two or more different materials are referred to as
composite beams. For example, a beam can be made of wood with straps of steel at its
top and bottom, Fig. 6-35. Engineers purposely design beams in this manner in order to
develop a more efficient means for supporting loads. Since the flexure formula was
developed only for beams having homogeneous material, this formula cannot be applied
directly to determine the normal stress in a composite beam. In this section, however, we
will develop a method for modifying or “transforming” a composite beam’s cross section
into one made of a single material. Once this has been done, the flexure formula can then
be used for the stress analysis.

ahlie Cld ciliie aladiu) aly 4LENY) B g pall
Baal g dala (pa JS) Cpa 98T () 43S e
i adalial) (ha £ 53 Al CilalgaY) MY g

) Jasadll Ay Giale Baal g Bala ) Jgal )
S A g e Jalae dlad ) g Gyl Balal)

Steel plates

Fig. 6-35
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2. Procedure for analysis

Calculate transformation factor (n), (n = %) where E; represented greater stiffness
2

material and E, smaller stiffness materials

Determine the new width of strong material b,,,, = b *n
YyA

Find the location of the centroid ,y = Sa

3
Determine the equivalent moment of inertia Iy, = % + +Ad? where d represented the
distance between center of mass to the , y

. M .
Calculate normal stresses in each segment o = I—C , C represented the distance of
NA

required point from neutral axis in a section
Finally, the stress of strong materials must be multiplied with n

(I‘I)J‘.\.E.A NS |
n*LQ.l:!}.':u" ol ol oy s 2
n ‘3 Sy O e Mjﬁ“ salll ALQ.?‘ 3

Example

The reinforced concrete beam has the cross-sectional area shown in Fig. 6-39a. If it is
subjected to a bending moment of M = 60 kip.ft determine the normal stress in each of the steel
reinforcing rods and the maximum normal stress in the concrete. Take Egq = 29(103) ksi
and Econe. = 3.6(103) ksi

in.

) ~
60 kip-ft / ;
Al

. : 4
1-in.-diameter bars 2i
in.

(a)

s
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Solution
_Ey 29000 _
"=E.,” 3600

As' =n.As =8+ 2 +m*0.5% = 12.57 in?
We require the centroid to lie on the neutral axis. Thus ¥ yA =0

[

12 in. (h')? — 12.65in*(16in. — ') = 0

h'?+ 211k = 33.7=0

- 1’
h' = 4.85in. oL

N-A' = 12.65 in?
] 4.851in.\’ b
I=|;(12in)@385in)" + 12in. (485 in.)( 21“) } + ®)

12.65 in*(16 in. — 4.85 in.)> = 2029 in*

60 kip - ft(12 in. /ft)](4.85 in. 172 ksi
(crcum: T [ p { / }]{ ) = 1?2 kSl
2029 in*
60 kip-ft(12 in./ft)](16 in. — 4.85 in.
e = [0 Kp- I / )]F m . 3.96 ksi
2029 in 31.9ksi ¢
’ 20(10%) ksi . . 31.9 ksi 5
Oyq = N0 ope = | =——5——|3.96 ksi = 31.9 ksi ¢
3.6(107) ksi
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Example

A composite beam is made of wood and reinforced with a steel strap located on its bottom side.
It has the cross-sectional area shown in Fig. 6-38a. If the beam is subjected to a bending
moment of M = 2 kN.m, determine the normal stress at points B and C. Take
Ew= 12 GPa and E«= 200 GPa.

Fig. 6-38
Solution

B 209 6667
"TE T 12 T

150

bwooa = 16667
_LyA_ 001+0.02+0150+0.095+ 00090150 _ .
Y="5a ~ 0.02 % 0.150 + 0.009 * 0.150 - m
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3
— 2
Ina= -7 ++AC

=1 [0.150 * 0.023 4+ 0.150 = 0.02 * (0.03638 — 0.01)% + 0.009

% 0.1503 * (0.095 — 0.03638)2] = 9.358 * 10~5m*
My 2%10%(0.170 — 0.03638) _

, = 28.6 MP

o =T 9.358 % 10~ 4
My  2x10°%(0.03638) 278 MP

=" 9358«106 4

NG b
7.78 MPa =T

(c)
The normal-stress distribution on the transformed (all steel) section is

shown in Fig. 6-38c. The normal stress in the wood at B in Fig. 6-38a, is determined
from Eq. 6-21; that is,

(

12
0p =10y, = 5o5* 28.56 = 1.71 MPa
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1.71 MPa

-0.210 MPa
-3.50 MPa

M =2kN-m

7.78 > R -

75
(d) =

Using these concepts, show that the normal stress in the steel and
the wood at the point where they are in contact is s« = 3.50 MPa and

sw = 0.210 MPa, respectively. The normal-stress distribution in the
actual beam is shown in Fig. 6-38d.
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Shear stresses in beams

1. INTRODUCTION

e In this chapter, we will develop a method for finding the shear stress in a beam having a
prismatic cross section and made from homogeneous material that behaves in a linear-
elastic manner. The method of analysis to be developed will be somewhat
limited to special cases of cross-sectional geometry. Although this is the case, it has many
wide-range applications in engineering design and analysis. The concept of shear flow,
along with shear stress, will be discussed for beams. The chapter ends with a discussion
of the shear center.

) Gilaa (pe LKW A8y pha o G i G g £ guia gl 124 (B
(B IS Gyl Al g dudlpiall adalial) <l GlicY) B Lall)

g Al g Aaigh) Jlaa (& Base clida Lgd Gall) cilalga)
Suadll 128 BIA e Jualilly Lale G atd

Transverse
shear stress

|

1
Longitudinal =P Jg 7
shear stress g"
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e To illustrate this effect, consider the beam to be made from three boards, Fig. a. If the
top and bottom surfaces of each board are smooth, and the boards are not bonded
together, then application of the load P will cause the boards to slide relative to one
another when the beam deflects. However, if the boards are bonded together, then the
longitudinal shear stresses acting between the boards will prevent their relative sliding,
and consequently the beam will act as a single unit, Fig. b .

Boards bonded together

Boards not bonded together
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e As a result of the shear stress, shear strains will be developed and these
will tend to distort the cross section in a rather complex manner. For
example, consider the short bar in Fig. a made of a highly deformable
material and marked with horizontal and vertical grid lines. When a
shear V is applied, it tends to deform these lines into the pattern shown

in  Fig. b. This nonuniform shear-strain distribution will cause the
Cross section to warp.

(b) After deformation
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2. The Shear Formula

V.0

Tt

T = the shear stress in the member at the point located a distance y’ from the neutral
axis. This stress is assumed to be constant and therefore averaged across the width t of
the member

V = the internal resultant shear force, determined from the method

of sections and the equations of equilibrium

| = the moment of inertia of the entire cross-sectional area

calculated about the neutral axis

t = the width of the member’s cross-sectional area, measured at the

point where t is to be determined

Q =y’A’, where A’ is the area of the top (or bottom) portion of the

member’s cross-sectional area, above (or below) the section

plane where t is measured, and y " is the distance from the

neutral axis to the centroid of A
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3. Procedure for analysis

Section the member perpendicular to its axis at the point where the shear stress is to be
determined, and obtain the internal shear V at the section

Determine the location of the neutral axis, and determine the moment of inertia | of the
entire cross sectional area about the neutral axis.

Pass an imaginary horizontal section through the point where the shear stress is to be
determined. Measure the width t of the cross-sectional area at this section.

The portion of the area lying either above or below this width is A’. Determine Q by
using Q = y’A’ Here y’ is the distance to the centroid of A’, measured from the neutral
axis

Using a consistent set of units, substitute the data into the shear formula and calculate
the shear stress t.

Example

The overhang beam is subjected to the uniform distributed load having an intensity of w =

50 kN/m. Determine the maximum shear stress developed in the beam.

w

yvYy 4
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Solution

Q = 0.05 * 0.05 * 0.025 = 6.25 * 10~5 m3

50 &N{fwn.
e 0.05 % 0.13

s TITTTTLY

6.25 % 1075 * 150 = 103

U= 41667106+ 005 _ o MPa Son S
VCkN) Ao0 kN
Yo
i” IS0

0.057m.
.
77}_;/] O, 05,

D, 25 rmn,
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Example
If the T-beam is subjected to a vertical shear of

V = 12 kip, determine the maximum shear
stress in the beam. Also, compute the shear-
stress jump at the flange web junction AB.
Sketch the variation of the shear-stress

intensity over the entire cross section

Solution

SyA  1.5(12)(3) + 6(4)(6) 230in
SA 123) +46) T

y =

1 , 1
Ina = 5(12)(33) + 12(3)(3.30 — 1.5 + E(4)(63) + 4(6)(6 — 3.30)

= 390.60 in*
Qmax = }i A = 285(5?)(4) = 64.98 in3 %' 42 - —:"
y 3 o il e 3o Wiy N
Qip = V5 A" = 1.8(3)(12) = 64.8in> 't[ 3 §osrgin.

§=285:n.

VOmax  12(64.98) 1 L
Tmax = 7 = 39060(8) ~ CA99Ksi ki

VOup  12(648) |
(48)s = Ity 39060(12) 0166 ksi

74 12(64.8 .
Qap _ 12049 _ 4og ksi
Ity  390.60(4)

(TAB)W =
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Combined Stresses

1. INTRODUCTION

In previous topics we developed methods for determining the stress distributions in a
member subjected to either an internal axial force, a shear force, a bending moment, or
a torsional moment. Most often, however, the cross section of a member is subjected to
several of these loadings simultaneously. When this occurs, the method of upper position
can be used to determine the resultant stress distribution. That the principle of
superposition can be used for this purpose provided a linear relationship exists between
the stress and the loads. Also, the geometry of the member should not undergo significant
change when the loads are applied. These conditions are necessary in order to ensure
that the stress produced by one load is not related to the stress produced by any other
load.

2. NORMAL FORCE.
The internal normal force is developed by a wuniform normal-stress
distribution determined from o = P/A.

3. SHEAR FORCE.
The internal shear force in a member is developed by a shear stress distribution
determined from the shear formula, T= VQ/It.

4. BENDING MOMENT.
For straight members the internal bending moment is developed by a normal-stress
distribution that varies linearly from zero at the neutral axis to a maximum at the outer
boundary of the member. This stress distribution is determined from the flexure formula,
o = -Myl/l.

5. SUPERPOSITION

— P _ McC
o=+ +T

S
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Example

Determine the smallest distance d to the edge of the plate .
at which the force P can be applied so that it produces
no compressive stresses in the plate at section a—a. The P Z(K)lmm
plate has a thickness of 20 mm and P acts along the
centerline of this thickness.

P—300 mm

Solution
L sF, =0 N—-P=0 N=P
C+EMc = 0 M—POl—dy=0 M=P01 - d)

1
A=02(002) =0004m* = F{ﬂ.ﬂﬁ}(ﬂ.}‘} = 13.3333(107%) m*

N My
TEAET
© 1-eh)m = M
P P01 — d)0.1) ( \9_) N
0= + <7
0.004 — 13.3333 (1079 P <

0 =250F — 7500 P (0.1 — d)

d = 0.06667 m = 66.7 mm
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Example

The frame supports the distributed load shown. Determine the state of stress acting at point
E. Show the results on a differential element at this point.

Solution

3
ZM@A=O —>BC*§*6=4*6*3*0.5
~ Bc =10kN

3
ZFy=O—>Ay+10*§—4*6*O.5=O
~ Ay = 6kN

4
ZFx=O—>Ax—10*§=O
~ Ax = 8kN

From Sec@E we can get the following

4_x

3 1.5
s x =2kN

ZM@E=O - 6%15—-2%15%0.5%2 = M@E
+ M@E =8.25kN.m

ZFy=O -6—2x15x05-V=0
~V =45kN

ZFx=O — Ex = 8kN

4 kN/m

= y 20 mm = D
1 l l 1 60 mmI
¥ vy BA E

s B
A !o: Ee* De — (o

20 mm _
—

~l5Sm-~l5m-~——3m “

50 mm

Sm

4N/
e
;"U 1 bewn v
b dow 4.'°fzu
2 AN,
L
e § kN
TV /. Sony T.2SAN, o
AV 1.54w
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o= % . ﬂiy _ - 8(10%) N 8.125(103)(0.05:) <78 MPa
(0.1)(0.05)  $5(0.05)(0.1)

VO  4.5(10%)(0.04)(0.02)(0.05)
TEg = = =

; 1 : = 864 kPa
{ £(0.05)(0.1)*(0.05)
0.0 =
— v
- , 4,0%™
' H v S1F MO 01T,
— T RedkPs —~—d £~ 0. 02 ™,
208 rem
HW

1. The 500-kg engine is suspended from the jib crane at the position shown. Determine the

state of stress at point B on the cross section of the boom at section a—a. Point B is
just above the bottom flange.

150 mm

20 mm
= !

_ & B
150 mm

A1,

20 mm

300 mm

B

= e
wip—
20 mm

Sectiona—a
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2. If P =60 kN, determine the maximum normal stress developed on the cross section of
the column.
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Defection of Beam

1. Introduction

Often limits must be placed on the amount of deflection a beam may undergo when it is
subjected to a load, and so in this chapter we will discuss various methods for
determining the deflection and slope at specific points on beams. The analytical methods
include the integration method, the use of discontinuity functions, and the method of
superposition. Also, a semi graphical technique, called the moment-area method, will be
presented. At the end of the chapter, we will use these methods to solve for the support
reactions on a beam that is statically indeter minate.

2. Slope and Displacement by Integration

The equation of the elastic curve for a beam can be expressed mathematically as 9 =
f(X). To obtain this equation, we must first represent the curvature (1/p) in terms of 9

and X.
d*v
EIW = W, (1)
d3v
EIE =Vyeerone (2)
d*v
EI-—=M,......(3)
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Qamafad @:Jt Leoa (%C)

Example P
The cantilevered beam shown below is AY B
subjected to a vertical load P at its end. L‘I T .\ n—
Determine the equation of the elastic Aﬂ‘/’\r\ T —"
curve. El is constant. —x—
L
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Solution

M ajal ldie daiy X Aflawa o abad Jari |, ]
M J/ﬁn&.a‘?g;ﬂﬂduouéju' 2
(0) el i sai JSI G bl JalST 3

(V) Jsbgd) i sadi oI d jbl) JalST 4

/ABa S

Lgudy £ IE a Jaleal) 1ib e 46 e gubiicad Cun (€) JalSU Jalra o Juani JalS5 JS tic
(Boundary Conditions) e ¥/ 4 sLiwy/

1. M = —Px P
S E1¥ = _p 1
CEl—— = = PX e (D) b il :’l)M
2 X
3BT = =254 0 2) ===v
3
4.EIv=—P%+C1x+C2 ............ (3)

Using the boundary condition % =Qatx=Landv=0atx=L, Eq.2 and Eq.3 become.

PL?
0=—+C

2 I

pPL?
0=—'—+C1L+Cg

6
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Thus, C:= PL?%2and C.= - PL3/3 Qubstituting these resultsinto Egs. 2 and 3with 8 = dv/dx,
we get.

H = L(Lz %
= 2El\c T

/ 3 2 3
——(=x" + 3L x —
(—x ) S 2L)

Maximum slope and displacement occur at A(x = 0), for which

) P
47 2FEI
- PL?
YA = T3E

Prob. 12-20 _Hibbeler

S kip
Determine the equations of the elastic curve
using the x: and x. coordinates, and specify ~ 8 - : \
the slope at A and the deflection at C. El is  F° I )
COhStant. | Y J f Lo ‘|20 ST |
20 i —101
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Determine the slope and deflection of end A of the cantilevered beams below. E = 200 GPa
and | = 65.0(10s) mm..

30 kN-m

¢

! 3m 1

10 kN

10 kN-m |




Macaulay's Method to calculate
Deflection
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