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L6 Theory of Structures-I| Dr. Ali Al-Rifaie

Slope Deflection Method-Frames

Example: Analyse the simple frame shown in figure. End A is fixed and ends B &
C are hinged. Draw the bending moment diagram.

" l IR0 RN 2 _ao kNim
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2Am
L B
s A m o7 H :
A W A L
Solution:
In this problem 6, =0,0; =0,08. =0,0; =0,
FEMS:-
2 2
F,qE __ Wab _ _12{]:(2)(4 — _106.67 KNM
12 6
2 2
Fou =+ 030 =4 1222 1 _ 15333 KM
wi? 20 x 42
Fec S e -26.67 KNM
wi 20 4*
Foo =+ T § ~5 = +26 67 KNM
B =+%=+ 20;4 — +10KNM
Fop ==g-=~10KNM
Slope deflections are
M,z =F. +?[2E}A +0;)
:-1[}6_6?+2?{HE]=—1DB_G?+L§-EE}H ———=>(1)
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ZEl
Mg, =F, "'T[QB'B +BB]

=+53.3:*.-+?{mﬂ):+53.33+%E|r:—}EI > (2)

ZEl
Mg =Fe5 +T[‘ZBB +E'c}

2E 3| 3 3
=-26.67+ x5 (205 +0c) = -26.67 + SEl6 + SElD;  ---->(3)

2El
Meg =Feq "'T(zec +8;)

2B 3 3 K}
= +25.6T+Tx5(293 +0;)= +26.6T+EEIEIC +ZE|E'EI -———>(4)
2El
Mgp =Fep "'T[ze‘s +8p)

=+1[}+?{2E?fﬂ+ﬂ[,]=+1D+EIEIB+%EI|’:‘|,:I -———=>(5)

2El
Moz =Fes +T[2BD + B'E.}

=—1U+?{2&D+BB]=—10+EIBD+%EIBE -————>(6)

In the above equations we have three unknown rotations 6 ,6., 6,accordingly
we have three boundary conditions.

Mga + Mg +Mg; =0
Mg =0 Since C and D are hinged
My =0
Now
4 3 3 1
Mg, + Mg + Mg =53.33 + 3 Elo; - 26.67 +§EIE}B *7 Elo. +10+Ele, +§ElraD
23 3 1
=36.GE3+FEIBB+ZEIBC+§EIBD =0 -—-—=(7)
WB=26.6?+%EIBB+%EIE}C =0 ---—>(8)
MDB=-10+%EIBB+EIBD=O ---—=>(9)
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Solving equations 7, 8, & 9 we get

Elo, = -8.83
Elo, =-13.36

Elo, =+14.414
Substituting these values in slope equations

M, =-106.67 + %{—8.83} =-112.56 KNM

M,, =53.33 + g(—s.ss;. =41.56 KNM
3 3

My, = ~26.67 +2(-8.3)+ (~13.36) = ~49.94 KNM
3 3

Mes = +26.67 + —(~13.36) + (-8.83) = 0

My, = 1U+(—8.83}+%{+14.414) — 8.38 KNM

M,, = —10 +(14.414) + %(-3.33) =0

i -1 LeSe Ly 4:?“#4-—:‘@“”!@

- = e B
: ot
‘:z-sc:, T A
a-18
=0 kA
D
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Reactions: Consider free body diagram of each members

1ok - = st
A L Na e e
e A 4 f é : }»
” fia=56 et SER& | fia R
A
4 % He
y @35
ok
— e
o Hy
L
R

Span AB:

R, = 41.56—112{.}\5G+120 x 2 _ 28 17 KN

~R,=120-R; =91.83KN
Span BC:

R,= 49 94 +§Dx4x2 _ 52 485KN

R =20x4-R; =27.515KN
Column BD:

e 2Ux24—8_33 _792KN

~Hy =12.78KN [ Ha +Hy =20]
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Example: Analyse the porial frame shown in figure and also drawn bending
moment and shear force diagram

20 um B0 K
21 .
7
¥ 1] “
" D
s P 8 PR
am am =Zrm
A R Tl i

Solution:
Symmetrical problem
- Sym frame + Sym loading
8,=0, 6;=0 6.=0 8,=0

FEMS
- W,ab® W.,cd?
BC= ~ E_E - L2
80x2x4” 80x4x2?
= & i = -106.67 KNM
2 2
Foom+ a0 WoCd_ 106,67 KNM
L L
Slope deflection equations:
MM=FAB+?(ZHA+BB]=D+$[U+BB)=%EIBE ———————— > (1)
Mg,q:Fm'i'?{zBB"'Bh]:U +%(\295+0)=E|BB ——————— = [2}
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M, =Fpo+ ? (20,+6..)

=-106.67 + @(QBB+E}C}——1O’EB?+ EIBB+ Eloe ------ >(3)

2El
Meg=Fea+ — L (2913 +05 )

=+106. 6?+@(2EI +0;) = +106. 6?+3EIB +3EIB —————— >(4)

Mep=Fcp+ ?(ZEICH&} )

=0+%(2ec+m=aec ....... >(5)

2EI{

My =Fpe+ 20,+6

c)
1
_D+—(0+El ]l_E

In the above equation there are two unknown rotations. Accordingly the boundary
conditions are

MBA +ME|C: [}
Mz +M.,=0
Now Mg, +Mg-= —106.5?+%EI6-B+§EIE}¢=U ----- —>(7)
MCB+MCD:+1UB_BT+§EIBB+%EIBC:O ------- > (8)
Multiply by (7) and (8) by 2
- 746 69+ ﬁEIE}E;+ EEIBC_ 0
j’ 143 subtracts

+213.34+ 2 Elfg + — Eloc=0

-960.03 + ? Elo;=0

El6,=+960.03 x % =+ 64 Clockwise
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Using equation (7)
Elo.= —E[—mﬁ.ﬁ? + EEI*E}EJ
2 3

=_%[—1[}5.6?‘ § g-x 64] —— 64 Anticlockwise

Here we findB,=- 6, . It is obvious because the problem is symmetrical.

.. Final moments are

M#E=+§2£=+32 KMNM

M, =64 KNM
MM=—TGB_6?+%64+%{—64]=— 64 KNM
Mo, = +1[}6_6?+%(— 54}%(54): + 64 KNM
M. =- 64 KNM

¥ e % 64=-32 KNM

B0 K~ DO kn
A
2 -; } o
o e -
3 A
A B =
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Consider free body diagram’s of beam and columns as shown

Bk BO wen

He Q_G? l J ﬂ‘f -,
- o c
HH_T HTR-:
Ii_jlq Hg L‘:

B Guf’
H,.____E"’ a \..)2-1

- | .n’:E Hp

By symmetrical we can write
R,=R;=60 KNM
Ry=R.=80 KNM

MNow consider free body diagram of column AB

Apply
*M; =0
H,x4=64+32
~ H,=24 KN

Similarly from free body diagram of column CD

Apply
TM, =0
Hyx 4 =64+32
- Hy=24 KN
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Example: Analyse the portal frame and then draw the bending moment diagram

B0,
8 l

I

"

37 k

mmer b AT

Solution:

Lm

This is a symmetrical frame and unsymmetrically loaded, thus it is an

unsymmetrical problem and there is a sway
Assume sway to right.
Here 8,=008,=08;=00,=0

FEMS:
2 2
Foe=—Vab” __80x9x3 _ 5625 knm
L g
2 2
Fog= + Wi; ¥ 80"852 X3 _ 19375 KNM
Slope deflection equations
2E e
2E] 35) 1 3
—0+=(0+6,-22|= ZE16,-ZEl5
"2 [ Ty T2
My, =Foo + %(zaﬂeh——s]
=G+2—;E~I[2EIB+G—§—5—J=EEBE—§—EIE-
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2E|
Mg =Fgc+ T(EBB"'B'C]
_ 5605+ % (20546, ) = =56 25 + %EIBB+ %EIE}C _________ >(3)
ZEl
Meg=Fc5+ T{Qec"'ea}
= +93.?5+?[233+BB}:93.?5+%EIBC+%EIE}E ————————— >(4)

2El 38
Mp=Fcp+ T{zﬂc"'eb' T}

2El Ja 3
=U+T{29C+G—T]=EIBC—EE|5 ————————— }[5}

2El 36
My =Fpc+ T[QBD"'GC_T]

=U+E[U+BC—E}=1EIB¢:—EEIB ——————— —->(6)
4 4 2 3]

In the above equation there are three unknowns 6, 6. and &, accordingly the
boundary conditions are,

Mg, +Mg.=0 —-> Joint conditions
Mz +Mep=0
H,+H;+ 2P,=0 ---> Shear condition
Mg +Ms, + Mg +HVoe -0
' 4 -
v Mg +Mg, +M g +M =0
Now, Mg, +M = EIE}E—%EIE.—SG_EE - % Elo,+ %EIE}C= 0

3 1 3
=-5625+>El0;+ 2 ElO-ZE3=0  —---m- >(7)

And, Mg+Mep=93.75+ %EIE}C+ %EIBB+EIE}C— % Els=0

1 3 3
=9375+7Elog+ SEIO-ZE=0  —--—- —>(8)

10
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And, M, +M,, +M_, +M,.= ~El8,— > El5 + El6,— > El5 + El6— > El5
2 %8 8 8
1 3
+EEIBC_§EIE:'
3_ 3_ 3
=§E|HE+EE|HC_§EIE}=D ————— —}[9]
From (9) Els = Ele, +El6,
Substitute in (7) & (8)
Eqn (7)
3_ 1 3
~56.25+ 216, + 7 Eloc— [E10;+El0.]= 0
—55_25+§EI93—%E|E}C=0 = > (10)
Eqn(8)
1 3. 3
+93.75 + 1 Elog+ SEI0.—= [E10,+E10.]=0
+93_?5-%E|aﬂ+§Emc=o __________ > (1)

Solving equations (10) & (11) we get El6;=41.25
By Equation (10)
Elo.=8 [— 9625+ %EI:-}E,]
=8 [—56_25 + g 41 _ESJ =-78.75

-~ El5 =El6g+El6.=4125-7875=-37 5
Hence

Elog= 4125, El6.=-78.75, Elé =-37.5
Substituting these values in slope deflection equations, we have

11
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Column AB:
3469 +55.31

M,g = %{41 25)— %{— 37 5) = +34.69 KNM
M,, = 41.25 —%{— 37.5)=+55.31 KNM

M, =—56.25 + %{41 25)+ — (- 78.75) = =55 31 KNM

3
4

M= 9375+ %[— 78.75)+ —(41.75) = +64.69 KNM

L

4

M., =-78.75— %[— 37.5)=—64.69 KNM
1 3

Mo = 5 (- 78.75) - = (- 37.5) = ~25.31 KNM
20 Kkn
58.3) l
il ~ <
c46a € |
2S5.32)
& ay.cq I
Y ereiaa 7T

Reactions: consider the free body diagram of beam and columns

=225 KN
4

95.31-6469+80x3

=28.83 KN

Column CD:
64 69 + 25 31

8

:. R,=80-R, =51.17

=25

12
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9-31. Determine the displacement and slope at point C of &
the cantilever beam. The moment of inertia of each segment ;
is indicated in the figure. Take E = 29(10°) ksi. Use the
principle of virtual work.
.ﬁo&f'ﬂ: Lz =500in? ‘ Ipc=200int 50 k-ft
4 | 6 ft — 3t |
I
Referring to the virtual moment functions indicated in Fig. 4 and b and
the real moment function in Fig. ¢, we have I(mﬂlf ~1 Cfd @9)1"_1 k'ftl
L 3t 5 61t
M ~1)(-50 —1)(-50 ]
lk-ft-6, = / T iy = / wd.\'l + / Ld_rz , )
o El o Elge Jo Elugp 1kfe 1kt
g o LOKNEE 300K X, Xy
© T T Elg ElLy bft Bt
_ 150k-ft" 300 k-ft’ (@)
¢ Elpe El,p
- 150(12%) k - in’ 300(12%) k -in?
[29(10%) k/in?](200in%)  [29(10%) k/in?)(500 in*) 7 1k
- Mz (X33 m==x
= 0.00670rad N Ans. (‘
And C :
L 3t < 61t T
mM -x,(=50) j =(x; + 3)(=50)
lk-Ar = ] —dx =] —dx; + | ————————dx, &
¢ o EI 0 Elpge Yl El 4p ) JC,;, + JC‘,
S12. 53 2,43 i
Eedp = 2OEAE 180 Kot 6ft 3
oo Sk 1806 (b)
€ Elg Bl
225(12%) k- in? 1800(12%) k - in® )
- e ——————— = 0282in | Ans.
[29(10°) k/in“](200in™)  [29(10°) k/in"](500 in”)
Lm =.—i.0 - M= ~BOkH
]Ft:-=
50kt : | DOkft
G| 1%
E Tk
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HW

9-38. Determine the displacement of point C. Use the Wy
method of virtual work. E1 is constant.

M|t--
ST

L4
ﬁ(' — dd. l

#9-40. Determine the slope and displacement at point A.
Assume C is pinned. Use the principle of virtual work. EI is
constant.

Ans.

i _22.95kN*m3l
Y R4= EIl

*9-44. Use the method of virtual work and determine the
vertical deflection at the rocker support D. EI is constant.

Ans. (Ap) —EI
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9-51. Determine the vertical deflection at C. The cross-
sectional area and moment of inertia of each segment is
shown in the figure. Take E = 200 GPa. Assume A is a
fixed support. Use the method of virtual work.

Ans. 281 mm |

Age = 65(10°) mm?

g = 100(10°) mm* _E?T’S[”‘N
L1 A= 1500 mm? i
‘QI‘LLLAIB = 400(10&) mm‘l /5 _L
a —
g ?
.QI

i 3 m

|
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Deflection of Trusses

We can use the method of virtual work to determine the displacement
of a truss joint when the truss is subjected to an external loading,
temperature change, or fabrication errors. Each of these situations will
now be discussed.

External Loading. For the purpose of explanation let us consider the
vertical displacement A of joint B of the truss in Fig. 9-7. Here a typical
element of the truss would be one of its members having a length L. If the
applied loadings P, and P, cause a linear elastic material response, then
this element deforms an amount AL = NL/AE, where N is the normal
or axial force in the member, caused by the loads. Applying Eq. 513, the
virtual-work equation for the truss is therefore

where

1 = external virtual unit load acting on the truss jomt in the stated
direction of A.

n = internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the real loads on the truss.
N = internal normal force in a truss member caused by the real loads.
L = length of a member.

A = cross-sectional area of a member.
E = modulus of elasticity of a member.
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'_-PRGCEDURE FOR ANALYSIS

The fn]lomng pmcedure may be used to determme a _pemﬁc::

' dlspiacement nf any ]mnt ona truss usmg thf,: methad of vu’mal woxk ﬁ_; :

Vzmm!' Fm ces

Place the unit load on the tmss at the jmnt where tht dcsued -
displacement is to be determined. The load should be in the same -
direction as the spemﬁed chsplacemex:t e.g. horizontal or vertical.

“With the unit load so placed and aiI the real luads remaved X
from the truss, use the method of ]mnts or ‘the method of

" sections and calculate the internal n force in each truss member.

Assume that tcnsﬂe forces are pnsﬂwe and cnmpresswe forces '
are Hegﬂll\*ﬂ . 2R R ; i -'

Real Forces ™

Use the method of sections or the method of joints to determine
the N force in each member, These forces are caused only by the
real loads acting on the truss. Again, assume tensile forces are
positive and compressive forces are negative. .

Virtual-Work Equa tion

[+]

o

Apply the eqﬂatlon of virtual werk to determme the desued '
displacement. It is important to retain the algebraic sign for each
of the corresponding n and N forces when substituting these terms
into the equation. '

If the resultant sum 2nNL/AE is positive, the dlsplacement A isin
the same direction as the unit load. If a negative value results, A
is opposite to the unit load. :

‘When applying any formula, attention should be paid to the units

of each numerical quantity. In particular, the virtual unit load can
be assigned any arbitrary unit (N, kN, etc.), since the n forces will
have these same units, and as a result the units for both the virtual
unit load and the n forces will cancel from both sides of the
equation.
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Temperature. Insome cases, truss members may change their length due
to temperature. If o is the coefficient of thermal expansion for a member and
AT is the change in its temperature, the change in length of a member is
AL = a AT L. Hence, we can determine the displacement of a selected
truss joint due to this temperature change from Eq. 9-13, written as

1:4 = SnaATL (9-16)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A,

internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the temperature change.
a = coefficient of thermal expansion of member.

AT = change in temperature of member.
L = length of member.

I

n

Fabrication Errors and Camber. Occasionally, errors in fabricating
the lengths of the members of a truss may occur. Also, in some cases truss
members must be made slightly longer or shorter in order to give the truss
a camber. Camber is often built into a bridge truss so that the bottom cord
will curve upward by an amount equivalent to the downward deflection
of the cord when subjected to the bridge’s full dead weight. If a truss
member is shorter or longer than intended, the displacement of a truss
joint from its expected position can be determined from direct application
of Eq. 9-13, written as

1+A=SnAL (9-17)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A.

7 = intemal virtual normal force in a truss member caused by the
external virtual unit load.
A = external joint displacement caused by the fabrication errors.
AL = difference in length of the member from its intended size as
caused by a fabrication error.

A combination of the right sides of Eqgs. 9-15 through 9-17 will be
necessary if both external loads act on the truss and some of the
members undergo a thermal change or have been fabricated with the
wrong dimensions.
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The cross-sectional area of each member of the truss shown in Fig. 9-9a
is A=400mm? and E =200 GPa. (a) Determine the vertical
displacement of joint C if a 4-kIN force is applied to the truss at C.

Fig. 9-9

Solution

Virtual Forces n. Since the vertical displacement of joint C is to be
determined, a virtual force of 1 kN is applied at C in the vertical
direction. The units of this force are the same as those of the real
Joading. The support reactions at A and B are calculated and the n
force in each member is determined by the method of joints as shown
on the free-body diagrams of joints A and B, Fig. 9-9b.

0.833 kN 0.833 kN
713 INS

AL 5 0667kN 0.667 KN <—— B

0.5kN virtual forces n 0.5 KN
(b)
- %
.

Real Forces N. The joint analysis of A and B when the real load of
4 kN is applied to the truss is given in Fig. 9-9¢.
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1.5 kN 1.5 kN 1.5kN real forces N LSKN
(©

Virtual-Work Equation. Since AE is constant, each of the terms
nNL can be arranged in tabular form and computed. Here positive
numbers indicate tensile forces and negative numbers indicate
compressive forces.

Member n (kN) N (kN) L{m) nNL(KN?-m)

AB 0.667 2 8 10.67
AC ~0.833 2.5 5 -10.41
CB —-0.833 =25 S 1041
210.67
Thus,
nNL _ 10.67kN%-m
kN - = =
LkN-Ac, = 275 AE
Substituting the values A = 400 mm? = 400(10°%) m?, g = 200 GPa
= 200(10°) kN/m?, we have
2,
1KN- A = _610.27 kN :{;1
* 400(107%) m*(200(10%) kN/m?)
Ag, = 0.000133 m = 0.133 mm Ans.
H.W.

#9_56. Use the method of virtual work and determine the
horizontal deflection at C. The cross-sectional area of each
member is indicated in the figure. Assume the members are
pin connected at their end points. E = 29(10°) ksi.

|
| a4 l Ans. 0.041 in
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12=2. Determine the moments at A, B, and C. Assume the
support at B is a roller and A and Care fixed. ETis constant.

136
(DF)ug =0  (DF)gy = j——=r = 04
(DF)ge =06 (DFlep=0
—2i36)°
(FEM) 4y = —5— = —216 k-t
(FEM) g, = 216 k-1t
—3(24)"
(FEM)pe = —>— = 144 k-1t
(FEM)pp = 144 k-fi
Joint A B c
Mem. AB BA BC CB
DF i 0.4 i 0
FEM 216 216 44 144
_8.8 A
144 © 1 26
M| -230 187 —187 122k -fi

2K/t s
ftititil
=

Ans,




129, Determine the moments at B and C. then draw the 300 I
moment diagram for the beam. Assume the supporis at B 20M h it
and C are rollers and A 8 a pin. ET 18 constant.

Member Stiffness Factor and Distribution Factor.

3EI _ 3EQ 4EI _AE1
K= —=—=03El Kge = — = ——=04EL
A8 Ly 1D AT Lgs MW

|—1|H1. I LR | 2t

04EI 4
03El + 04El 7

03EI 3
03El + D4EL 7
=0

(DF)eg =1 {DF)cp
Fived End Moments. Referring to the table on the nside back cover.

(DF)ga = (DF)gr =

(FEM)cp = —300{8) = 2400 h-fi  (FEM)pc = (FEM)ep = 0

wi? 200( 107
(FEM) g, = —s"‘" - —{S L _ 250011t

Maoment Distriburion. Tabulating the above data,

Joint A B i
Member | AR BA BC cB €D
DF 1 37 47 1 0
FEM 0 2500 0 0 _2400

Dist. 07143 142857 | 2400
co 1200 71429
Dist. 51429 | 68571 | 71429
co 715 | a6
Dist. 15306 | -20400 | 3428
co 17143 | -102.05
Dist. 347 | 979 | 10205
co s1o3 " _amos
Dist. 2187 | 2916 | 4898
co 2499 O 148
Dist. _1050 | —13.99 14.58
co 73 7w
Dist. 312 417 7.00
co 350 208
Dist. 130 200 | 208
co L T oo
Dist. 045 0,59 100
co D507 —0.30
Dist. 021 .29 030
co o5 0 01
Dist. 006 0,09 01s
co o T —one
Dist. 03 o M
S M D 650.01 | —630.001 | 2400 2400

Using these results, the shear at both ends of members AR, BC, and CD are
computed and shown in Fig o Subsequently, the shear and moment diagrams can be
plotted, Fig. b and ¢, respectively.
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*12-8. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume the supports at
B and C are rollers and A and D) are pins. EJ is constant.

Member Stiffness Factor and Distriburtion Factor

_ 3El _3EI Koo 2EL_2EI_EI
ABT La 4 ™ Iee & 3
3EI4 g Elf3

(DF)ag =1 (OF)gs = g = 73 (DFlac =

Fived End Moments. Referting to the table on the inside back cover,

wil  12{4%
(FEM), 4 = (FEM)ye =0 (FEMjyy = =—— = = = M kN-m

Muoment Distribution. Tabulating the above data,

Joint A B
Member AR BA BC
9 4
DF 1 = I
FEM 0 24 o
Drist. -laa2 -7.385
EH 1] 7385 —7.385

3EI[A + EIf3

Using these results the shear at both ends of members AR, BC, and CD are
computed and shown in Fig. o, Subsequently. the shear and moment diagram can be

plotted, Fig. b and ¢, respectively.




*i2=4. Dietermane ihe reactions o the supports and ihen
draw the meoment disgram, Assime A s fved. EXis constant.

FE'-I.:='T’:;I=_m.n1. mw,:'i—f:mn:- B A 2.l
My = 05(15) =75k '
J{_u=%, _.!{._.:f.;:].{ E L
N A0 o T
DF =10 ! j'ﬂ‘ﬂ 1 /"7—
L
% R -
DFH=DFE=E;-+£=DJ | s 55
oW o
DEg=1
Jaint A 8 C
Member | AB BA s CH [
OF i L5 s i it
FEM ETERET 13
133 | iaas |eeer
BT AR | AT
amT | amnr | -aeer
2396 3333 | 23
1667 | 1seT | -2we
LKA _iiwT | mssas
nge | 0 | -nsiss
[T R
naEs | ooes | -oowes
i 0497 | mmaE
047458 | ootass | e
114 7 |- 15 T5k-ft




Displacement Method
of Analysis: Moment
Distribution

The moment-distribution method is a displacement methad of
analysis that is easy to apply once certain elastic constants have been
determined. In this chapter we will first state the important definitions
and concepts for moment distribution and then apply the method to
solve problems invalving statically indeterminate beams and frames.
Application to multistory frames is discussed in the last part of the
chapter.

12.1 General Principles and Definitions

The method of analyzing beams and frames using moment distribution
was developed by Hardy Cross, in 1930, At the time this method was
first published it attracted immediate attention, and it has been
recognized as one of the most notable advances in structural analysis
during the twentieth century.

As will be explained in detail later, moment distribution is a method of
successive approximations that may be carried out to any desired degree
of accuracy. Essentially, the method beging by assuming each joint of a
structure is fixed. Then, by unlocking and locking each joint in succession,
the internal momenis at the joinis are “distributed™ and balanced until
the joints have rotated to their final or nearly final positions It will be
found that this process of calculation is both repetitive and easy to apply.
Before explaining the techniques of moment distribution, however,
certain definitions and concepts must be presented.
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Sign Convention. We will establish the same sign convention as that
established for the slope-deflection equations: Clockwise momenis that act
on the member are considered positive, whereas counferclockwize monents
are negative, Fig. 12-1.

Fixed-End Moments (FEMs). The momems at the “walls™ or
fixed joints of a loaded member are called fived-end moments. These
moments can be determined from the table given on the inside back
cover, depending upon the type of loading on the member. For example,
the beam loaded as shown in Fig. 12-2 has fixed-end moments of
FEM = PLf8 = 800(10)/8 = 10X} N -m. Noting the action of these
moments on the beam and applying our sign convention, it is seen that
Mig==1000N-mand Mg, = + 1O N -m.

Member Stiffness Factor. Consider the beam in Fig. 12-3, which
is pinned at one end and fixed at the other. Application of the moment M
causes the end A to rotate through an angle 4,4. In Chapter 11 we related
M to # , using the conjugate-beam method. This resulted in Eq. 11-1. that
is, M = (4E1/L) @ . The term in parentheses

4FT
k===

Far End Fixed =

is referred to as the stiffness factor at A and can be defined as the amount
of moment M required to rotate the end A of the beam #4 = 1 rad.




Joint Stiffness Factor. If several members are fixed connected to
a joint and each of their far ends is fixed, then by the principle of
superposition, the fotal siffress foctor at the joint s the sum of the
member stiffness factors at the joint, that is, K; = ZK. For example,
consider the frame joint A in Fg. 12-4a. The numerical value of each
member stiffness factor is determined from Eq. 12-1 and listed in the
figure. Using these values, the total stiffness factor of joint A is
Ky =EK = 4000 4+ 5000 + 1000 = 10 000. This value represents the
amount of moment needed to rotate the joint through an angle of 1 rad.

Distribution Factor (DF). If a moment M is applied to a fixed
connected joint, the connecting members will each supply a portion of
the resisting moment necessary to satisfy momeni equilibrium at the
joint. That fraction of the total resisting moment supplied by the member
is called the distribution factor {DF). To obtain its value, imagine the joint
is fixed connected to n members. If an applied moment M causes the
joint to rotate an amount §, then each member i rotates by this same
amount. If the stiffness factor of the ith member is K, then the moment
contributed by the member is M, = K#. Since equilibrium requires
M =M, + M, =K@ + K8 = §2K; then the distribution factor for =
the ith member is

M; _ K#
DF,=—= M= 2000 N-m
M BEK; rr }
Canceling the common term &, it is seen that the distribution factor for a 20 N - m %00 N -m
member is equal to the stiffness factor of the member divided by the -

total stiffness factor for the joint; that is, in general, 1000 M -
(e

St Fig. 124
DF = o (12-2}

For example. the distribution factors for members AR, AC, and AD at
joint A in Fig. 1244 are

DF,p = 4000/10 000 = 0.4
DF4c = S000/10 000 = 0.5
DF,p, = 1000/10 000 = 0.1

Asaresult,if M = 2000 N - m acts at joint A.Fig. 12-4b, the equilibrium
moments exerted by the members on the joint, Fig. 12-4¢, are

Mg = 0.4{2000) = 800N -m
M, = 0.5(2000) = 1000 N -m
M yp = 0.1{2000) = 200N -m

Carry-Over Factor. Consider again the beam in Fig. 12-3. It was
shown in Chapter 11 that M,z = (4EIfL}8, (Eg. 11-1) and
Mpga = (2EI/L) 84 (Eg. 11-2). Solving for #, and equating these
equations we get Mg,y = M, 5/2. In other words, the moment M at the
pin induces a moment of M’ = %M at the wall. The carry-over factor
represents the fraction of M that is “carried over™ from the pin to the
wall. Hence, in the case of a beam with the far énd fived, the carry-over
factor is +§_-. The plus sign indicates both moments act in the same
direction.




12.2 Moment Distribution for Beams

Moment distribution is based on the principle of successively locking
and unlocking the joints of a structure in order to allow the moments at
the joints to be distributed and balanced. The best way to explain the
method is by examples.

Consider the beam with a constant modulus of elasticity E and having
the dimensions and loading shown in Fig. 12-5a4. Before we begin, we
must first determine the distribution factors at the two ends of each span.
Using Eq. 12-1. K = 4E[/L the stiffness factors on either side of B are

4E(300) 3 i 4E(600) ¢ T
Kp= = 4E(20)inYft  Kpe = —— = 4E(30) in*/1t
15 20
Thus, using Eq. 12-2. DF = K/ZK. for the ends connected to joint £, 240 Ibye
we have A
4E(20) Lo = 300 i8" 50 [y = 600 in'
DFgy = ————= 014 B
84 = JE(20) + 3E(30) f— 15— 208
4E(30)
DFpp=—— = (a)
4E(20) + 4E(30)
Fig. 12-5

At the walls, joint A and joint C, the distribution factor depends on the
member stiffness factor and the “stiffness factor™ of the wall Since in
theory it would take an “infinite” size moment to rotate the wall one
radian, the wall stiffness factor is infinite. Thus for joints A and C we have

4E(20)

DFar = S aE0) =
4E(30)

DFca= S 2E@0) —

Note that the above results could also have been obtained if the relative
stiffness factor Kg = I/L (Eq. 12-3) had been used for the calculations.
Furthermore, as long as a consistent set of units is used for the stiffness
factor, the DF will always be dimensionless, and at a joint. except where
it is located at a fixed wall. the sum of the DFs will always equal 1.

Having computed the DFs, we will now determine the FEMs Only
span BC is loaded. and using the table on the inside back cover for a
uniform load, we have

wi? 240(20)°
FEM)pe = = — ==~
( Jac 12 12

wil  240(20)
(FEM)es ="~ =13

= —8000 Ib-ft
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"Consider now the same beam, except the support at C is a rocker,
Fig. 12-6a. In this case only one member is at joint C, so the
distribution factor for member CH at joint C is

Jaint A B c
Member BA | BC CB
DF 0 0.4 06 1
FEM —000 | %000
Dist. 3000 | 4800 8000
co | 1600 —4000 | 2400
Dist, 1600 | 2400 2400
co | sn —1200 | 1200
Dist. 480 ™ -

o | 0 —600 )
Dist. 240 W | -0 |
co | 10 w0
Dist. » 108 | 180
(&) % —0 7]
Dist. 3 I
o 18 -17 7
Dist. 08| 162 | -7
co 54 -135 81
Dist. 54 81 81
(&) 27 —305| 406
Dist. L 1@ 243l a0
o (81 -2 12
Dist. 080 12| —1n
o 040 —{.61 06t
Dist. 024 037 -6
M %% | 5647 | 5647 | O

(e}

= = R e

B3 - Vi 2384110
( 1 15h Tﬁ%'mm-a
Vi = 56471h
Vi, = 2682410 2401bfft  Ve=201761h
£ [RERRRRREEE t
I

20 fi

5647.0&-!'1

id)




Determine the internal moments at each support of the beam shown
in Fig. 12-Ta. £] is constant.

Fip.12-7

SOLUTION
The distribution factors at each joint must be computed first.* The
stiffness factors for the members are

_ 3EL JSEL o _4EL
a8 =5 B = o=
Therefore,
4E1f12
DF = DF - = 0 DFM=DFm-=m=u5
4E1/12 AEIS

DFC! = = {14 DF(D = — = (]

4EIf12 + 3EIf8 4EI[12 + 4E1[8

The fixed-end moments are

i wl?  =20(12) Wl 200127
[I'EM}BE—"—IE———i-Z———"EﬂukN-m {FEE‘!},:—H—E-——"E——EMEN':B
PL  —250(8 PL
{(FEM)cpn =% ﬂ{ ) = =250 kN-m [FEN[_}D(=T=%= 250 kN -m

Starting with the FEMs, line 4, Fig. 12-7b, the moments at joints B
and C are distributed simultaneousty, line 5. These moments are then
carried over simuftaneously to the respective ends of each span. line 6.
The resulting moments are again simultaneously distributed and
carried over. lines 7 and 8. The process is continued until the resulting
moments are diminished an appropriate amount, line 13. The resulting
moments are found by summation, line 14.

Placing the moments on each beam span and applying the
equations of equilibrinm yields the end shears shown in Fig. 12-T¢ and
the bending-moment diagram for the entire beam, Fig. 12-7d.

*Here we have used the stiffness factor 4EN L bowever, the relative siffness factor
ML could also have been used.
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