LECTURE (1)

DIFFERENTIAL EQUATIONS
(PART ONE)

A differential equation is an equation that involves one or more
derivatives. They are classified by:

1- Type (ordinary, partial).

2- Order (the highest order derivative that occurs in the equation).
3- Degree (the highest power of the highest order derivative).

If y is a function of x, where y is called the dependent variable and x is
called the independent variable, thus, differential equation is a relation
between x and y which includes at least one derivative of y with respect
to X.

If the differential equation involves only a single independent variable ,
this derivative is called ORDINARY DERIVATIVE & the equation is
called ORDINARY DIFFERENTIAL EQUATION (ODE).

If the differential equation involves two or more independent variables,
this derivative is called PARTIAL DERIVATIVE & the equation is
called PARTIAL DIFFERENTIAL EQUATION (PDE).

O y=1(x,t)
% = ¢? (g%) (2" order ; 1% degree)
Q y=1(x)
% =3x+5 (1% order; 1% degree)
2 4
(% + (% =0 (3" order ; 2" degree)

d3y d2y — rd st
de3 + cos 2 2Xy =0 (3" order ; 1% degree)

SOLUTION OF DIFFERENTIAL EQUATIONS:

1- GENERAL SOLUTION.
2- PARTICULAR SOLUTION.



y=x+c (general solution)
Ify=2&x=1, then
2=14+c;c=1

y=x+1  (particular solution)

The differential equation may be linear or non-linear depending on the
presence of the dependent variable y and its derivatives in one term of the
equation.

a2y dy . .

=7 + - + =

——2 TAX— 2y =0  (linear equation)

azy dy . .
—= +4y-—=+2y= -

—— 4y - 2y =0  (non-linear equation)
a2y

e + siny =0 (non- linear equation since it contains sin y which is

non-linear

The complexity of solving differential equations increases with the order.

1) SOLUTION OF FIRST ORDER ORDINARY
DIFFERENTIAL EQUATIONS:

1. Variable Separable Equation.
2. Homogenous Equation.

3. Exact Equation.

4. Linear Equation.

5. Bernoulli's Equation.

1. Variable Separable Equation.

A first order Ordinary Differential Equation has the form:

F(X’Y”y\) = O
In theory, at least, the method of algebra can be used to write it in the
form:

y = G(xy).
If G(x,y) can be factored to give:
G(x,y)= Mx.Ny,

then the equation is called separable.
To solve the separable equation y' = Mx.Ny, we rewrite it in the form

f(y)y = g(x).



Integrating both sides gives:
Jf@) y dx= [ g(x)dx

[ f) dy =2 dx

. d
Ex (1) Solve the equation Y % +Xy%=xX.
Solution:
dy 2y —
= 4 -X =
y - tXyT-X 0

ay 2 1)y =
y——+({“-)x=0

AR i R
(yz—l)dx+(y2—1)x_0

(=2)dy +x.dx=0

y? -1

fyzy_l)dy+ fx.dx=0

%ln(y2 —1)+X2—2+C=O

. d
Ex (2) Solve the equation ﬁ = (1+y?) e*.

Solution:

dy

> = e* dx
1+y

d
e dx - —2==0
1+y

dy
X —_
fe dx—f1 yZ—O

e*-tan"ly=c

y=tan(e* —c)



: d
Ex (3) Solve the equation ﬁ =cos(x +y).

Solution:
Let u = x+y

d d d
a1+ & N y—au 4

dx dx dx dx

Sub. for Z—z in the main equation

du

= 1 =cos(u)
du du
—_— —+ =
dx COS(u) 1 - dx 1+cos(u)

f (1=cosu) du =fdx

(1=cosu)(1+cosu)

f(l cosu) du—fdx

(1—cos? u)

1 cosu
f A du - fsin 2u - fdx

(sin? u)

[ csc?u. du-f cotu. cscudu = [ dx

-cotu+ cscu=xtc — -cot(x+y)+ csc(x+y)=
X+C

2- Homogenous Equation:

A(Xy)dx+B (x,y)dy =0
where the functions A(x,y) & B(x,y) are of the same degree.
The equation can be put in the form:

d_y:F(y
dx X

Such equation is called homogenous



Let v= % ..................... 2); y=V.X
y v
- = + —_
CEVAX 3)
dv
F(v) =v+X ™
E + dv -
x  V-=F()

Examples:

1) y.dx + x.dy=0

2) y?.dx+xy.dy =0
3) y.dx+dy=0

4) (y+1)dx+dy=0

(homogenous/ same degree)
(homogenous/ same degree)
(not homogenous)

(not homogenous)

5) (y+ sin %) dx +x.dy=0 (not homogenous)
6) (y+ x.sin %) dx + x.dy = 0 (homogenous/ same degree)

7) (x+y)dy + x.dx =0 (homogenous/same degree)

8) x.dy +siny.dx =0 (not homogenous)

EX (1) Solve the equation (x+y).dy — (x-y).dx = 0.

Solution:

the equation is homogenous ; V = %

Yy
_dy _x-y _ "~ x _1-v
F(v)=—= =—5 =
dx x+y 1+= 1+4+v
X
dy dv v dv
— = v + x —; (homogen - — — =V + x—
™ + o (homogenous) > + ™



dx dv

1+v

fd_x . J-(\+v)dv

x V—Yy—v?2

1-v

dx dv
x 1-v—v—v

14+v
=0 »>— Inx+ lln(\—\'v—vz)= Inc
2

2y

y
Inx?+ In[1—-——()?]= Inc
nx n[ . (x)] nc

EX (2) Solve the equ

x2[1- Z-)?]=c

x? —2yx—y?=¢

ation (x? — y?).dx—2xy.dy =0.

Solution:
. da dv
the equation is homogenous ; v = 4 ; X —yv4+ax=
x dx dx
Y
E _dy _ x? -y 1+(§)2
W) == 5 ) =157
&8
dx dv dx dv
—+ =0 i — ——=0
x 1+v2 x  2v2+1+v2
v+ —
2v 2v
dx 2vdv dx 2vdv
—+ = — — — — f =0
x 1+ 3v2 X 1+ 3v2

lnx+§ ln(l + 3172) = Inc
Inx3+ ln(l + 3172) = Inc
x3(1+ 3v2)=—c¢
2
x3(1+ 31—2) =c

x(x?+ 3y?)= ¢



LECTURE (2)

DIFFERENTIAL EQUATIONS
PART TWO

3- Exact Equation
A (X,y).dx + B (x,y).dy =0

0A(x,y) _ 0B(x,y)
ady dx

on the condition that:

Method of solution:

First we assume the solution is @(x,y) = constant

A=L gp=2
dx dy
fd®= fAdx
@ = [ Adx

d—®:ifAdx:B

dy dy
:d—(b:ifAdx
dy dy

EX (1) Solve the equation: (x3 -3x% y + 2x y?).dx — (a3 -2x% y + y3)dy =0
Solution:
First we must check if the equation is exact.

0A(xy) _ 0B(x,y)
dy Ty

A=x3-3x>y+2xy? B= —(x3-2x*y + y?)

Z—; (with respect to X) = -3 x2 + 4xy

‘;—i (with respect to y) = -3 x2 + 4xy



Thus the equation is exact

O=[Adx=[(x3® —3x%y+2xy?).dx
4

®=%—x3y+x2y2+Cy ................. (1)

where C is constant that may be a function of y.

ao 3 2 ac .
—_ - + —
ay x> + 2x°y 3y ; B

_ap
dy

— (%3 -2x2 3) = _ 43 2., 4 9¢ ac
(x°-2x“y+y°)=-x> +2x Yty T 5
y4-
Cy:-T-D ....................... (2)

Sub. Cy in the main equation (1);

4 4

@2%-x3y+x2y2-%-D

EX (2) Solve the equation: sinx.dy + ycos x.dx=0
Solution:
First we must check if the equation is exact.

0A(x,y) _ 9B(x.y)
ady dx

A=ycosx;B=sinx

0A , .
E (with respect to X) = cos x

0B , .
o (with respectto y) = cos x
Thus the equation is exact
@ = [ Adx = [ ycos x.dx

D=ySinX+CY oot (1)

3



Jc _

. . dc
thus, sinx =sinx+— —»-—— —=0
ay oy

Cy=D ..ol 2)

sub.in(1); @=ysinx+D

4- Linear Equation
This type of equation has the general form:

dy
= Pey=0Qp oo v v e (D)

and solved by an integration factor (R), given by:

and the solution is:

EX (1) Solve the equation: x.% -y=Xx

Solution:

1 1
_1 1 1
Rze/ 3% =g lx—ghg-l
X

Ry=[R.Qydx +C
ly= 1,2 =
~y=J[-x*dx +C=[xdx +C

1 x? x3
-y=—+ ———> =—+x
xy 2 C y 3 C



. dy sin x
. — + -
EX (2) Solve the equation: x. ™ 3y =
Solution:
dy 3 _sinx _sinx, _ 3
E+;y_x3 _)Qx_x3’Px_x

3
R:ef;dx = 3Inx — 5, Inx® — ,3

X

Ry=[R.Qcdx +C

sinx

x3.y = [x3. - dx + C=[sinx.dx+C

x3.y=-cosx+C

—cosx ¢
+ —_—
x3 x3

y =
5- Bernoulli's Equation
This type of equations has a general form:
Z_z'l' P.y= Qx yn ) [n >1]

The solution starts by putting the equation as:

assume; yl™m=w

Differentiate with respect to x

- —n d_y :d_W
Any™ =7

—ndyy _ 1 dw
y (dx) B (1—n) dx

. 1 d
sub.in (1) ; T % +P,.w = Q,

(Linear Equation)



EX (1) Solve the equation: vy (6y* —x — 1)dx+ 2x.dy=0

Solution:
d 6 2_ -1
ay vy —x-1) _
dx 2x
d +1 3
ax 2x 2x
d +1 3
@ X +2y3=
dx 2x X
dy x+1 3 4
ax 2z YT %Y

Z_: +(1-n) P,.w = (1-n) Q, (main equation)

w =y 2
d_W = _2 -3 ﬂ
dx dx
Sub. in the main equation:
_law xv1 o _ _ 3
2 dx 2x - x
d +1 6 . .
~Z+Z= w=2Linear Equation
dx x x

Solving as linear equation;
R = of Pedx = pf5rdx _ fdx+ [
—eXtInx — ox Llnx —,x
R = xe*
Ry=[R.Qcdx +C

— _ 6
W:y 2; Qx_;

6
xe*.w=[xe*.~.dx +C



xe*.w=6[e*. dx +C
xe*.w=6e*+C

xe*.y2=6e*+C

EX (2) Solve the equation: 6y*dx — x(2x3 + y)dy=0

Solution:
6y2dx = x(2x3 +y)dy

dx _ x(2x3+y) _ (2x*+xy) _ 2x* 4 XY
dy 6y2 6y2 6y2  6y?

. _ .
2. X =2 (Bernoulli's Equation)

dy 6y 3
_4 dx x73 1
e X - L (1)
dy 6y 3y2
W= x3 5o o3yt
dy dy
dx _ 1 dw
dy 3x~% dy
1 dw w 1
sub.in (1) —+&_w__L
3 dy 6y 3y2
aw _ 3w _ 3
dy 6y  3y2
dw w . .
— + —=—(Linear Equation)
dy 2y

1 1 1
R = ny'dX = eElny =y2

-1

— -3. —
w=x"7;0,= )2

1

2

1 11 y 2 -1
y2.w=fy2.?.dy +C=—-=F5+C=2y2+C

1 -1
yz.x3=2y2+C
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LECTURE (2)
SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

PART ONE

Second order differential equations may be classified as:
0 Non-Linear Differential Equations:
1- Equations with dependent variable missing.
2- Equations with independent variable missing.
3- Homogenous equations.
Q Linear Differential Equations:
1- Equations with constant coefficient.
2- Equations with constant coefficients as a function of the

independent variable.

Examples:
d : : :
1- dxi;' + 2siny Non-linear D.E. because the dependent variable
appears as siny,cos y,tany,e”, y?, ...
92y oy i Lry2
2 oz X (dx) +y=0 Non-linear D.E. because (dx)

dly dy . dy
-—+4y —+2y= - D.E. —
3-—5 +4y —_+2y=cosx Non linear because y ™

d2y dy .
__+ _+ - .E.
4 Ix2 4x Ix 2y =cosx LinearD.E

dly dy 3x .
-—t—= .C.
5 T2 xdx e Linear D.E

Jd2y L2 ;
6 Tz ty=x Linear D.E.



0 Non-Linear Differential Equations:

1- Equations with dependent variable (y) missing.

dp _ dZy
éé dx _ dx?
o azy ay _
EX(1) Solve the equation: xdx2 Tx 0

Solution:

p= dy dp _ d2y
T dx dx ~ dx2

Sub in the main equation: xd—p-P=0$9fd—p-fd—x_
dx D X
Inp-Inx-Inc; =0
Pzcyx=255 [c,xdx=[d
1 Ix 1 X. y

_4 2
y—zx +c,

d2y dy _

EX(2) Solve the equation: 1a2 =

Solution:

p= dy dp _d2y
T dx dx ~ dx2

d d
d—i-xp=oeef7p-fxdx=o

lnp=_sz+1nc1 ->->lnp — In¢; = _sz—>—> InZ==

Cq1 2

2 —x2

—~ _ d -
P=ce 2 =d—i}—>—>dy=clez .dx



—xz —xz

[dy=c [ez.dx »> y=c,[ez .dx
2- EQUATIONS WITH INDEPENDENT VARIABLE (x) MISSING.

dp _ d2y

99 dx _ dx?

dp dp dy _dp

i dy " dx dy'P (chain Rule)

EX(1) Solve the equation: Zi;’ 3 (dy)2
Solution:

dy dp d2y
P=-" & -=7%
dx dx dx

dp _dp dy _dp
dx dy dx dy'

Sub. in the main equation: Y. p — + p

fd—y _ [.bap
y p? -1

Iny+ In cl=%ln(p2 - 1)

¢ 2. y?=p* — 15— (1% y*)+1=p?

dy
_ 2 2 &y
J(cl y4)+1 oY

fdx = [ —=

4’(612.y2)+1

1 .
x =—sinh Yeyy) + ¢,
1

y= Ci sinh(c;x + ¢4¢3)
1



3- HOMOGENOUS EQUATIONS.

This is defined and recognized by the form:

d2y y X
x o 2=f(2,2, '3)
Y=V X v (1)
d dv
_y =VD+X — ... (2)
dx dx
dzy _ dv d2v dv
de - dx dxz dx
dzy dv d2v
=) o e 3
dx?2 dx dx? ( )

Substitute (1), (2), and (3) in D.E., this leads to Euler's equation:

2 d2y
Tz - flx

dzy _ dv
2, y) or x2. 22 =f(x =, v)

Which is solved by substitute:

dt 1
x=et>>t=Ilnx; —==... (4)
dx x
dv_dv dt_1 dv (5)
dx_dttdx_xtdt ---------------
dv__ ldv 14 dvy 1 dv, 1dt ddv, 1 dv
dx?2  x2dt x dx ‘dt x2 "dt x dx dt'dt x2 " dt

2 d2v d2v dv

.dx2=ﬁ-a ........... (6)

EX(1) Solve the equation:  2x?%y. ;lxi;’ + y2= x2 (%)2

Solution: divided by (2xy)



d2 1 x .d
X. dxz ( y)z (Homogenous D.E.)
V=V.X v (1)

dy
—ZV+X — e,
LoVt X o (2)
d2y _dv d2v dv
dx2  dx "dx?  dx

a2 dv d2v

22 e (3)

dx? dx dx?

Substitute (1), (2), and (3) in the main equation:
dv azv dv-,
2x3v. [2—+x + = —
xv[dx dx]vx x[v+xdx]
dv d2v dv
4x3v. = + 2x*v. —— + v2x? =x? [V%+2 VX — +x2(22)
dx dx? dx dx
dzv 3 dv
Ax3v.— + 2xtv. — + v2x? = vix? +2 vx3 — +x4( )2
dx dx? dx

2 vx3 Z—+2x vﬂ- ( )2

Divided by x?:

dv d2v v .
2xv.— + 2x%v.— = x%*(—)? Euler equation
dx dx dx

dt 1
x=et>>t=lnx; —==...(4)
dx x
dv_dv dt_1 dv (5)
dx_dt-dx_xudt ---------------

2 d2v _d2v  dv (6)
L] dxz - dtz dt ----------

Sub. in the above Euler Equation :

dv d2v dv 2
—+ — -—
2v dt 2v dtZ ) ( )

dv d2v dv
2V.—+2v.— -2 —_( )2
dt dt? dt



azv _ vy _
2v.—— (3,)?=0...(7)

_dv dp _d2v
T dt o dt dt2

dp _dp d d
dp _dp dv =p'd_p sub.in (7)

dt  dv ' dt
dp 2 dp dv
2V0p.— — =0 —_—=—
pdv p i 1Y 2v
Inp = ZInv+ Ing »—-- p=c v%=ﬂ ; (p=d—v
2 1 1 dt '’ dt
-1 1 1
c c
2t +2

vz .dv=c dt >>-> 2vz2=cit+c, 5> v5=2 -

1
v2=c b+ c) oo v=(c .t + )% oo §=(c1‘.lnx+ c,')?

. 2 d2y dy
: TPy =X
EX(2) Solve the equation: x 2 Ty =X
Solution:
d2 d
._y + y ( Homogenous D.E.)
dx? x dx
V=V X vevereenn (1)
d dv
—y =SV+HX — e (2)
dx dx
d2y dv d2v dv
— =+t X.— t+—
dx? dx dx? dx
d2y _.dv d2v
—— =2— 4+ X.— .
— de X.—— (3)

Substitute (1), (2), and (3) in D.E.

dv 2 d2v dv .
2X.—+Xx°.—+Vv=v+Xx — Euler equation
dx 2 dx



dv d2 dv d2v dv
2. —+ X2 —+Vv—V—x —=0>>> x:.—+x.—=0>>>
dx dx? d x2 dx
d2v dv
X(X.—/—+ —)=0
( dx? dx)
. d2v dv
eitherx=0 or X.—+ —=0
dx? dx

_dv dp _d2v
T dx dx  dx2

xZ4p=05>>24E -9
dx P x

Inp+ Inx= Inc, >>>p=2=2
np+ Inx= In¢g P=—=_
dx
c;.— = dv
X

cilnx=v—-clnc, >>>cilnx+c¢ylncy, =v
Yy
c¢; (Inx +1nc,) =v=7

c; (Inxcy) =§ > y = cxInxc,



LECTURE (2)
SECOND ORDER DIFFERENTIAL EQUATIONS

PART TWO

9 Linear Differential Equations:
1- Equations with constant coefficient.

2- Equations with constant coefficients as a function of the
independent variable.

1- Equations with constant coefficient.

The general second order linear differential equation is:

a2y g _
Adx2+de+Cy—f(x)

where A, B, & C are constants & f(x) may a function of x or constant.
It is clear that equation has two solutions:
1) Complementary solution (y,).

2) Particular solution (y,, ).
The general solution is: (Yy=yc+Yp)

1) Complementary solution (y,):

d2y dy
We start with A—+B—+C, =0
dx? dx y

Putting this equation in the form of D-Operator (AD?+BD +C)y =0
Substitute for D by the constant m, we find that:
Either y=0 (not possible)

Or Am?+Bm+C=0 (auxiliary equation)



1. The roots are real and different (m;& m,)

Y. A.e™*+ B, e™2*

2. Theroots are equal (m; = m, = m)

Y= €™*(A+ Bx)

3. Theroots are complex (m; = a+iB & m, =a —if})

Y= e*®(A.sin Bx + B.cos 3x)

EX (1) Solve the equation: -2 ﬂ -3y=0

dx z
Solution:
Am> + Bm+ C =0
m?—2m —3 =0
(m-3) (m+1)=0
m, = 3; m,=-1 (The roots are real and different (m;& m,))
Y- A.e™*+ B, e™2*

=A.e3¥+B.e ¥

EX (2) Solve the equation: Zi + 4 —+4y=0
Solution: Am? +Bm+C =0
m?+4m+4=0
(m+2) (m+2)=0

my = —2; my=-2 (The roots are equal (m; = m, = m))



Ye= € (A+ Bx)

= e7?¥(1+ 4x)
ione 42Y a4y _
EX (3) Solve the equation: 12 4 i 5y=0

Solution:
Am? + Bm+C =0
m?—4m+5=0

__ —bxvVb?-4ac

2a

m

—(4) 1/ (4)2-4(1)(5)
2(1)

m=2+i (m=atip)
V.- e“*(A.sin Bx + B.cos Bx)

= e?*(A.sin x + B.cos x)

2) Particular solution (yp ):

There are many methods to find the particular solution, here, we
consider two of the most common ones.

1. Method of undetermined coefficient.

2. The inverse D-operator method.



1.Method of undetermined coefficient:

In this method, we select the form of the particular solution then we
calculate the coefficient in the function. If the particular solution is
similar to a term in the complementary solution then we multiply the
particular solution by the independent variable (x) and if this is, still,
similar to another term we multiply by (x) again. This steps will be

repeated until is no similarity.

ion: 22V L o _ o x
EX (1) Solve the equation: 2 + 2 i 3e

Solution:
m?+2m=0
my =0; my=-2 (The roots are real and different )
Vo= Ae™¥+ B eM2X = A 4+ B ¥
when the function is (< e*) (where « is a constant) then:

: —dzy-A.ex

dy
— x. 2V X —
y = Ae”; Ix A.e”; IxZ

Sub. in the main equation: A.e*+2A.e*=3A.e*
A=1; y,- Ae*=¢e"

Y=Y+ ¥p=(A+ B.e )+ e*



d2y

EX (2) Solve the equation: 2 + 7y =sinx
Solution:
m?2+1=0
m= -I_-\/: (m =a i)
a=0;p=1

Y. = e**(A.sin fx + B.cos fx)
Y- Asinx + Bcosx
when f(x)is expressed by (« sin x) (where o is a constant) then:

yp:Asinx+Bcosx

(¥ is similar to y,))

thus we multiply the particular solution by the independent variable (x):
Yp-= (Asinx + Bcosx).x = Axsinx + B xcosx

d . .
d_:; =Asinx + Axcosx + Bcosx — Bxsinx

d2 } ; .
d_p;, =Acosx + Acosx — Axsinx — Bsinx — Bsinx — B xcosx

d2 ] .
d—pz=2Acosx — 2 Bsinx — Axsinx — B xcosx
. . . d2y .
Sub. in the main equation: Iz +y=sinx

(2Acosx —2 Bsinx —Axsinx — Bxcosx )+(Axsinx +

B xcos x ) = sinx

2Acosx —2Bsinx —Axsinx —Bxcosx + Axsinx + Bxcosx =

sinx



2Acosx — 2 Bsinx =sinx

sinx 5»— —2B= 1 55> B=—-
coOSx ——— Z2A=0 -»-—> A=0
. 1
Yp=(Axsinx + B xcos x ) = — XCOS X

Now, (¥ is not similar to y,,) thus:
Yy=Yct+tYp

. 1
y = Asinx + Bcosx — 5 Xcosx
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Factorial Function

The classical case of the integer form of the factorial function, n!, consists of the product of
n and all integers less than n. down to 1, as follows

nn-1)n-2)...3:2:1 n=1273,...
n!

—
[a—
—

R

where by definition, 0! = 1.

Gamma Function

The factorial function can be extended to include non-integer arguments through the use of
Euler’s second integral given as

2l = [ et 7 dt (1.7)
J0

Equation 1.7 is often referred to as the generalized factorial function.

Through a simple translation of the = — variable we can obtain the familiar gamma function
as follows

T(z) = /:De—ﬂ t==1ldt = (z — 1)! (1.8)

The gamma function is one of the most widely used special functions encountered in advanced
mathematics because it appears in almost every integral or series representation of other
advanced mathematical functions.

Let's first establish a direct relationship between the gamma function given in Eq. 1.8 and
the integer form of the factorial function given in Eq. 1.1. Given the gamma function
I'(z 4+ 1) = =! use integration by parts as follows:

/ud‘vzu‘u—/‘udu

where from Eq. 1.7 we see



u=1t* = du=zt""'dt

dv=etdt = v=—e

which leads to

oo o0
et t* dt = [- et t"'] +z f et t5—1 dt
0 0

o0

[‘(z+1)=/

0

Given the restriction of z > 0 for the integer form of the factorial function, it can be seen
that the first term in the above expression goes to zero since, when

t=0 = t"—=0

t=00 = et—0
Therefore
o0
I(z+1) = z/ et t*7 1 dt = 2 T'(z), 2>0 (1.9)
0

r(z)

Whenz=1 = t*!=¢"=1 and

r()=0'= jme-‘ dt = [—e7t| " =1
0

and in turn

re) = 1r(1)=1-1=1!
r@3) = 2r(2)=2-1=2!
r4) = 30(3)=3-2=3!

In general we can write

'n+1) =mn! n=1,2.3,...



The gamma function constitutes an essential extension of the idea of a factorial, since the
argument z is not restricted to positive integer values, but can vary continuously.

From Eq. 1.9, the gamma function can be written as

>
~

From the above expression it is easy to see that when z = 0. the gamma function approaches
oo or in other words I'(0) is undefined.

Given the recursive nature of the gamma function, it is readily apparent that the gamma
function approaches a singularity at each negative integer.

However, for all other values of 2, I'(z) is defined and the use of the recurrence relationship
for factorials, i.e.

Fz4+1)=2T(2)

effectively removes the restriction that @ be positive, which the integral definition of the
factorial requires. Therefore,

I'(z+1)

L 4
~

I(z) = 3 il ol i (1.11)

A plot of T'(z) is shown in Figure 1.1.

Several other definitions of the I-function are available that can be attributed to the pio-
neering mathematicians in this area

Other forms of the gamma function are obtained through a simple change of variables, as

follows
e 2
I(z) = 2/ y* e dy by letting t = y* (1.15)
0
1 1 z—1
L'(z) = / (ln —) dy by letting e™* =y (1.16)
0 Yy



Relations Satisfied by the I'-Function

Recurrence Formula

'(z+1)==2T(=2) (1.17)

Duplication Formula

==L P ()T (: + -;-) = /7 I'(2=2) (1.18)

Reflection Formula

™

I(z) T(1 — z) = — (1.19)
smmw=z
Some Special Values of the Gamma Function
Using Eq. 1.15 or Eq. 1.19 we have
r(1/2) = (—1/2)! =2 / e Vdy=+m (1.20)
0

N e—
I

where the solution to I is obtained from Schaum’s Handbook of Mathematical Functions
(Eq. 18.72).

(%) = j Fletdt
0

— e
Fx+1)= J:ot"e dt
I'x+1) = xI'(x)
F(x)=(x-1)x-1)
I'l)=1
LG = vr
rg ="

TE)_ TG
G

4/



(a) For n a positive integer
I'(n+1) =nl'(n) =n!
I'l)=1; I'(0)=o00; I'(-n)=zo00

OT@-vE  T-h=-2/7
=% T(-)-3v
r(%>=—4*5, M(-9) =-=
r@="3" T(-)-ivF

y =T().

X 0 0-5 1-0 1.8 2:0 2:5 3-0 35 4-0
I'(x) oo 1:772 1-000 0-886 1-000 1-329 2-000 3-323 6-000

X -0-5 -1-5 -2-5 -3-5
I'x) | —-3-545 2-363 -0-945 0-270

v

-]
N -
w

»

. | |
3. N-2 -1 0
<+ -2
+-a
1 -8

J:x7e"‘dx. I'(x) = J tletdt ]_"(v)=rx"‘1e‘”dx v=28
0

I=T(¥)=T(8)  I(8)=7=5040

Evaluate rx“” e~ ¥ dx.
0
y=4x dy=4dx 1_—ry3e--rdy—ir() v=4
3



o0

Evaluate J x1/2 X dx.
0

2

y=Xx dy = 2x dx

® y1/4 o~y 4
I= 1/4 —y — J Y€ Y
J:y e dy/2x A TE

_l -1/4 ,—y
—zfy e’ dy

W g 3 1 3
yv 1 "dy wh V= e Pl
Jo ¢ ere 4 I 2 ( )

DN =

From tables, I'(0-75) = 1-2254 I1=0613



The beta function
B(m, n) = J: #m-1(1 — x)y* 1 dx
B(m, n) = B(n, m)

Alternative form

w/2
B(m, n) = Zj sin?”-1 9 cos?*~1 ¢ de
0

(m—1)!(n— 1)!

B, 1) = o F n— 1)l
_ 3@

B(4,3)= gy

B(s, 3) — (402

(71
B(k, 1) = B(1, k) = %
B(%: ';1]) =7

Relation between the gamma and beta functions

_ I’(m)I'(n)
BOm, 1) = T om +n)
s 1w TOTR) a/2xy7m =

1
Evaluate I = J x5(1 — x)* dx
0

B(m, n) = E xm1(1 — x)" dx

m—1=5 n—1=4
m=6 n=>=5
514! 1

I'=B(6, 5) =761 = 1260



I—J V1 — x2dx

=y x—)& dx = 2y“idy

1 1
I Joyz(l V¥ 5y tdy zjoy(l y):dy

m—1=3 n—1=3
1 I'GTrE)
I=3B(3,3) I=§ T'(4)
VT 37 _ _Z
P(z)___z_ ()___ I'(4) = 3! I=%
3 3
I'= de.
ov3—x
il al 9 ; i f? x\ 3
I= = x33—x'2dx=3‘2j x(1-3) “dx
Jov3—x 0 ( ) 0 ( 3)
X
3=y  x=3y dx =3 dy
Limits: x =0, p=0; x=3, y=1
1 : m—1=3 m=4
I=27\/§Joy3(1—y)‘2dy no1—3  mey

r'(4)rQ)
I =27V3B(4,}) =27V3 iy (9/22)

r@) = va ro/2) =22 ra) =3

16 8643
I—27\/§x6x\/1_r><105ﬁ— = = 42-76




/2

Evaluate [ = j sin® 6 cos* @ deé.
0

/2
B(m, n) = ZJW sin?™-1 ¢ cos®" 16 de
0

2m—-1=5 . m=3; 2n—-1=4 . n=5/2

r'(3)r'(5/2)

X 1
I=5B@3.5/2) =5 7172

_1 213ym/4 _3/F 32 _ 8
~ 2 (9457 /32 4 945/x 315

/2
Evaluate I = r Vvtan @ de.
0

/2
B(m, n) = sz sin?"~19 cos?"~16 de
0

/2 /2
= r Vtan @ do = r sin? @ cos %0 de
(4]

0

1 3 A |

. Zm—l——z- . m——4-, 2?’!—1————2*' ‘" "_Z
L p_1g/3 1\ _1T@rE
T2 7\4"4) 2 11

I'(0-25) = 36256 and I'(0-75) = 1-2254

_ 1 (1-2254)(3-6256)
2 1-0000

I = 2-2214



The error function

erf (x )#—}rﬁdx r d_xf% 2 [ efar-1

™

Lim (erf (x)) = ire-'z dt =1
0

X—00 s
2 &K (—1)"x2n41
etf(x) =—%= ) ——
) ﬁz_;n(2n+1)
erf (x) = —g—re"z dt erf(x)
m™Jo
2
_2 (&
_T;L(; - )dt 15
I T
00 X ¢ 1\N42n
2 (et dt) 105
Trn=0 0 ! _
2 & (~1)"x2nH 2 -15 -1 -05 NC 15 2 x
_—;g nl(2n+1) ..—_{_,_/_:’:’_ - -
erf (—x) = —erf (x) l: :;S

erf (x) is an odd function.

The complementary error function erfc (x)

tZ
erfc (x \/..r dt
erfc(x) =1 —erf (x)

In statistics the integral

B(x) = /—= et

A ‘ﬂ'_m

is the area beneath the Gaussian or normal probability distribution

1 -2
—1]
7 \

1
>
=]
-~
v



1 —12/2
— e dt =
v 27!' foo

LT T P ( r’ -£/2 )
\/Z_ﬂ_rjme dt—‘/ﬂ Zlne dt

the integrand is even

2 =5 +%erf(%)

B(x) =\/i2_ﬂj_ e tI2dt

e R2At +—— xe*"’f 24t

1
7 vl
Jx/\/z

Nll-' er--L

.
F x V2 e du where u=t/v2
% (75)
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