
LECTURE (1) 

DIFFERENTIAL EQUATIONS  

(PART ONE) 

A differential equation is an equation that involves one or more 

derivatives. They are classified by: 

 

1- Type (ordinary, partial). 

2- Order (the highest order derivative that occurs in the equation). 

3- Degree (the highest power of the highest order derivative). 

If y is a function of x, where y is called the dependent variable and x is 

called the independent variable, thus, differential  equation is a relation 

between x and y which includes at least one derivative of y with respect 

to x. 

If the differential equation involves only a single independent variable , 

this derivative is called ORDINARY DERIVATIVE & the equation is 

called ORDINARY DIFFERENTIAL EQUATION (ODE). 

 

If the differential equation involves two or more independent variables, 

this derivative is called PARTIAL DERIVATIVE & the equation is 

called PARTIAL DIFFERENTIAL EQUATION (PDE). 

 y= f(x,t) 

   

    =     
   

    
)       (2nd

 order ; 1
st
 degree) 

 y= f(x) 
  

  
  = 3x + 5          (1st

  order ; 1
st
   degree) 

 
   

     
 
 +  

   

     
 
 = 0   (3rd

 order ; 2
nd

 degree) 

5 
   

        
   

    + 2xy = 0  (3rd
 order ; 1

st
 degree) 

 

SOLUTION OF DIFFERENTIAL  EQUATIONS: 

1- GENERAL SOLUTION. 

2- PARTICULAR SOLUTION. 



y = x + c    (general solution) 

If y = 2 & x = 1, then 

2 = 1+c ; c = 1 

y= x+1      (particular solution) 

 

The differential equation may be linear or non-linear depending on the 

presence of the dependent variable y and its derivatives in one term of the 

equation. 

 
   

      + 4x 
  

  
 + 2y = 0      (linear equation) 

   

      + 4y 
  

  
 + 2y = 0      (non-linear equation) 

   

          = 0 (non- linear equation since it contains       which is 

non-linear 

The complexity of solving differential equations increases with the order. 

 

1) SOLUTION OF FIRST ORDER ORDINARY 

DIFFERENTIAL EQUATIONS: 

 

1. Variable Separable Equation. 

2. Homogenous Equation. 

3. Exact  Equation. 

4. Linear  Equation. 

5. Bernoulli's  Equation. 

 

1. Variable Separable Equation. 

A first order Ordinary Differential Equation has the form:  

F(x,y,,y ) = 0 

In theory, at least, the method of algebra can be used to write it in the 

form: 

 y  = G(x,y). 

If G(x,y) can be factored to give:  

G(x,y)= Mx.Ny,  

then the equation is called separable. 

To solve the separable equation  y  = Mx.Ny, we rewrite it in the form  

                                              f y y  = g(x). 



Integrating both sides gives: 

 

∫          dx = ∫     dx 

∫         = 
  

  
 dx 

 

Ex (1) Solve the equation     y 
  

   
 + x    = x . 

Solution:  

y 
  

   
 + x y  - x = 0 

y 
  

   
 + (y  -1) x = 0 

( 
 

     
) 

  

   
 + (

     

     
) x = 0 

( 
 

     
) dy + x.dx = 0 

∫
y

y    
      ∫         

 

 
    y    ) + 

  

 
 + c = 0 

 

Ex (2) Solve the equation      
  

   
 = (1+   )    . 

Solution:  

  

      =    dx 

   dx - 
  

      = 0 

∫         ∫
  

      
   

   -          

y=            



Ex (3) Solve the equation   
  

   
 =         . 

Solution:  

Let u = x+y 

    
  

   
 = 1+ 

  

   
         →      

  

   
 = 

  

   
 - 1 

Sub. for 
  

   
 in the main equation 

  

   
 - 1 =        

  

   
 =        + 1     →      dx = 

  

        
  

∫
        

                
    = ∫    

∫
        

          
    = ∫    

∫
 

        
    - ∫

    

     
    = ∫    

∫     u.    -∫     .        = ∫    

-             x+c       →  -                     

x+c 
 

2- Homogenous Equation: 

A(x,y) dx + B (x,y) dy = 0 

where the functions A(x,y) & B(x,y) are of the same degree. 

The equation can be put in the form: 

  

   
 = F ( 

 

  
) ………………. (1) 

Such equation is called homogenous 



Let    v = 
 

  
   ……..………….(2) ;        y= v.x 

  

   
 = v + x 

  

   
 …………....... (3) 

                                          F(v) = v + x 
  

   
 

                                         
  

 
 + 

  

        
 = 0 

 

Examples: 

1) y.dx + x.dy= 0                     (homogenous/ same degree) 

2) y      y  y                                           

3)  y.dx+ dy = 0                       (not homogenous) 

4) (y+1) dx + dy = 0                (not homogenous) 

5) (y+    
 

 
) dx + x.dy = 0     (not homogenous) 

6) (y+      
 

 
) dx + x.dy = 0 (homogenous/ same degree) 

7) (x+y)dy + x.dx = 0             (homogenous/same degree) 

8) x.dy + siny.dx = 0              (not homogenous) 

 

EX (1)  Solve the equation    (x+y).dy – (x-y).dx = 0.     

 Solution: 

the equation is homogenous ; v = 
 

  
 

F (v) = 
  

   
 = 

   

    
 = 

  
 

  

  
 

  

 = 
   

   
 

  

   
         

  

   
 ;  (homogenous)       → →         

   

   
 =       

  

   
 



  

 
 - 

  
   

   
  

 = 0      → →      
  

 
 - 

  

        

   

 = 0 

∫
  

 
   ∫

(1  )  

1 2    
  = 0  → →          

 

 
  (1  2    )        

           
  

 
  

 

 
            

      
  

 
 -  

 

 
   ] =    

               

 

 

EX (2)  Solve the equation    (       ).dx – 2xy.dy = 0. 

Solution: 

the equation is homogenous ; v = 
 

  
 ; 

  

   
         

  

   
 

F (v) = 
  

  
 = – ( 

       

   
   = [ 

   
 

 
  

  
 

 
 

] 

  

 
+ 

  

   
    

  

 = 0      → → →        
  

 
+ 

  

 
        

  

 = 0 

  

 
+ 

    

        = 0       → → →      ∫
  

 
  ∫

    

          

   + 
 

 
   (      )       

    +   (      )        

   (             

   (   
  

  
      

 (              



LECTURE (2) 

DIFFERENTIAL EQUATIONS  

PART TWO 

3- Exact  Equation 

A (x,y).dx + B (x,y).dy = 0 

on the condition that:            
       

  
  = 

       

  
 

Method of solution: 

First we assume the solution is                 

A = 
  

  
  & B = 

  

  
 

∫    ∫     

  = ∫     

  

  
 =

 

  
∫    = B 

B = 
  

  
  = 

 

  
∫     

 

EX (1)  Solve the equation:     -3          ).dx –     -2        )dy = 0 

Solution: 

First we must check if the equation is exact. 

       

  
  = 

       

  
 

A =    -3          ;  B =      -2        ) 

  

  
  (with respect to x) = -3    + 4xy 

   

  
 (with respect to y) = -3    + 4xy 



Thus the equation is exact 

  = ∫    = ∫                     

  = 
  

  
 -            + Cy …………….. (1) 

where C is constant that may be a function of y. 

  

  
 =  -          + 

  

  
        ;  B = 

  

  
  

      -2        ) = -          + 
  

  
  →→→   

  

  
 = -    

Cy = - 
  

  
 - D ………………….. (2) 

Sub. Cy in the main equation (1); 

   = 
  

  
 -            - 

  

  
 - D  

 

EX (2)  Solve the equation:          +         = 0  

Solution: 

First we must check if the equation is exact. 

       

  
  = 

       

  
 

A =      ; B =      

  

  
  (with respect to x) =      

   

  
 (with respect to y) =      

Thus the equation is exact 

  = ∫    = ∫         

  =       + Cy ………………………….. (1) 



  

  
 =      + 

  

  
 

B = 
  

  
 ; B =      

thus,         =      + 
  

  
   →→→      

  

  
 = 0 

Cy = D      ………………  (2) 

sub. in (1);       =       +D 

 

4- Linear  Equation 

This type of equation has the general form: 

  

  
                      

and solved by an integration factor (R), given by:  

R =  ∫       ……………………………. (2) 

 and the solution is: 

R.  = ∫          + C ……………………… (3) 

 

EX (1)  Solve the equation:      
  

  
 -   =     

Solution: 

  

  
  - 

 

 
   =    

   =    ;    =  - 
 

 
 

R =  ∫  
 

 
                    

 

 
 
 = 

 

 
 

R.  = ∫          + C 

 

 
   ∫

 

 
            = ∫       + C 

 

 
   = 

  

 
 + C  →→→        = 

  

 
 +   C 



 

EX (2)  Solve the equation:      
  

  
 + 3   = 

    

   

Solution: 

  

  
  + 

 

 
   =

    

  
   →    =

    

  
;    =  

 

 
 

R =  ∫  
 

 
                  

 =     

R.  = ∫          + C 

     ∫    
    

            ∫        + C 

     = -     + C 

  = 
      

   + 
 

   

5- Bernoulli's  Equation 

This type of equations has a general form: 

  

  
                1] 

The solution starts by putting the equation as: 

     
  

  
) +     

    =    ………… (1) 

assume;            = w 

Differentiate with respect to    

(1-n)      
  

  
) = 

  

  
 

     
  

  
) = 

 

     
 
  

  
 

sub. in (1)   ;                               
 

     
 
  

  
 +        

 
  

  
 + (1-n)      = (1-n)    ……………… (2)          (Linear Equation) 



 

EX (1)  Solve the equation:      (6         +      = 0 

Solution: 

  

  
  +  

           

  
 = 0 

  

  
  +  

       

  
   + 

   

  
 = 0 

  

  
  -  

   

  
   + 

 

 
   = 0 

  

  
  -  

   

  
   = - 

 

 
    

    
  

  
  -  

   

  
   = - 

 

 
 

  

  
 + (1-n)      = (1-n)    (main equation) 

w =    

  

  
 = -2     

  

  
 

Sub. in the main equation: 

  
 

 
 
  

  
   

   

  
     

 

 
 

  

  
 + 

   

 
   

 

 
    Linear Equation 

Solving as linear equation; 

R =  ∫      =  ∫
   

 
   

 =  ∫   ∫
  

  

=         =          =     

R =     

R.  = ∫          + C 

w =        = 
 

 
 

      = ∫    
 

 
       + C 



      =  ∫          + C 

      =      + C 

        =      + C 

 

EX (2)  Solve the equation:    6               = 0 

Solution: 

6                 

  

  
 = 

        

   
 = 

        

   
 = 

    

   
 + 

  

   
 

  

  
 - 

 

  
  = 

  

        (Bernoulli's Equation) 

    
  

  
 - 

    

  
  = 

 

   
  ……………. (1) 

W =      →→ 
  

  
 = -3      

  
 

  

  
 =   

 

    
  

  

  
 

sub. in (1)        
 

 
  
  

  
   

 

  
 = 

 

   
 

  

  
   

  

  
 = 

   

   
      

  

  
   

 

  
 = 

   

  
    (Linear Equation) 

 R =  
∫

 

  
   

 =  
 

 
   

 =  
 

   

  =     ;   = 
  

  
 

 
 

  .   = ∫ 
 

  
  

  
      + C =   

 
 

 
 

 
 

 

  + C =   
  

 + C 

 
 

  .    =   
  

 + C       
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LECTURE (2)  

SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS 

PART ONE 

 

Second order differential equations may be classified as: 

❶ Non-Linear Differential Equations: 

     1- Equations with dependent variable missing. 

     2- Equations with independent variable missing. 

     3- Homogenous equations. 

❷ Linear Differential Equations: 

      1- Equations with constant coefficient. 

      2- Equations with constant coefficients as a function of the  

           independent variable.  

 

Examples: 

     1- 
   

    
 + 2               Non-linear D.E. because the dependent variable      

appears as                       , ….. 

     2- 
   

    
 -    

  

  
   +   = 0        Non-linear D.E. because  

  

  
    

     3- 
   

    
 +    

  

  
 + 2  =       Non-linear D.E. because   

  

  
  

     4- 
   

    
 +   

  

  
 + 2  =         Linear D.E. 

     5- 
   

    
 +  

  

  
 =                       Linear D.E. 

     6- 
   

    
 +   =                            Linear D.E. 



 

❶ Non-Linear Differential Equations: 

  1- Equations with dependent variable (   missing. 

                                 P = 
  

  
  →→ 

  

  
 = 

   

    
 

EX(1) Solve the equation:               
   

    
 - 

  

  
 = 0 

Solution: 

P = 
  

  
  & 

  

  
 = 

   

    
 

 Sub in the main equation:         
  

  
 - P = 0 →→ ∫

  

 
 - ∫

  

 
 = 0 

    -     -      = 0 

P =      = 
  

  
 →→ ∫          = ∫     

 = 
  

 
    +     

 

EX(2) Solve the equation:             
   

    
 -   

  

  
 = 0 

Solution: 

P = 
  

  
  & 

  

  
 = 

   

    
 

  

  
 -  P = 0 →→ ∫

  

 
 - ∫     = 0 

    = 
   

 
       →→             

   

 
     

 

  
 = 

   

 
 

P =    
   

  = 
  

  
        

   

      



∫      ∫  
   

         =   ∫  
   

     

2- EQUATIONS WITH INDEPENDENT VARIABLE (  MISSING. 

                                   P = 
  

  
  →→ 

  

  
 = 

   

    
 

  

  
 = 

  

  
 . 

  

  
 = 

  

  
 . P    (chain Rule) 

 

EX(1) Solve the equation:               
   

    
 + 1 = (

  

  
   

Solution: 

P = 
  

  
  & 

  

  
 = 

   

    
 

  

  
 = 

  

  
 . 

  

  
  = 

  

  
 . P 

Sub. in the main equation:       .p. 
  

  
 + 1 =    

∫
  

 
 = ∫

    

      
 

         = 
 

 
   (     )    

  
 .    =      →→    

 .   )+1 =     

P = √   
            = 

  

  
 

∫     = ∫
  

√   
         

 

  = 
 

  
           ) +    

  = 
 

  
               ) 

 



 

 

3- HOMOGENOUS EQUATIONS. 

This is defined and recognized by the form:   

     
   

    
 = f (

  

  
 , 

 

 
 , 

 

 
) 

 =       ………… (1) 

  

  
 =   +   

  

  
  ……….. (2) 

   

    
 = 

  

  
 +   

   

    
 + 

  

  
 

   

    
 = 2

  

  
 +   

   

    
  ………… (3) 

Substitute (1), (2), and (3) in D.E. , this leads to Euler's equation: 

   
   

    
 = f (  

  

  
 ,  )  or     

   

    
 = f (  

  

  
 ,  ) 

Which is solved by substitute: 

  =    →→ t =       
  

  
 = 

 

 
 ……… (4) 

  

  
 = 

  

  
 . 

   

  
 = 

 

 
. 

  

  
  …………… (5) 

   

    
=   

 

  
 
  

  
+ 

 

 
. 

 

  
 (

  

  
 ) =   

 

  
 . 

  

  
 + 

 

 
. 

  

  
 

 

  
(
  

  
 ) =   

 

  
 . 

  

  
 + 

 

  
 . 

   

   
 

   
   

    
 = 

   

    - 
  

  
 ……….. (6) 

 

EX(1) Solve the equation:      2    
   

    
 +   =    

  

  
   

Solution:          divided by (2     



  
   

    
 + 

 

 

 

 
  = 

 

 

 

 
 

  

  
      (Homogenous D.E.) 

 =       ………… (1) 

  

  
 =   +   

  

  
  ……….. (2) 

   

    
 = 

  

  
 +   

   

    
 + 

  

  
 

   

    
 = 2

  

  
 +   

   

    
  ………… (3) 

Substitute (1), (2), and (3) in the main equation: 

2     2
  

  
 +   

   

    
  +      =    [      

  

  
   

4    
  

  
 + 2     

   

    
 +      =   [  +2   

  

  
 +   

  

  
  ] 

4    
  

  
 + 2     

   

    
 +      =      +2      

  
 +   

  

  
   

2      

  
 + 2     

   

    
 =    

  

  
   

Divided by     

    
  

  
 + 2     

   

    
 =    

  

  
     Euler equation 

  =   →→ t =       
  

  
 = 

 

 
 …… (4)  

  

  
 = 

  

  
 . 

   

  
 = 

 

 
. 

  

  
  …………… (5) 

   
   

    
 = 

   

     
  

  
 ……….. (6) 

Sub. in the above Euler Equation : 

2   . 
  

  
 + 2   (

   

    - 
  

  
)=  

  

  
   

2   . 
  

  
 + 2   .

   

     2    
  

  
 =  

  

  
   



2   .
   

   
   

  

  
   = 0 ….. (7) 

  = 
  

  
  & 

  

  
 = 

   

    
 

  

  
 = 

  

  
 . 

  

  
  =   

  

  
  sub.in (7) 

2    
  

  
    = 0   →→→   

  

 
 = 

  

  
 

     
 

 
               =    

 

  = 
  

  
   ;            = 

  

  
    

          
  

  .    =       →→→   
 

  =   t +         
 

  = 
  

 
.t +

  

 
 

 
 

  =   
  .t +   

         = (   
         

         
 

 
 = (   

          
    

 

EX(2) Solve the equation:         
   

    
 +     

  

  
 

Solution: 

  
   

    
 + 

 

 
  =

  

  
         ( Homogenous D.E.) 

 =       ………… (1) 

  

  
 =   +   

  

  
  ……….. (2) 

   

    
 = 

  

  
 +   

   

    
 + 

  

  
 

   

    
 = 2

  

  
 +   

   

    
  ………… (3) 

Substitute (1), (2), and (3) in D.E. 

   
  

  
 +    

   

    
 +   =  +   

  

  
    Euler equation 



   
  

  
 +    

   

    
 +       

  

  
 = 0 →→→     

   

    
   

  

  
 = 0 →→→ 

    
   

    
  

  

  
 ) = 0 

either x = 0   or    
   

    
  

  

  
 = 0  

       = 
  

  
  & 

  

  
 = 

   

    
 

  
  

  
   = 0 →→→ 

  

 
 +

  

 
 = 0  

               →→→   = 
  

 
 = 

  

  
  

   
  

 
     

               →→→                 

               = 
 

 
 

          
 

 
     →→→                     

 

 

 



LECTURE (2) 

SECOND ORDER DIFFERENTIAL EQUATIONS 

PART TWO 
 

❷ Linear Differential Equations: 

      1- Equations with constant coefficient. 

      2- Equations with constant coefficients as a function of the 

independent variable.  
 

1- Equations with constant coefficient. 

The general second order linear differential equation is: 

A 
   

   
 + B 

  

  
 +     ( ) 

where A, B, & C are constants &  ( ) may a function of  x or constant. 

It is clear that equation has two solutions: 

1) Complementary solution (  ).  

2) Particular solution (   )  

The general solution is:                      (     +   ) 

1) Complementary solution (  ): 

We start with                                         A 
   

   
 + B 

  

  
 +     0 

Putting this equation in the form of D-Operator     ( A    + B   +  )   0 

Substitute for D by the constant   m, we find that: 

Either  y= 0  (not possible) 

Or    A    + B   +   = 0    (auxiliary equation) 



1. The roots are real and different (      ) 

    A.    + B.      

2. The roots are equal  (        )    

 

       (A+ B ) 

 

3.  The roots are complex   (    α +  β &     α   β ) 

             (A.      + B.     ) 

 

EX (1)  Solve the equation:    
   

   
 - 2 

  

  
 - 3    0 

S                 

                   

          0 

(m-3) (m+1)= 0 

         = -1   (The roots are real and different (      )) 

            A.    + B.      

= A.   + B.     

 

EX (2)  Solve the equation:    
   

   
 + 4 

  

  
 + 4    0 

S                                   

         0 

(m+2) (m+2)= 0 

          = -2        (The roots are equal (        )) 



       (A+ B ) 

=     (1+ 4 ) 

 

EX (3)  Solve the equation:    
   

   
   

  

  
 + 5    0 

S            

                        

         0 

  
   √      

  
  

 
 ( ) √( )   ( )( )

  ( )
 

   ±      (   α ±  β) 

         (A.      + B.     ) 

     (A      + B.    ) 

 
 

2) Particular solution (   )  

     There are many methods to find the particular solution, here, we 

consider two of the most common ones. 

1. Method of undetermined coefficient. 

2. The inverse  D-operator method. 

 

 



1.Method of undetermined coefficient: 

      In this method, we select the form of the particular solution then we 

calculate the coefficient in the function. If the particular solution is 

similar to a term in the complementary solution then we multiply the 

particular solution by the independent variable (x) and if this is, still, 

similar to another term we multiply by (x) again.  This steps will be 

repeated until is no similarity.  

 

EX (1)  Solve the equation:    
   

   
   

  

  
   3   

S          

       0 

         = -2        (The roots are real and different ) 

    A.    + B.      =    B.      

when the function is (   ) (where   is a constant) then:  

   A.  ;   
  

  
= A.  ;  

   

   
 = A.   

Sub. in the main equation:      A.   + 2 A   = 3 A     

  A =1 ;      A.   =    

          = (   B.    )+    

 

 

 



EX (2)  Solve the equation:    
   

   
         

S          

      0  

     ± √     (   α ±  β)  

  α = 0; β= 1 

         =    (A.      + B.     ) 

                    

      ( )                (     ) (                     )       

                      

 (   is similar to   ) 

thus we multiply the particular solution by the independent variable ( ): 

     (           )                       

  

  
   =                              

   

   
 = A                                            

   

   
 =                                  

Sub. in the main equation:             
   

   
         

(                                )+(       

       )        

                                               

      

 



                 =      

                         1        B =   
 

 
  

                      2A = 0         A= 0 

  = (              )   
 

 
         

Now, (   is not similar to   )  thus: 
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