DIFFERENTIATION

Powers, Multiples, Sums, and Differences

The first rule of differentiation is that the derivative of every constant function is zero.

RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = ¢, then

df _ d
dx ~dx =0

RULE 2 Power Rule for Positive Integers
If n 1s a positive integer, then




EXAMPLE 1

If f has the constant value f(x) = 8, then

df
E——(S) = ().

Similarly,

EXAMPLE 2  Interpreting Rule 2

f X x* x x*

f' 1 | 2x | 3x% | 4°




RULE 3 Constant Multiple Rule
If u 1s a differentiable function of x, and ¢ 1s a constant, then

i(cu) = c@
dx X

EXAMPLE 3

(a) The derivative formula
P N S
dx(?u ) = 3+2x = 6x

says that if we rescale the graph of y = x? by multiplying each y-coordinate by 3,
then we multiply the slope at each point by 3 (Figure 3.9).

(b) A useful special case

The derivative of the negative of a differentiable function u 1s the negative of the func-
tion’s derivative. Rule 3 with ¢ = —1 gives

d d d du
dx(_u)_dx(_l.u)_ _l.dr(u)__dr' N



RULE 4 Derivative Sum Rule

If # and v are differentiable functions of x, then their sum « + v 1s differentiable
at every point where # and v are both differentiable. At such points,
du dv

—(u+ )_d_+dx

EXAMPLE 4  Derivative of a Sum
y=x*+ 12x

dy d
dx  dx

= 4x° + 12
EXAMPLE 5  Derivative of a Polynomial

4)+—(12_1)

4
_p=x3+—x2—5x+1

3

dy d 5 d 5 d d

a{r—gl +E 33. —E(i{‘)—l—a(l)
=3xz+%-21—5+0
=3H+§x—5




Products and Quotients

While the derivative of the sum of two functions is the sum of their derivatives, the deriva-
tive of the product of two functions is noft the product of their derivatives. For instance,

d _d 2 _ - L IFWRE T S
dr(x x) o (") = 2x; while dx(m) dx(l) = 1+1 = T,

The derivative of a product of two functions is the sum of fwo products, as we now explain.

RULE 5 Derivative Product Rule
If « and v are differentiable at x, then so 1s their product «v, and

d _ Oy du
d—(uv) U + v v




EXAMPLE 7

Find the derivative of

' Solution

d
dx

1

[1_’

(x2 i

1

X

Using the Product Rule

)

1( 1
== f 9 — -,
8 7 .1'2
1
B i )
.1'3
2

y = % (x2 -

)+ (w2

l

X

1
X 4

We apply the Product Rule with # = 1/xand v = x? + (1/x):

)

1

X

2

)

d dv du
I (uv) = u = T v and

d (1 1
dx (‘) : ‘1'3 b}

Example 3, Section 2.7.



EXAMPLE 8 Derivative from Numerical Values

Let y = uv be the product of the functions «# and v. Find y'(2) if

u(2) = 3, u'(2) = —4, v(2) =1, and v'(2) = 2.

Solution  From the Product Rule, in the form

v = (uv)" = w' + vu',

Y'(2) = u)'(2) + v(2)u'(2)
(3)(2) + (1)(—4) =6 —4 = 2.



EXAMPLE 9  Differentiating a Product in Two Ways

Find the derivative of y = (x2 + (3 + 3).

Solution
(a) From the Product Rule with# = x?> + landv = x> + 3, we find

L2+ 1)(x* +3)] = 2+ DGR + (3 + 3)2)
= 3x* + 3x? + 2t + 6
= 5x* + 3x% + 6.
(b) This particular product can be differentiated as well (perhaps better) by multiplying
out the original expression for y and differentiating the resulting polynomial:
y=+DE+3)=x+x+ 3+ 3
dy

Yo .4 2 -
e 5x* + 3x° + 6x.



RULE 6 Derivative Quotient Rule

If # and v are differentiable at x and if v(x) # 0, then the quotient #/v is differ-
entiable at x, and

du dv

d (u)_ Zax "
H\v)ST 2

In function notation,

d !f(x)] CgWf () — f)g' )

dx g(X) B gz(x)



EXAMPLE 10  Using the Quotient Rule

Find the derivative of

Solution
We apply the Quotient Rule withu = t* — landv = t* + 1:

ﬁ _ (fz + l)“Zf - (fz - l)‘ZT d ”) - v(du/dt) — u(dv/dt)
dr (12 + 1) E(_ i
_ 200 + 2t — 217 + 21
(12 + 1)°
_ 41
(12 + 1)*

~

)
L v

10



Negative Integer Powers of x

The Power Rule for negative integers is the same as the rule for positive integers.

RULE 7  Power Rule for Negative Integers
If n 1s a negative integer and x # 0, then

%(x") =
EXAMPLE 11
(a) a% (%) = % x_l) = (—l).lt‘_2 = —Lz Agrees with Example 3,

X

X -+

(b) % (%) = 4%&_3) = 4(—3* = _12

k ¥

11



EXAMPLE 12  Tangent to a Curve The equation

Find an equation for the tangent to the curve y=pFmx = x)

is the point-slope equation of the line that passes through the point (xy, y;) and
has slope m.

=|ro

y=x+

at the point (1, 3) (Figure 3.11).

Solution  The slope of the curve is

The line through (1, 3) with slope m = —1 1s

y=3=(-1x-1) Point-slope equation
s = | | L 5y
y x4+ 1 +3 0 | > 3
y=—-x+4. |

FIGURE 3.11 The tangent to the curve:
y =x + (2/x)at (1, 3) in Example 12.




EXAMPLE 13  Choosing Which Rule to Use

Rather than using the Quotient Rule to find the derivative of

(x — )(x* — 2x)
P = .
- ):4

expand the numerator and divide by x*:

G- DEP =20 P34

x* %

4

Then use the Sum and Power Rules:

= x 1 — 3x72 4+ 2x73.

13



Second- and Higher-Order Derivatives

If y = f(x) is a differentiable function, then its derivative f'(x) is also a function.

So f" = (f")". The function f” is called the second derivative of f because it is the deriv-
ative of the first derivative. Notationally,

" dzy d d-_V d_]?’ " 2 . 2
=5 = (5) =5 = = D = D2 1),

The symbol D? means the operation of differentiation is performed twice.
If y = x, then ' = 6x° and we have

Y= % — %(6:(5) = 30x4.

Thus Dz(x6) = 30x4.
If y" is differentiable, its derivative, v = dy”/dx = d’v/dx? is the third derivative

of y with respect to x. The names continue as you imagine, with

d"y

dx"

y = %y("'” = = D"

14



EXAMPLE 14  Finding Higher Derivatives

The first four derivatives of y = x> — 3x? + 2 are

First derivative: y' = 3x% — 6x
Second derivative:  y" = 6x — 6
Third derivative:  y" = 6

Fourth derivative: y(‘” = ().

The function has derivatives of all orders, the fifth and later derivatives all being zero.

15



Derivatives of Trigonometric Functions

g (sin x) = cos x
— (sinx) = ¢

dx

d .
E(cos X) = —sin x
d

— (tan x) = sec’x
dx

Sla &|a &|a

(cot x) = —csc’x

(csc x) = —csc x cot x

(sec x) = sec x tan x

cost @ + sin?@ = 1.

cos(4 + B) = cos4AcosB — sin4sinB
sin(4 + B) = sindcosB + cosAsinB

| + tan? @ = sec? 6.
| + cot? @ = csc?@.

_sin#b 1
tan @ = cos 0 cotf = an 0
6 = ] 0 = l
SECY = Cos 0 CY T Sing




The derivative of the sine function is the cosine function:

(—,(sin X) = cosx
dx ’ o

EXAMPLE 1 Derivatives Involving the Sine

(@) v = x* — sinx:

dy = 2x — i(sin x)

dx dx
= 2x — cosux.
(b) y = x?sinx:
dy d (. .
— = x2- (sm x) + 2xsinx
dx dx
= x?cosx + 2xsinx.
_sinx.
() v=—"7"1:
X d (sin 1‘) — sinx- |
dy 7 dx\7T ‘
dx x2

_ XCOSX — sinXx

X 2

Difference Rule

Product Rule

Quotient Rule




The derivative of the cosine function is the negative of the sine function:

i(cos X) = —sinx
dx

Figure 3.23 shows a way to visualize this result.

EXAMPLE 2  Derivatives Involving the Cosine

(a) v = 5x + cosux:
% = ‘;—1(5\) + (;—i (COS x) Sum Rule
=5 — sinux.
(b) y = sinxcosx:
dy : ¢ d [ .
Jy  Simx—- (cos \) + cos xa(sm x) Product Rule
= sinx(—sinx) + cosx(cos x)
2 2

= COos“Xx — sIin“x.



COS X
C Vv = _ .
(€) 1 — sinx

(0= s & ons) - o - s

B Quotient Rule

x (1 — sinx)?
— (I — sinx)(—sinx) — cosx(0 — cosx)
) (1 — sinx)?
1 — sinx B |
- (I — sin x)2 sin’x + cos’x = 1
1

] — sinx’




EXAMPLE 5

Find d(tan x)/dx.
Solution
ac:v:)sxi (sin r) — Sinxi (cos r)
d (tan 1’) d [ sinx dx ) dx ’ Quotient Rul
Ty » - — uotien uie
dx dv \ €COS X cos2 x HHOHE N
cosxcosx — sinx (—sinx)
cosZ x
_ cos?x + sin®x
cos? x
_ L 2
= 5— = sectx B

COS X



EXAMPLE 6

Find y" if y = secx.

Solution
y = secx

y' = secxtanx

d
W = —(secxtanx
) dx( ecxtanx)

d d
= SeC X — (tan .1') -+ tanx—— (sec .1‘) Product Rule

dx dx

= sec x(sec?x) + tanx(secxtanx)

= sec3x + secxtan2 X



The Chain Rule

THEOREM 3 The Chain Rule

If f(u) is differentiable at the point # = g(x) and g(x) is differentiable at x, then
the composite function (f o g)(x) = f(g(x)) is differentiable at x, and

(f e 2)(x) = fl(g(x)) g’ (x).

In Leibniz’s notation, if y = f(u) and u = g(x), then

dv dyv du
dx  du dx’

where dy/du is evaluated at u = g(x).

Composite f- g

Rate of change at
xis f(g(x)) - gx).

f

e

g
Rate of change i Rate of change\l
atx is g'(x). at g(x) is f(g(x)). e
x u=gx)

y =flu) = f(gx))

FIGURE 3.27 Rates of change multiply: The derivative of f ¢ g at x is the
derivative of f at g(x) times the derivative of g at x.




EXAMPLE 1  Relating Derivatives

The function y = %x

How are the derivatives of these functions related?

= %(33') 1s the composite of the functions y = %u and u = 3x.

Solution  We have

dy 3 dy |

dx 2 du 2

31
Since 7 =73 3. we see that

dx  du dx



EXAMPLE 2

The function
y=0x%+6x2+ 1= (3x? + 1)?

is the composite of y = u? and u = 3x% + 1. Calculating derivatives, we see that

dy cdu
du e = 2u-6x

=2(3x% + 1)-6x
= 36x° + 12x.

Calculating the derivative from the expanded formula, we get

Z: = (;i (91 + 6x% + l)
= 36x> + 12x.
Once again,
dy du dy

du dx  dx’



EXAMPLE 3  Applying the Chain Rule

An object moves along the x-axis so that its position at any time f = 0 1s given by
x(7) = cos(t* + 1). Find the velocity of the object as a function of z.

Solution ~ We know that the velocity is dx/dt. In this instance, x is a composite function:
x = cos(u)and u = t* + 1. We have

X :
E = —Sln(ll) x = cos(u)
% = 2t. u=1t>+1
By the Chain Rule,
dx _ dx  du
dt  du dt
= —sin(u)- 2t dx evaluated at u

du
= —sin(t? + 1)+ 2t

= —2tsin(t®> + 1). n

10



“Qutside-Inside” Rule
It sometimes helps to think about the Chain Rule this way: If y = f(g(x)). then

dy

= () g,

In words, differentiate the “outside” function f and evaluate it at the “inside’ function g(x)
left alone; then multiply by the derivative of the “inside function.”

EXAMPLE 4  Differentiating from the Outside In

Differentiate sin (x* + x) with respect to x.

Solution

dx

inside inside derivative of
left alone the inside

isin (x2 + X) = cos (.1?2 +x)*(2x + 1) O

11



EXAMPLE 5 A Three-Link “Chain”
Find the derivative of g(7) = tan(5 — sin 2t).

Solution  Notice here that the tangent 1s a function of 5 — sin 27, whereas the sine 1s a
function of 2¢, which is itself a function of 7. Therefore, by the Chain Rule,

g'(1) =

% (tan (5 — sin ZI))

2 : d(c _ .
sec“(5 — sin2t) - 7 (5 Sin 21)

2 e . o . d
sec“(5 — sin21) (O cos 2t 7 (2!))

sec2(5 — sin2f) - (—cos2t) -2
—2(cos 2t) sec? (5 — sin2t).

Derivative of tan « with
u =5 — sin2t

Derivative of 5 — sinu
withu = 2t

12



The Chain Rule with Powers of a Function

If f 1s a differentiable function of # and if u is a differentiable function of x, then substitut-
ing v = f(u) into the Chain Rule formula

dy dy du
dx  du dx

leads to the formula

L flu) = /() 9.

Here’s an example of how it works: If n is a positive or negative integer and f(u) = u”,
the Power Rules (Rules 2 and 7) tell us that f'(x) = nu""'. If u is a differentiable function
of x, then we can use the Chain Rule to extend this to the Power Chain Rule:

d n—1 Q d

—u" = nu

dx dx T ( u" ) = nu"!

13



EXAMPLE 6  Applying the Power Chain Rule

(a) (Sx — xH = 7(5x* — xH°—

= 7(5x% — x*)°(5 -

= 7(5x> — x8(15x% — 4x?)

d
dx

d 1 _d oAl
®) % (3.\‘ — 2) =&~ 2

—1(3x — 2)*"- d

—1(3x — 2)'2(3)
3

 (Bx — 2)?

(5x3 — x4)

3x2 — 4x?)

(3x — 2)

Power Chain Rule with
.9
u=5"—-x*n=7

Power Chain Rule with
=3 —2.8 = —)

14



EXAMPLE 7  Finding Tangent Slopes

(a) Find the slope of the line tangent to the curve y = sin’

x at the point where x = 77/3.

(b) Show that the slope of every line tangent to the curve y = 1/(1 — 2x)? is positive.

Solution

i : d . :
(@) —— =5 sin*x+——sinx Power Chain Rule withu = sinx,n = §
dx dx
4

= 5sin" XCosXx

The tangent line has slope

dy
dx

() ()%

dy 3
(b) E—E(l —2.1)

4 d :
= —3(1 — 2.\‘) 4'E(] — 2.1‘) Power Chain Rule withu = (1 — 2x),n = —3

= —3(1 — 2x)*+(-2)
6
(1 —2x)*
At any point (x, y) on the curve, x # 1/2 and the slope of the tangent line is
dy 6

15



Derivatives of Logarithmic & Exponential Functions

d d
—(e"):e" (a"):a"lna
dx dx
d 1 d 1
— == log, x)=
dx( ) X dx( 2. %) xlna
d n n-1
a( X ) — 1y Power Rule
%(a") =a*lna Derivative of an exponential function




Example 1 Differentiate each of the following functions.
(a) R(w)=4" —5log, w
() f(x)=3e" +10x" Inx

Se’

¢) V=
©)) 3e' +1

§
R'(w)=4"In4-—

win9

f'(x)=3e" +30x% Inx +10x” (l
.

= 3e" + 3027 Inx +10a°

Se* (3e* +1)—(5e*)(3e*)
(3e” +1):

J

15 +5e* —15¢**

) (3@:’r + l)2

gy 1

e

- (3e’ +l)z

|




Derivatives of Inverse Trig Functions

d ;. _ 1
dx(smlx): —
d, o 1
dx(tan ‘1)_1+x2

- (s»&:c"l x)

1
dx M o |

d, .. 1
x(cos .x)— p—
d Ao 1

dx (COt :‘) O 1+a?
d

Alternate Notation

There is some alternate notation that is used on occasion to denote the inverse trig functions. This

notation is,
sin”' x = arcsin x
-1
tan ' x = arctan x

sec'l XA =arcsec x

COS_l X =arccos x
=1
cot  x =arccotx

CSC_1 X =arccsc x




Example 4 Differentiate the following functions.
@) f(t)=4cos™(¢)-10tan™" (7)

(b) y=+zsin™ (z)

Solution
(a) Not much to do with this one other than differentiate each term.
4 10

f'(r):_ﬁ_l_l_rz

(b) Don’t forget to convert the radical to fractional exponents before using the product rule.
' 1 —% A | \/;

y'=—z 2sin”'(z)+

2 ] — -2




Derivatives of Hyperbolic Functions

d ;. d ;
—(smh x) =coshx —(cosh x) =smh x
X dx
d ) d )
—(tanh x) =sech’x —(cothx) = —csch’x
dx dx
d d
—(sechx) = —sech x tanh x —(cschx) =—csch x coth x
Ix dx
sinhxze € coshx:e re
i 2
tanh x — sinh x cothx—COth— 1
cosh x sinhx tanhx
sechx = 1 cschx = : :
cosh x sinh x




Example 1 Differentiate each of the following functions.

(@) f(x)=2xcoshx

sinh 7
(®) k()= t+1
Solution
(a)
f'(x)=10x" cosh x + 2x° sinh x
(b)

(t+1)cosh?—smht
(’r+1)2

h'(t)=




Example 1 Find the first four derivatives for each of the following.
1

(@) R(1)=3"+82 +¢'
(b) y=cosx

© f(y)=sin(3y)+e™ +In(7y)

Solution
1

(a) R(t)=31" +81% +¢

There really isn’t a lot to do here other than do the derivatives.
1

R'(t)=6t+4t % +¢

i
R"(t)=3t > +¢

5 -1
RO (1) ==t +e



(b) y =cosx
Again, let’s just do some derivatives.

Yy =Cosx
y' =—sinx
y" =—cosx
y" =sinx
y(4) = COS X
() f(y)=sin(3y)+e™ +In(7y)
(_) 3COS(3) ) 2e T +l = 3005(3}:)_29_2-" +y_l

J”
y)=-9sin(3y)+ 4e7 -y~

)=
()=

( ’)=—27cos(3y)—8e™ +2y~
()=

fm 815111(31)+16e'2‘ 6y~



Implicit Differentiation

The functions that we have met so far can be described by expressing one variable explic-
itly in terms of another variable—for example,

y=4x*+1 or y= xsinx

or, in general, y = f(x). Some functions, however, are defined implicitly by a relation
between x and y such as

1 X+ y =25

or

2 x*+ y* = bxy




d
(a) If ¥* + y* = 25, find d_;}rf
(b) Find an equation of the tangent to the circle x¥* + y* = 25 at the point (3, 4).

SOLUTION 1
(a) Differentiate both sides of the equation x* + y* = 25:

d d
o+ ) = (25)

d d
() () =0

Remembering that y is a function of x and using the Chain Rule, we have

The equation
v=y + mx— xp)

is the point-slope equation of the line that passes through the point (xy, y;) and
has slope m.

4T HY_, Y
dx ) dy () dx J dx

dy
Th 2x + 2 =0
us x+oy
Now we solve this equation for dy/dx:

@y __X
dx y

(b) At the point (3, 4) we have x = 3 and y = 4, so

L S |
4

An equation of the tangent to the circle at (3, 4) is therefore

y—4=—-3x—-3 o 3x+4y=25

10




Example 1 Find y' for xy=1.

Solution
There are actually two solution methods for this problem.

Solution 1 :

This is the simple way of doing the problem. Just solve for y to get the function in the form that we're
used to dealing with and then differentiate.

1 , 1
y=— — y =7
X X
Solution 2 : d d d
E(xy(x))za(l) (1)}’(1)-#1’%(1(1)):0
J"_*_x-"':O y — .l_ 4 % 1
i s o y =—"""=""73

11



Example 2 Differentiate each of the following.
@ (52 =7x+1), [f ()], [v(x)]
(b) sin(3—-6x), sin(y(x))
(©) ex2—9x’ ey(«’f)

i[(sf ~Tx+ 1)5} =5(5x" =7x+1) (152> -7)

dx | |

LT =307 /()

dr . |
T, 3—6 Y :—6 3_6.(.
dx: [Slll( X ):I COS( \)

i(exz—mr) = (2.x—9)e"2_9Jr

dx I

[sin(y(x)) ] =" (x)cos(y(x))

_(ey(x-)) . vr(x)ey(x_)

12



Example 2 Find the second derivative for each of the following functions.

(@) O(t)=sec(5t)
®) g(w)=e""
© f(r)=In(1+7)

Solution

(a) O(1) = sec(5t)

Q'(t)=S5sec(5¢t)tan(5¢)

Q" (t)=25sec(5t)tan (5¢)tan (5¢)+ 25sec(5t)sec’ (5¢)

= 25sec(5t)tan’ (5¢)+ 25sec’ (5¢)

(b) g( ) 1-2w?

2 12w

g (W) =—6w’e

8"(119)=—12wel‘2“’3 — 6w’ ( _6* ) 1-2w

TP au3 :
=—12we ™" +36w'e " (1+7°)

(c) f(z —ln(l+r )

1(1) = 2(1+#7)—(21)(21)

(1+7° )2

13




Example 1 Differentiate the function.

5
X

y =
(l—le)\)x2 +2
Solution

Differentiating this function could be done with a product rule and a quotient rule. However, that
would be a fairly messy process. We can simplify things somewhat by taking logarithms of both sides.

lny:h{(l—IOx)x/x2+2]

lnyzhl(xs)—ln((l—le)\)xz+2) y: ¥ _l—IOx_z 1
lny=ln(xs)—ln(l—lOJnr)-—]n(\}x2 +2)

5 10 X

+ )
x 1-10x x"+2

Y
Yy
10 X

, 5
= —-I— —
4 y(x 1-10x x2+2)

5

S 10 X

x 5 J
= + —
(l—le)sz +2[x 1-10x x*+2

14



Example 2 Differentiate y =x*

Solution
We’ve seen two functions similar to this at this point.

d d

—(x" ) =" —
dx dx
Iny=Inx"
Iny=xlnx
Y- lnx+x(l) =lnx+1
y x

¥ =y(l+Inx)
=x"(1+Inx)

(a"'):ax Ina

15



cos(x)

Example 3 Differentiate y =(1—3x)

Iny=1In [(1 —~ 3x)cos(x) ] = cos(x)In(1-3x)

!

L — sin(x)In(1-3x)+cos(x) > —sin(x)In(1-3x)—cos(x) )
h% | 3.1' 1- 3x
' s f ' 3
¥y =—y(sm(x)hl(l—3x)+cos(x) )
1-3x
cos(X) | . 3
=—(1-3x) | sin(x)In(1-3x)+cos(x)
1-3x d s\ _ .

a(a ) =0 This 1s a constant
%( X" ) = nx"! Power Rule
%(a‘) =a"lna Derivative of an exponential function
% at ) =x* (l +In x) Logarithmic Differentiation

16



INTEGRATION-Indefinite Integrals

[ cf(x) dx = cf f(x) dx

 kdx=kx+ C

+1

[ X" dx = +C (n#—1)

n+1

ede=e"+ C

™

sin xdx= —cosx + C

sec’xdx=tanx+ C

™

sec xtan xdx =secx + C

1

5 dx=tan"'x + C
Joxt+ 1

sinh xdx = coshx + C

j [F(x) + g(0)] dx = j f(x) dx + j g(x) dx

!
—dx=1In|x| + C
J x

~ ax
a‘dx =
In a

+ C

™~

cos xdx=sinx+ C

-

csc’xdx = —cotx + C

~

csc xcot xdx= —cscx+ C

. |
J V1 — x?

.

cosh xdx =sinhx + C

dx=sin"lx + C

dx=tan 'x+c¢

J' 1
x> +1

smmhxdx=coshx+c¢

sech’ xdx =tanh x+¢

csch? xdx =—cothx+c¢

o/

|

l—-x

- dx=sin" x+c¢

coshxdx=smhx+c
sechxtanh xdx =—sechx+c¢

cschxcothxdy=—-cschx+c¢




Not listed in the properties above were integrals of products and quotients. The reason for this is
simple. Just like with derivatives each of the following will NOT work.

If(x)g(x)dx ijf(x)dxjg(x)dx Jgfﬂ dx # -J[i: _ ‘

x) (x)dx
With derivatives we had a product rule and a quotient rule to deal with these cases. However, with

integrals there are no such rules. When faced with a product and quotient in an integral we will have a
variety of ways of dealing with it depending on just what the integrand is.




@) 57 -10r° + 4dr

(b) [+ + 3% dx

N

J

(d) | dy

(e) :(w+i/;)(4—w2)dw

C4x"° —2x% +15x7

§3) 5 dx

J X

© [34% +L+ Lo
"

ISr3—10f*5+4dr:5(Z

l]r“—lo( 1

}r’s +4f+c

5 _
:Zr4+2r St At+c

_ 1
j:rg +x % dy=—x
0

jdy :j'ld}»‘:}”rc

7 1 > 1 -3
34/,\'_3+—+ dx=|3x*+7x" +=x 2dx
,[ X 6dx 6
7 1
:3Lx4 —ZJ_4+1[L].12 +c
7 4 y
4 2
7 1
:Exz—zx_"+—x5+c
7 4
1 7
J.(w+%/;)(4—w2)dw: I4w—w3 +4w3 —widw
] 3 2

= 2w’ _ZW4 + 33 —Ew3 +c

45" =2x*#15x% (44X 2x' 15x%
3 dx = 5t dx
X J x A X
(.
= | 4x” —2x+ E dx
J x

=%x8 —x’ +151n|x’+c

W

5 ,
Jl—dleﬁj lf::;’:qrzl;‘iln
\ .

X

X|+C




(a) I3ex +5cosx—10sec® xdx

1
2secwtan w+—dw
J 6w

23
(© 5

J vy +1

rad

3
N
(7 —6sin’ 6
J sin’é

(b)

(d)

dé

(e)

+6¢cscycot y+ 2 dy
y

+6sm x+10sinh x dx

|

23

J;

1 +6¢cscycoty+ 2 dy=23tan"' y—6¢cscy+9In |y| +c
+ y

3

. . . _l
+6smx+10smhxdy=3smn x—6¢cosx+10coshx+c¢

2
1—x

jBe" +5cosx—10sec’ xdx=3e" +5sinx—10tanx +c¢

1
JZ secwtanw+ —dw =

6w

1
f 2secwtanw+ —dw=2secw+

6w

i 11
2secwtanwdw+ | ——dw  fein2
. J6w I7 _682111 60’9:—[ 72 —-6d6
. i £1 si” 6 sin” @
. 2secwtan wdw+ — ;dw =I7CSC26—6d6
lln‘w|+c J7_,6S2m-9d9=—7c0t6'—69+c
6 s @ 4



If u 1s any differentiable function, then

+1

& . ;

= + #F —1, .
/u du - e (n 1, n rational)

EXAMPLE 1  Using the Power Rule

/“v] + 2 2pdy = /‘v’\r (%T) dy Lf: ]_ﬁ_,l_'

w2 du

B “2}_[ e Integrate, using Eq. (1)
- 4 withn = 1/2.

(1 /2) 1

2y - . :
= THJ;E +— Simpler form

2 24372 5 2
=3+ )+ C Replace u by 1 + y=.

e 5



EXAMPLE 2 Adjusting the Integrand by a Constant

f‘\/4r— 1 dt = l-\/41*— 1-4dt

\/— Letu=4t—1,
du/dt = 4.
With the 1/4 out front,
4/u 12 du the integral is now in

standard form.

. . 3/2 +C Integrate, using Eq. (1)
4 3/2 withn = 1/2.
1
= Ellyz + & Simpler form
=%(4f— 1)3/2+ C Replace u by 41 — 1.

Substitution: Running the Chain Rule Backwards

The substitutions in Examples 1 and 2 are instances of the following general rule.

THEOREM 5 The Substitution Rule

If u = g(x) is a differentiable function whose range is an interval / and f is con-
tinuous on /, then

/f(g(x))g'(x) dx = /f(u) du.




EXAMPLE 3  Using Substitution

- 1 Letu = 70 + 5,du = 7 d6,
fcos (70 + 5) db = /cos u - 7du (1/7) du = db.

1 y With the (1/7) out front, the

o 7 COs u au integral 1s now 1n standard form.

.

= 7sm R gk O

%sin (70 + 5)+ C Replace uby 760 + 5.

We can verify this solution by differentiating and checking that we obtain the original
function cos(70 + 5). &



EXAMPLE 4

Using Substitution

f.r2 sin (x3) dx = /sin (x?) *x? dx
-
sin u* 3 du
— sin u du
3

%(—cos u) + C

|
—3cos

(x) + C

Letu = x°.
du = 3x? dx.
(1/3) du = x* dx.

Integrate with respect to w.

Replace u by x~.



EXAMPLE 5

Using Identities and Substitution

/

1

cos? 2x

dx =

/ sec? 2x dx

/ sec? i+ 5 du
1 / 5

5 [ secu du

1
2tanu + C

1
> tan 2x C

|

S e
— SCC LX

Ccos 2x

u = 2x.

du = 2 dx;

dx = (1/2) du

d >

—fanu = sec " u
du



EXAMPLE 6  Using Different Substitutions 2~ dz

Evaluate \3/?2 & g

Solution 1: Substitute 4 = =

/ 2zdz / dit Letu = z° + 1,
—_— {3 A g V= A=
\‘S"‘I:E _|_ ] El‘ ]-I."J‘ L L W .
—1/3 - i I
= / w3 du [n the form [ u" du

=—=+ C Integrate with respect to w.

(z2+ 1) + C  Replaceubyz? + 1.

10



Solution 2: Substitute u = \yz2 + 1 instead.

2z dz

\3/2:24-1

The Integrals of sin® x and cos

2

_ 3u? du
o u

= %(z2 +1)%2 + C

X

Letu = Vz? + 1.

W=z + 1,

i

.
3u“du = 2zdz.

Integrate with respect to w.

Replace u by (z* + 1)'7.

11



EXAMPLE 7

(a) fsinzxd,rzfl_cﬂgzr "ﬁ'fl‘*—l_cmh
:%/(1—{;.3521-}.9%— fx——fCDSZIdl

1 l sm 2x
2™ 2 4
+ - 1 + g Ix
(b) /Cﬂszxdr = / l EGS?T coslx — c0s 2
— l sin 2x +C As 1n part (a), but

2 4 with a sign change

12



) W

®) [3(8y—1)e* ™ dy

© [**(3-1027)" dx

¥
(d) J— dx
V1 —4x?

u=w-—Inw duz(l—l)dw
W
J(l—i)cos(1v—h1 w)dw:_‘.cos(u)dn
W |
=sin(u)+c

=sm(w—Inw)+c
u=4y" -y du=(8y—1)dy
I 3(8y-1) e’ dy = 3_[ e du
=3e" +c¢

_ 24 -y
=3e +c

(a) (l—i)cos(w—ln w)dw u=3-10x"

du = -30x° dx 2 dx = —LO du

Ixz (3—10:@‘3 )4 dx = I(3—le3 )4 x? dx

u=1-4x" du = —-8xdx = xdx = —%du

L
2

dx = Ix(l —4x? ) dx

¥

J V11— 457
1

= —%Iu? du

1] 1
=——u?+c

1 1
=——|(]1—-4x" )? +C
H(1-ax)

13



Notation and Existence of the Definite Integral

The symbol for the number / in the definition of the definite integral is

b
/ f(x) dx

which is read as “the integral from a to b of f of x dee x”” or sometimes as “the integral
from a to b of f of x with respect to x.” The component parts in the integral symbol also
have names:

Upper limit of integration The function is the integrand.
e b / x is the variable of integration.
Integral sign \/’ /
f(x) dx
a
Lower limit of integration /: ot ~ g':::: i‘ot:gg:d ;::, T::::

Integral of ffrom ato b / evaluated the integral.




||
o
;:'""'--,_‘
-:_::"
3,
=

1.  Order of Integration: / flx) dx

I

ZLero Width Interval: / flx)dx =0 \lso a Definition

3. Constant Multiple: / Efix)dx = ﬁ/ flx) dx Any Number &

/ —f(x) dx = /fh’ dx

b
4. Sum and Difference: / (flx) £ glx)) dx = /fl[‘n]lr:h + /ghh:ﬁ

. Additivity: /}‘hhh +/f1:r:h = /ﬂr

Suppose f(x) is a continuous function on [a,b] and also suppose that F(x) is any anti-derivative

for f(x). Then,

= F(b)-F(a)




Example 1 Evaluate each of the following.

@ [y +y7dy
(b) L Y +yTdy

|

2 g 3 -1 .
j y + J; d}? — }J’ _— },’ + C j J? + },.'—"
1

3




Example 2 Evaluate each of the following.
o1
@) |

)
Ji(1=2)dt

v 4

(b)

(c)

@ |

Solution

J

6x> —5x+2dx

2
(22w — w43

dw

2
w

(a) J_13 6x° —5x+2dx

There isn’t a lot to this one other than simply doing the work.

1 2
_36;\' —5x+2dx=[

s

~84

22 — = x* +2x
2

|

1

-3

(b) [ Nr(r-2)d

[ Ni(-2)d

54———6)
2

3
_[ 5—2:‘ dt

4]




(c)

J

"2 S
297 —w+3

dhy

1

2 A 5
2w —w+3

2

"W

W

2

dw:J 2w —i+
1

w

(1

\ 2

,

= 8—1112—i
\
=9—-In2

3
=/ —w'-In |1v" ——

N

W

=2
3w dw

1

)—(1—1111—3
2 2

|

-10
(d) dR
25
P drR=R™
25 25
~_10-25
=35



Example 3 Evaluate each of the following.

@ [ 4x-6Yx* dx

x J'O?Z sin@ —5cos@dO =(—2cos @ —5sin 6) :.|,:3
(b) I 32sin@ —5cos0do

— —2cos[£J—Ssin(f)—(—zcoso—sSinO)

(c) J.M —2secztanzdz 3 3
——l—ﬂ+2
-20 | B S\/g
) 1N
Py 2
L: 43(—6%/,\7 dx =I; 4x —6x3 dx
1
3
=(2x2 —g_ﬁ)
5
0
18



J

/4

/6

/4

S
5—2se
C—
- ta
nzdz=(5
_..::—2se
c:)
x/6

:39_1—1

—In|—.

. \1\—(3{2“ 1
Eln‘—ZO‘j

—3e ' -3
._'E'_ED 1
+§ln‘2
0]



Using the Rules for Definite Integrals

Suppose that
| 4 !
/f(x)dx = 5, jf(x)dx = =2, / hix)dx = 7.
-1 [ -1
Then
i flf(x)dx = —/4f(x)dx = —{—~2) = 2 Rule |
4 |
2. ]l[2f(x) + 3h(x)] dx = 2/lf(x)dx + 3/Ih(x)dx Rules 3 and 4
-1 = -1

= 2(5) + 3(7) = 31

4 1 4
3. /f(x)dx=/f(x)dx+/f(x)dx=5+(—2)=3 Rule 5
—1 o | I



Example
(a) [° x* +1dx

J 2

(b) '0210x2 +10dx

() j; t* +1dt

szz +1a'x=(lx3 +x)
0 3

:1(2)3 +2—G(0)3 +0)

3
14

3
Loxz +1dx =—I§x2 +1dx

2

0

_14
3

[102% +10dx = [ 10(x* +1) v

.2
=10| x” +1dx

Jo
p

10 E)
. 3

10
3

Izrz +ldrzjza‘2 +1(,2’Jr:E
0 0 3



Example 3 Evaluate the following definite integral. :
P et € 2" ¥’ —xsin(x)+cos(x)
x* —xsin(x)+cos(x )d' 9 dx=0
\.2 +l X 130 .1'- +].
130 v
Example 4 Given that j f(x)dx =23 and I_m x)dx = —9 determine the value of

[ 27 (x)-10g (x)dx
[ o2/ (x)-10g (x)dx = [ 27 (x)ax—[ " 10g (x)dx
_2_[ f dl IOI g .1 dA
[ 27 (x)-10g (x)dr=-2[ " f (x)dv-10] " g(x)dx

:—2(23)—10(_9)
=44



Substitution Rule for Definite Integrals

Example 1 Evaluate the following definite integral.
0
[ 2 \1-as ar

In this case the substitution is,

u=1-4¢ du = —12¢%dt —

Plugging this into the integral gives,

1
j_oz 21\1—4F dt = —é _°2u5 du

t2dt = —idu
12

3

(" 2\1-4r ar = La-ary
B 5




0
| 20N1-47 ar

u=1-4¢
f=—2
r=0

The integral is now,

du =—12tdt = t*dt =——du
= u=1-4(-2) =33
= u=1-4(0) =1
1
ji2r2\)1—4r3 dt = —% ;::2 du

3
9 33
3 1
j‘_o_)zrzdl—zlr’ drz—%zﬂ
33




Example 2 Evaluate each of the following.

(a) I_Sl (1+ w')(2w+ w )5 dw

-6
(b) : — — > dx
L (1+2x) 1+2x

5 5 \5
(a) j_l(l - 1-v)(21--v+ w) dw
The substitution and converted limits are,

u=2w+nw du=(2+ 2w) dw

w=-l = wu=-1

j_sl(l + w)(2w+ w )5 dw = —;jj u” du

35

=153188802

-1

1

=——u°

(1+w)dw= %du
=> u =35



-6
5
(b)J L S EN
L (1+2x) 1+2x

Here is the substitution and converted limits for this problem,
u=1+2x du = 2dx — dx =—du

x=-2 = u=-3 x=—6 = u=-11
The integral is then,

-6 11
_ ! - > dxzij 4™ =2 du
L (1+2x) 1+2x 2J) u

= %(—?_u_2 —5In ‘u‘)

-11

-3

:l(_i_smu)_l(—g—st
2 121 29

5 5
zﬁ——lnll+5h13

1089 2



TABLE 8.1 Basic integration formulas

l./du=u+C

2, /kdu =ku+ C (any number k)

"H

4./udu—

N

Fad

csccudu =

/(du+d1r)—fdu+/dlr

1 + C (n# -1)

/-——-ln|u|+C

sinudu = —cosu + C
cosudu = sinu + C

seciudu = tanu + C

—cotu + C

10. secutanudu = secu + C
11. cscucotudu = —cscu + C
12. [ tanudu = —In |cosu| + C

\\\'\‘\\\

In|secu| + C

—_—
=

N, S, Meo e e Ml Rl Seo S

—_—
e

cotudu =

I

In |sinu| + C

—In |cscu| + C

“tC

+C (a

sinhudu = coshu + C

coshudu = sinhu + C

du
du
a’ + u? 3
du
uVu? — a
du
Va? + u?
du
Viu? — a?

=0,a#1)




EXAMPLE 1

Evaluate

Making a Simplifying Substitution

2x—'9

dx

Va2 — 9y + 1

u=x—9 + 1.
du = (2x — 9) dx.

Table 8.1 Formula 4,
withn = —1/2



EXAMPLE 2  Completing the Square

f dx
vV 8y — x2

We complete the square to simplify the denominator:
Br —x* = —(x* — 8x) = —(x" — 8x + 16 — 16)
= —(x* -8+ 16) + 16 = 16 — (x — 4)°.

[ dx _ / dx
J VEBx—x J V16 — (x — 4)
_ ] du
Va — u
= sin”! (%) + [ah
= sin ! (‘T ; 4) + C.

le 8.1, Forn

wila 18




EXAMPLE 3  Expanding a Power and Using a Trigonometric Identity

Evaluate

2

2
/(secx + tanx)”dx. tan’x + 1 = sec’x, tan’x = sec

x—1.

Solution  We expand the integrand and get

(secx + tanx)? = sec’x + 2secxtanx + tan’x.

We replace tan’ x by sec’x — 1 and get

[(secx + tanx)*dx = /(scczx + 2secxtanx + sec’x — 1)dx

= 2/scc2xdr+2fsecxtanxdx—/ldx

= 2tanx + 2secx — x + C.




EXAMPLE 4  Eliminating a Square Root

Evaluate

w/4 }
/ V1 + cos4dxdx.
0
Solution We use the identity

cos’ 9 = 1 ¥ ;os 29, or 1 + cos20 = 2cos’ 4.

With # = 2x, this identity becomes
1 + cos4x = 2 cos® 2x.

Hence,

w/4 " w4 -
/ V1 + cos4xdx=/ V2 Veos? 2x dx
0 0
w/4

= \/E/ |cos 2x| dx LBl o
0

~ [w/4 On [0, 7w/4).cos2x = 0,
= VQ/ cos 2x dx s0 |cos 2x| = cos 2x.
0
. w/4 Table 8.1. Formula 7. with
/=~ | sin 2x -
= V2 T:I u=2xanddu = 2 dx
1 0

Nl

I~ | - .
—\/2_2 0]—2. o



X — 3
3x + 2)3x% — Ix

2
: , x2 +
EXAMPLE 5  Reducing an Improper Fraction 3x 31'
—Yx
Evaluate
x- — Ix
/ TEY Bl + 6

Solution  The integrand is an improper fraction (degree of numerator greater than or
equal to degree of denominator). To integrate it, we divide first, getting a quotient plus a
remainder that is a proper fraction:

P —Tx _ 6
HEE ST Eed

Therefore,

X -—Tx , _ 6 w .
/3x+2 d’f—/(x—3+3x+2)dr—2 — 3+ x4+ 2] +C. 8




EXAMPLE 6  Separating a Fraction

f W42 .
V1 —a*
Solution We first separate the integrand to get

/3f+2dx=3/ /xdx 49 jdx .
V1 — x? V1 =x? V1 —x?

In the first of these new integrals, we substitute

Evaluate

u=1-x% du=-2xd, and xdv=-3du.
—1/2) du
3/ /( / ) =—%/u_'/2du
V1 - x?
N _ i<
= 21/2-'-C|— Vi —x"+ 6}
The second of the new integrals is a standard form,
2 L = 2sin"'x + Cs.

V1 —x°

Combining these results and renaming C, + C; as C gives

/ 3ff 2 2)—dx = —-3V1 —x¥+2sin'x + C.
V1 —x°



EXAMPLE 7  Integral of y = sec x—Multiplying by a Form of 1

Evaluate

f sec x dx.

Solution

_ _  Secx + tanx
/sccxdx—f(sccx)(])dx—fsecx sccx+tanxdx

. sec’x + secxtanx
secx + tanx

_ [ du
o u

=In |u]| + C=In |secx + tanx| + C.

u = tanx + secCux,
du = (sec* x + secxtanx) dx



Procedures for Matching Integrals to Basic Formulas

PROCEDURE EXAMPLE
Making a simplifying ; 22x — 9 dx = d::_
substitution Vxt = Ox + 1 vu
Completing the square V8x —x2= V16 — (x — 4)?
TABLE 8.2 The secant and cosecant integrals Using a trigonometric (secx + tanx)? = sec’x + 2secxtanx + tan’x
identity = sec’x + 2secxtanx
L /secudu=ln|secu+tanu| + C + (sec’x — 1)
= 2sec’x + 2secxtanx — 1
2. /csc udu = —In [escu + cotu| + C Eliminating a square root V1 + cosdx = V2 cos? 2x = \/2 |cos 2x|
. . 3 - Tx 6
Redlfcmg an improper BT R 3+ )
fraction
Separating a fraction 3;’L2, = — 3x =+ — 2
V1-x* V1I-x2 VI-x?
Multiplying by a form of 1 secx = secx* ﬁi i E:i

scczx + secxtanx
secx + tanx




Product Rule in Integral Form

If f and g are differentiable functions of x, the Product Rule says

%[f(x)g(x)] = f'(x)glx) + flx)g'(x).

In terms of indefinite integrals, this equation becomes

/ i ) s = f [ (x)gx) + fx)g'(x)] dx

[ flx)g'(x)dx = f(x)g(x) — / f(x)g(x) dx (1)

Sometimes it is easier to remember the formula if we write it in differential form. Let
u = f(x) and v = g(x). Then du = f'(x)dx and dv = g'(x) dx. Using the Substitution
Rule, the integration by parts formula becomes

Integration by Parts Formula
= .

/udv = uv —/trdu (2)




EXAMPLE 1  Using Integration by Parts

Find
/ xcosxdx.

Solution We use the formula f udv = uv — / v du with
u=Xx, dv = cosxdx,
du = dx, v = SinXx. Simplest antiderivative of cos x
Then
/xcosxdx = X8inX — /sinxdx = xsinx + cosx + C.

11



EXAMPLE 3  Integral of the Natural Logarithm

Find
/ Inx dx.

Solution  Since [ Inxdx can be written as [ Inx-1dx, we use the formula

fudv = uv — fvduwith

u = Inx Simplifies when differentiated dv = dx Easy to integrate
1 . o
du = de, v = X. Simplest antidenvative
Then
1
/lnxdx=xlnx—]x'ydx=xlnx— dx =xInx —x + C. =

Sometimes we have to use integration by parts more than once.

12



EXAMPLE 4  Repeated Use of Integration by Parts

Evaluate
/ xZe* dx.

Solution  Withu = x% dv = e¥dx, du = 2xdx,and v = e, we have

fxze"dx = x2e* — Z/xe"dr.

The new integral is less complicated than the original because the exponent on x is

reduced by one. To evaluate the integral on the right, we integrate by parts again with
u=x,dv=e"dc.Thendu = dx,v = e*, and

/xe"dx=xe“—/e’dx=xex—e’+C.
fxzexdr=xzex-2/xe"dr

= x%e* — 2xe* + 2¢* + C. i

Hence,

13



Average Function Value

The average value of a function [ (x) over the interval [a,b] is given by,

| b
Joe =5,/ (x)d

Example 1 Determine the average value of each of the following functions on the given interval.

f(t) =1 —51’+6005(7zt) on {—1,%}

There’s really not a whole lot to do in this problem other than just use the formula.

1 3
Sone = S0 I_"’ltz —5t+6¢os(7t)dt

=g(lt3 —22‘2 +£sin(m‘)} :

7\3 2 T »
1213
i 6

=-1.620993 1



The Mean Value Theorem for Integrals

If f(x) is a continuous function on [a,b] then there is a number cin [a,b] such that,

["f(x)dx=f(c)(b-a)

Note that one way to think of this theorem is the following. First rewrite the result as,
| b
— |, f(x)dx=1(c)
b—a“a
and from this we can see that this theorem is telling us that there is a number a < ¢ < b such that

Jog = f(c). Or,inother words, if f(x) is a continuous function then somewhere in [a,b] the

function will take on its average value.



Example 2 Determine the number c that satisfies the Mean Value Theorem for Integrals for the

function f(x) = x* +3x+2 onthe interval [1,4].

Solution

First let’s notice that the function is a polynomial and so is continuous on the given interval. This

means that we can use the Mean Value Theorem. So, let’s do that.

["x? +3x+2dx=(c* +3c+2)(4-1)

4

3
(lx3 +—x7 +2x) =3(c2 +3c+2)
3702 ,
99 ,
—=3c"+9%+6
2
0=3¢2+9c—5)

The Quadratic Formula Ifa # 0and ax? + bx + ¢ = 0. then

¢ = —b + Vb* — 4ac

2a

=)

-

[ (x)dx=1(c)
c= '3“/5:2.593
2
_3_
c= 2‘/6_7 = -5.593




Area Between Curves

In the first case we want to determine the area between y = f(x) and y=g (x) on the interval

[a,b] . We are also going to assume that f(x) > g(x) . Take a look at the following sketch to get an

idea of what we’re initially going to look at.
¥

y=f(x)

Whececee e ea oo

y=g(xv b

In the Area and Volume Formulas section of the Extras chapter we derived the following formula for the
area in this case.

A—I:f(x)—g(x)dx (3)



The second case is almost identical to the first case. Here we are going to determine the area between
x=f(y) and x=g(») onthe interval [c,d] with f(v)>g(»).

7 | PSR -

In this case the formulais,

A=["1(»)-g(y)dv )



In the first case we will use,

’ upper lower
4= . — , dx, a<x<b ®))
. function function
In the second case we will use,
) “ right \ [ left 'd Sy .
= — i c<y<
. function function Y Y ©)

2
Example 1 Determine the area of the region enclosedby }V =X and y = \/;

b
upper lower
A= pp- - , dx
i function function

= I;\/_ —x’dx
1

o
(23 1,
3 3
0

1
3



2

Example 2 Determine the area of the region bounded by y = xe v=x+1, x=2,and the y-
axis.

upper lower
A= pp. — , dx
function function

a

2 e
:JO x+1—xe™ dx

(l 2 1 —.\'2)2
=|—=X"+X+—e
2 2 ;




Example 3 Determine the area of the region bounded by V = 2x% +10 and y =4x+16.

2x? +10=4x+16

2 a4 e
2x"—4x-6=0 intersect at x = —1 and x =3

2(x+1)(x-3)=0

A ’ uppc_er - lowc-er x
. function function

[ 43c+16—(2.x2 +10)dx
J -1

.3
- 1—2.,\*2 +4x+6dx

3 4

—%xg’ +2x% + 61‘]

-1

04

_T 8



Example 4 Determine the area of the region bounded by V = 2x°+10 , v=4x+16, x=-2 and
xX=)J3.

A= (7227 +10—(4x+16)dx+ [ 4x+16-(2x> +10)dx+ [ 22* +10—(4x+16)dx
J =2 -1 3

- —1 7 3 ) 5 5
= _72x —4x—6dx+_[_l—2x +4x+6dx+L 2x° —4x—6dx

- 3
= [3,\‘3 —2x? —6x) +(2x3 —2x? —6x)
3 L, \3

5

L2
+(——x3 +2x° + 63‘]
) 3

3

14 64 64
=—t—
3 3 3
_l42
3




Example 5 Determine the area of the region enclosed by y =sinx, ¥ =C0SX, x = 2, and the y-
axis.

So, we have another situation where we will need to do two integrals to get the area. The
intersection point will be where

SINX = COS X

in the interval. We'll leave it to you to verify that this will be x = % The area is then,

b/
Dy - ;'z-.'.l'l2 -
A= .[04 COs X —sin xdx + I , SIx —Cos xdx
7/

/2

=(sinx +cosx)

4 +(—cosx—sinx)

0 /4 L
=\/5—1+(\/§—1) |
~2J2-2=0.828427

0oy

y=sinx




Example 6 Determine the area of the region enclosed by :%_1,2 —3and y=x-1.

|

y-{—]:—y‘?—:’, | B |
- So, it looks like the two curves will intersect at y =—-2 and y =4 orif we need the full coordinates
2y+2=y"-6
Y Y they will be : (—l,—2) and (5,4). ¥
0=y"-2y-8

0=(y-4)(y+2)

11



B ik right left o r
N ) function function 4 i

! 1
:J' (y+1)_(_y2_3}dy
, 2

Y
:j —— 9y’ +y+4dy
B 2

1 ]

3 2
=| —=—y +=y" +4y
(6} 2) })

=18




J -3

_ '_'312\/2x+6dx+ [

—["V2x+6 —(—V2x+6)dx+jid2x+6 —(x—1)dx

_51\/2x+6 —x+1dx

._—:2\/2x+ 6 dx +

'_51\/2x+ 6 dx+_[_51—x+ 1dx

5
1y +x)
2

-1

13



Example 7 Determine the area of the region bounded by X = —}"2 +10 and x = (y — 2)2 :

2
—y?+10=(y-2)
—v’+10=y" —4y+4
5 The intersection points are y =—1 and y = 3. Here is a sketch of the region.
0=2y"-4y-6

0=2(y+1)(y-3)

“( 1 ght left
A= _ — _ d)
) function function

— .3 ’2 — ) J— 2
= = +10—(y-2)

-3
=|_ —2y° +4y+6dy

3

= [—%}’3 429" +6y)

64

3

-1 14




Volumes of Solids of Revolution / Method of Rings

In this section we will start looking at the volume of a solid of revolution. We should first define just
what a solid of revolution is. To get a solid of revolution we start out with a function, y = f(x) ,onan

interval [a, b] : ¥
y




One of the easier methods for getting the cross-sectional area is to cut the object perpendicular to the
axis of rotation. Doing this the cross section will be either a solid disk if the object is solid (as our above
example is) or a ring if we’ve hollowed out a portion of the solid (we will see this eventually).

In the case that we get a solid disk the area is,
A = 7 (radius)’
where the radius will depend upon the function and the axis of rotation.
In the case that we get a ring the area is,

: N 2 . N2
outer inner

A=rm _ — ,
radius radius

This method is often called the method of disks or the method of rings.




Example 1 Determine the volume of the solid obtained by rotating the region bounded by
y = x—4x+5, x=1, x =4, and the x-axis about the x-axis.




A(x) = 7r(.7c'2 —4.7{'+5)2 = 77(x4 —8x° +26x* —40x + 25)

V = jb A(‘x)dx
= x| 14 x* _8x® + 26x — 40x + 25 dx

= n[%xS —2x* +?x3 —20x" + 25x]

187
5




Example 2 Determine the volume of the solid obtained by rotating the portion of the region

bounded by y = {/; and y = % that lies in the first quadrant about the y-axis.

4







Example 3 Determine the volume of the solid obtained by rotating the region bounded by
y= x* —2x and y =x abouttheline y=4.

Solution
First let’s get the bounding region and the solid graphed.




inner radius =4 — x

outer radius = 4 —(x2 — 2x) ——x"+2x+4

The cross-sectional area for this case is,
A(x) — ;z'((—x2 +2x+ 4)2 —(4— x)2 ) — 72'(.1‘4 —4x° —5x* + 24;\‘)

|
—_
1

(== S - A ) -~ 0 O
1 1 1 1 1 1 1 1

V :J‘: A(x)dx

3 4 3 2
— ﬂjo x =y —5x"+24xdx

3
1 S
T -4 :;r(—A'S—A‘4——.1‘3+12x2)

3 3

-<\, ] /!fy'=x Y
_ 1 \ " 3 {y=x-2x 1537

5



Example 4 Determine the volume of the solid obtained by rotating the region bounded by
y=2+x—1and y=x—1 about the line x =—1.

' 4
y
L 4F
W
v 3r
gl
Y S
; 1 1 1 lx
-1 0 1 2 3 5




I L] 1 I ] 1 1 1 ) 1 I I lx
-1 6-54-3-2-101 2 3 45

outerradius=y+1+1=y+2

2 2
inner radius = b £14]= Rl 52
4 4

V = dA(y)dy

< ?4
:ﬂjo 4y——£d)
:72'(2}?2 — ! };5)4

80 ’
967

10



Volumes of Solids of Revolution / Method of Cylinders

Example 1 Determine the volume of the solid obtained by rotating the region bounded by
y= (x —1) (x — 3)2 and the x-axis about the y-axis.

15F

O

1.+

05F

11




Doing this gives us a cylinder or shell in the object and we can easily find its surface area. The surface
area of this cylinder is,

= 277(.1‘4 —7x% +15x° —9x)

V = J: A(x)dx

= 2%_[13 xt—7x +15x* - 9xdx
3
| f: o
= 27r(—x5 — 45 =" )
5 4 2

3 24
5 ,




Example 2 Determine the volume of the solid obtained by rotating the region bounded by y= {/; ,

x =8 and the x-axis about the x-axis. R y

15

v=3x =  x=y'| |

0.5

13



A(y)=2n(radius)(width)
— 2”(}7) [8 —}’3)
:2ﬂ(8y—4f)

[ al)

— 2;2'-[0- 8}3 - },4 d}r
1 ) 2
0

=2;'r(4y2—g-y5

06
5

14



Applications of Derivatives

Critical Points — In this section we give the definition of critical points. Critical points will show up in
most of the sections in this chapter, so it will be important to understand them and how to find them.
We will work a number of examples illustrating how to find them for a wide variety of functions.

Linear Approximations — In this section we discuss using the derivative to compute a linear
approximation to a function. We can use the linear approximation to a function to approximate values
of the function at certain points. While it might not seem like a useful thing to do with when we have

the function there really are reasons that one might want to do this. We give two ways this can be
useful in the examples.

Differentials — In this section we will compute the differential for a function. We will give an application
of differentials in this section. However, one of the more important uses of differentials will come in the
next chapter and unfortunately we will not be able to discuss it until then.

Critical Points

We say that x = ¢ is a critical point of the function f (x) if f (c) exists and if either of the following
are true.

f'(e)=0 OR f'(¢c) doesn't exist




Example 1 Determine all the critical points for the function.

f(x)=6x"+33x* —30x" +100
Solution

We first need the derivative of the function in order to find the critical points and so let’s get that and

notice that we’ll factor it as much as possible to make our life easier when we go to find the critical
points.

f'(x)=30x* +132x* —90x?
=637 (5x” +22x-15)
=6x° (5x—3)(x+5)

Now, our derivative is a polynomial and so will exist everywhere. Therefore, the only critical points
will be those values of x which make the derivative zero. So, we must solve.

6x* (5x—3)(x+5)=0

Because this is the factored form of the derivative it’s pretty easy to identify the three critical points.
They are,

x=-5 x=0, Jr:E
5



Example 2 Determine all the critical points for the function.

g (1) =R (2t-1)
Solution

To find the derivative it’s probably easiest to do a little simplification before we actually differentiate.

Let’s multiply the root through the parenthesis and simplify as much as possible. This will allow us to
avoid using the product rule when taking the derivative.
2 5 2

g(1) =r§(21-1)=2r5 —13

Now differentiate.

So, in this case we can see that the numerator will be zero if f = ; and so there are two critical points

for this function.

5



1. Determine the critical points of f'(x)=8x" +81x’ —42x—8§.

Step 1
We'll need the first derivative to get the answer to this problem so let’s get that.

f'(x)=24x" +162x—42 =6(x+7)(4x—1)

Factoring the derivative as much as possible will help with the next step.

Step 2
Recall that critical points are simply where the derivative is zero and/or doesn’t exist. In this case the
derivative is just a polynomial and we know that exists everywhere and so we don’t need to worry about

that. So, all we need to do is set the derivative equal to zero and solve for the critical points.

6(x+7)(4x—1):0 p— x=-7, x:%




2. Determine the critical points of R(t) =1+80¢ +5¢* -2¢.

Step 1
We'll need the first derivative to get the answer to this problem so let’s get that.

R'(t)=240¢" +20f —10¢" =—10¢° (t +4)(t - 6)

Factoring the derivative as much as possible will help with the next step.

Step 2

Recall that critical points are simply where the derivative is zero and/or doesn’t exist. In this case the
derivative is just a polynomial and we know that exists everywhere and so we don’t need to worry about
that. So, all we need to do is set the derivative equal to zero and solve for the critical points.

—10¢%(t+4)(t-6)=0 = t=0, t=—4, t=6




Linear Approximations

Given a function, f (r) , we can find its tangent at x = a. The equation of the tangent line, which we’ll

callL (‘r) for this discussion, is,

L(x)=f(a)+[f(a)(x~a)

Take a look at the following graph of a function and its tangent line.

¥ y=j(x)

(a.7(a))




Example 1 Determine the linear approximation for f (r) = %/; at x =8. Use the linear

approximation to approximate the value of 3/8.05 and /25 .

Solution
Since this is just the tangent line there really isn’t a whole lot to finding the linear approximation.
12 L1
(x)=—x3= 8)=2 (8)=—
FER=3 e T®=2 1E)=g

The linear approximation is then,

1 - 1 4
Lix)=2+—(x-8)=—x+—
( ) 12( ) 12 3

Now, the approximations are nothing more than plugging the given values of x into the linear
approximation. For comparison purposes we’ll also compute the exact values.

L(8.05)=2.00416667 3/8.05 =2.00415802
L(25)=3.41666667 325 = 2.92401774



So, at x =8.05 this linear approximation does a very good job of approximating the actual value.
However, at x = 25 it doesn’t do such a good job.

Here’s a quick sketch of the function and its linear approximation at x=8.

r2
M-

0 5 10 15 20



Example 2 Determine the linear approximation for siné@ at 6=0.

Solution

Again, there really isn’t a whole lot to this example. All that we need to do is compute the tangent
lineto sné at 6=0.

f(68)=sin6d f'(6)=cosé
f(0)=0 f(0)=1
The linear approximation is,
L(6)=£(0)+f'(0)(6~a)
=0+(1)(9—0)
=0

So, as long as @ stays small we can say that siné =~ 6.




2x-10

1. Find a linear approximation to f'(x)=3xe at x=35.

Step 1
We’'ll need the derivative first as well as a couple of function evaluations.

f'(x)=3e"" +6xe> f(5)=15 f'(5)=33

Step 2
There really isn’t much to do at this point other than write down the linear approximation.

L(x)=15+33(x—5)=33x-150

While it wasn’t asked for, here is a quick sketch of the function and the linear approximation.

10



30

25

15

10
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Differentials

Given a function y = f(x) we call dy and dx differentials and the relationship between them is given
by,

dy = f'(x)dx

Note that if we are just given f(x) then the differentials are df and dx and we compute them in the
same manner,

df = f'(x)dx

We can use the fact that Ay ~ dy in the following way.

Example 1 Compute the differential for each of the following.
(@) y=t"—4t>+ Tt

(b) w=x"sin(2x)

© f (Z) — e3—=4 (b) dw= (2xsin(2x)+2x2 cos(2x))dx

(a) dy = (3£ —8t+7)dt

(c) df = 42337 d-

12




Example 2 Compute dy and Ay if y = cos(x2 + 1) —x as xchanges from x=2 to x=2.03.

Solution
First let’s compute actual the change iny, Ay.

Ay = cos((2.03)2 +1)—2.03—(cc.s.(22 +1)—2) =0.083581127

Now let’s get the formula for dy.

dy = (—szin (.1*2 + 1) - l)dx

Next, the change in x from x =2 to x =2.03 is Ax =0.03 and so we then assume that
dx ~ Ax =0.03. This gives an approximate change in y of,

dy =(-2(2)sin(2* +1)-1)(0.03) = 0.085070913

We can see that in fact we do have that Ay ~ dy provided we keep Ax small.

13



Example 3 A sphere was measured and its radius was found to be 45 inches with a possible error of
no more that 0.01 inches. What is the maximum possible error in the volume if we use this value of
the radius?

Solution
First, recall the equation for the volume of a sphere.
4
V =—=nr
3

Now, if we start with » =45 and use dr  Ar =0.01 then AV ~ dV should give us maximum error.

So, first get the formula for the differential.
dV =Axr*dr

Now compute dV .
AV ~dV =47 (45)" (0.01) = 25447 in’

The maximum error in the volume is then approximately 254.47 in.

14



Be careful to not assume this is a large error. On the surface it looks large, however if we compute
the actual volume for =45 we get V' =381,.703.51 in’ . So, in comparison the error in the volume

IS,

254.47
381703.51

x100=0.067%

That’s not much possible error at all!

15



Antiderivatives

DEFINITION Antiderivative

A function F is an antiderivative of f on an interval / if F'(x) = f(x)
forallxin /.

TABLE 4.2 Antiderivative formulas

Function General antiderivative
1.n+l
1. x" - + C, n # —1, nrational
n+1
. cos kx
2. sin kx - + C, kaconstant, kK # 0
3. cos kx sn}ckx + C, kaconstant,k # 0
4. sec? x tanx + C
S. csc? x —cotx + C
6. secxtanx secx + C
7. cSC x cot x —csex + C

16



TABLE 4.3 Antiderivative linearity rules

Function General antiderivative
1. Constant Multiple Rule: kf(x) kF(x) + C, kaconstant
2 Negative Rule: —f(x) —F(x) + C,

3. Sum or Difference Rule:  f(x) + g(x) F(x) £ G(x) + C

Indefinite Integrals

A special symbol 1s used to denote the collection of all antiderivatives of a function f.

DEFINITION Indefinite Integral, Integrand
The set of all antiderivatives of f is the indefinite integral of f with respect to x,

denoted by
f fx)dx.

The symbol f is an integral sign. The function f is the integrand of the inte-
gral, and x is the variable of integration.

17



EXAMPLE 3  Finding Antiderivatives Using Table 4.2

Find the general antiderivative of each of the following functions.

(a) f(x) =x°

) gx) = —=

Vx

(¢) A(x) = sin2x

X

(d) i(x) = cos >

Solution

(a) F(x) = %6 + C

(b) g(x) = x712,s0

12
Gx)=>—+Cc=2Vx+C
1/2
(¢) H(x) = _C(;_S 2 + C
sin (x/2) Cx
) = ——— = ~ 4+ C
(d) I(x) /2 + C = 2sin > C

Formula 1
withn = 5

Formula 1
withn = —1/2

Formula 2
withk = 2

Formula 3
withk = 1/2

18



Find the first and second derivatives.

Iy = —x? +3 % =¥ + x4 B

3. s=5t" — 3 4. w=37" - 723 + 212
4x° £ . & . A

S.y=—3 "2 B =k 5 g

2. y=x*4+x+8 = g—i=2x+1+0=2x+l = %:

— 5 ds _ d d 5) — 2 1 d’s __ d 2 d _ 3
3. s=500 -3t = £ =3(56) -5 (3°) =158 — 15t = T = £ (15¢%) — £ (15t") = 30t — 60t

4. w=37 -T2 +212% = D =215~ 2122 + 42z = LY =1267° — 422+ 42

v

_ dy _ 442 _ dy _
x=>dx—4x | = 77 =8

N
e

|
[FETN SN

6. y="§+"‘§—l—§l = g—i=x2+x+% = ﬂi§=2x+l+0=2x+]




Find derivative (a) by applying the Product Rule and (b) by multiplying the factors to

produce a sum of simpler terms to differentiate.

.y=0B-x*)x*-x+1)

(@ y=3-x*)(x3-x+1) = y’=(3—x2)-£—x(x3—x—|—l)+(x3—x+l)-di(3—x2)
_(z—x (B3x2— 1)+ (x* = x4+ 1)(=2x) = =5x* + 12x? — 2x - 3
(b) y=—x"+4x> x> -3x+3 = y =-5x"+12x* —2x -3

= e~ D2 w & 1) ‘

(a) y:(x—l}(x2+x+ ) = yV=x-DC2x+ D+ (x> +x+1)(1) = 3x?
b)) y=x—Dx*+x+1)=x> -1 = y =3x°

Ly =(x2+ l)(x + 5+ %)

@ y=+1)(x+54+L) = y=+1)- L x+5+) + (x+5+1)- L (x2+1)
=(x2—|—I)(l—:&'2)—I—(x+‘3+x‘1)(‘7'x)—(2
(b) y=x3+5x24+2x+5+1 = y =3x2+ 10x+2 -

1

l—x—2)+(2x2+10x+2)_2x +10x+2— %

2



“_2.1‘-{—5 P e
=2 C T x2 =1
2 /
x* — 4 ! 1
. 2(x) = . f(1) =
g(x) e 28 | R / t?+1—2
Ly = §:+5 use the quotientrule: u=2x+S5Sandv=3x—2 = v =2andV =3 = y = “;“"J
_ x=2)2)-(2x+503) _ 6x—-4-6x—15 _ _—19
o (3x —-2)° T (3x-—2) T (Bx-2)
7 — 2x + 1 N dz _ '-1)(2)—(2x+1)(2x) 2X° —2—-4x*—2x _ -2x*-2x-2 __ 2(x~+x+l)
S dx — (x2—1) (x2 —1)° o (xE=1)7 0 (x2=1)°
. g(x) = +05 ; use the quotientrule: u=x* —4andv=x+05 = v =2xandV =1 = ¢(x)=
_ x+059)20)-(x*-4 1) _ 2 +x—x"+4 _ x’+x+4
(x+0.5)° o (x + 0.5)- T (x+0.5)°
R —1 _ (t=D(t+1) _ 41 rery — (HE2)M) -+ D) _ t42-t—1 _ _ 1
- 1) = C+t=2 = (t+2)(t=1) — 12 #1= 1= (t+2)° (42 (1427

vu' —I.I‘J



Find the first and second derivatives of the functions | < (_) el

gt \v .

yo 2t T g xS dy @) -(F+7) G-+
.y = . . 5= — (2 + — (2% +
. X 1'2 %:x x xzx - =X xzx =2x—7x"2
60— 1)6%2+06+1) (x2+x)x2—x+1) /
. ' = 3 . U = 4
6 X /
cy= T =x24 x5 E=%x-x? =2x- L = j =2+ 14x7=2+1
cs=tEl =gl A oS5l s =052 2= 50220 =P+ 2
S 3 _6t 4 =1 _6
= W—l()t 6t =T —{
r= (9_1)(§-i+9+”_&'i&:1:1—%:1—9_3 = %204-39_4:39_4 :%:} %:—129-52;—1—}2
+x) (x*—x+1 + D(x*—x+1 '+ 1 ¢ -
u= & 1)(:‘ x+1) _ x(x }(:; X ):x(xm4 ) x;x 1+%=I+x3
du -4 __ -4 _ =3 du __ -5 __ 12
= 5 =0-"3X"=-3xxT" == ;5g=12Xx7"= 3 ,



Using Numerical Values

. Suppose « and v are functions of x that are differentiable at x = 0
and that

u(0) =5, «'(0)=-3, v(0)=-1, 2'(0) = 2.

Find the values of the following derivatives at x = 0.

d d [u d (v d
a. dx(uv) b. = (v) c. - (u) d. dx”v 2u)

u0) =5,u'(0) = -3, v(0) = -1, V(0) =2
@ fL@v)y=uw'+v' = L@yl _ =u0V(©0) +vOW(©0)=5-2+(—1)(-3)= 13

d fuy _ vu—uv d (u _ OO0 —uOV©O) _ (=1)=3)-(B5)2) _
b #@) =" = 0= (V(0))? = 1y =1
- d (vy _ w-—-w d (v _ uOVO) =vOW'©0 _ HAD-(=D=3) _ T
(€©) & (E) - W =~ & (u) x=0 (u(0))° o (5) 25

d L@v-20)=7 -2 = L(Tv-2u)|  =7V(0)-20(0)=7-2-2-3)=20



Find the tangent to the Witch of Agnesi (graphed here) at the point

y The equation
A y = 5 8 v =y +mx— xp)
x“+4 is the point-slope equation of the line that passes through the point (x,. y;) and
has slope m.
[ | || | > X
0l 1 2 3
y= 3 =y = (x* +4)(0)—8(2x) _ _—16x
Whenx =2, y=1landy = —16@) — _ 1 5o the tangent
| (22 +4)° 2 =

line to the curve at (2, 1) has the equation

y—l=—-2(x-2),ory=—%+2.



Differentiate each of the following functions. - (sin(x)) = cos(x) < (cos(x)) =—sin(x)
(a) g(x)=3sec(x)—10cot(x) %(tan(x)) = sec’ (x) :—x(cot(x)):—cscz(x)
(b) ( ’) =3w" —w’ tan(w) %(sec(x)): sec(x)tan(x) %(csc(x)):—csc(x)cot(x)
(¢) ¥y =35sin(x)cos(x)+4csc(x)
@ P(1)= sin (7) g'(x):3sec(x)tan(x)—10(—cs<32 (A))
3—2cos(1) =3sec(x)tan(x)+10csc® (x)

W(w)=-12w" —(2wtan(w)+w2 sec’ (w)) P(1)= cos(#)(3—2cos(r)) —sin(#)(2sin(7))
(3—2cos( ))2
_3cos( )—2cos®(t)—2sin’ ()
(3—2cos(t))

=—12w™ —2wtan(w)—w’sec’ (w)

¥ ' =5cos(x)cos(x)+S5sin(x )( sin (x )) 4csc(x)cot(x)
=5cos” (x)—5sin’ (x)—4csc(x)cot(x)



I. y= —10x + 3 cosx 2. y = %4— Ssinx
3. y=cscx —4Vx+ 7 4. y = x*cotx — lz-
.
5. vy = (secx + tanx)(secx — tanx)
6. v = (sinx + cosx)secx
. y=10x+3cosx = L= -10+3 L (cosx)= 10—
2. y:%—l—Ssinx:}%:;—f’—l— dJl(smx) _+S CoS X
_ - dy 4 _
3. y=cscx 4ﬁ+7:> g — —Cscxcotx m+0_
— x2 ~-1 dy _ 2
4. y= x?cotx = 4 dx(cotx)Jrcotx x(x)+

—X

2

csc? X + 2x cot X +

X
2
x3

—CSC X COot X — 7—
X

2
x4

3 sin X

2

—x2 ¢cse? x + (cot x)(2x) + %



5. y=(secx + tan x)(sec X — tan X) = gxz — (sec X + tan X) % (sec X — tan X) + (sec X — tan X) % (sec X + tan X)

— (sec X + tan x) (sec x tan X — sec® x) + (sec X — tan X) (sec x tan x + sec? x)

3

= (sec? x tan x + sec X tan® X — sec® x — sec? x tan x) + (sec? x tan X — sec x tan® x + sec®

X — tan x sec® x) = 0.

6. y=(sInX + cos X)sec X = g{ = (sin X + cos X) % (sec X) + sec x % (sin X + cos X)

(sin X + cos X) sin X + COS X — Sin X
Cos- X CcoSs X

= (sin X + cos Xx)(sec X tan x) + (sec X)(cos X — sin X) =

- )y - )y -
SIN" X+ COSXSINX+COS"X—CcosXxsinx 1 _ 2
5 s— — S€C™ X
COs- X COS- X




Differentiate each of the following functions.

1 + tan® @ = sec? 0.

7 . 1 + cot? @ = csc? 0.
r=4—0°sin6 . r=20sinf + cosf s ]
cos 0 tan @
r = secBcsch . r=(1 + secf)sinf e d = cscf = -]
cos f sin@

cr=4-0%sinf = = (0% 5 (sin0)+ (sin 0)(20)) = — (62 cos O + 26 sin ) = —6(6 cos 6 + 2 sin 0)

. r=60sinf + cosf = &—‘3:('9(:059+(sinﬂ)(l')')—sinﬂ:Hcosﬂ

. r=secfcscl = % = (sec #)(—csc # cot ) + (csc #)(sec H tan )

- (cc_aslﬁ) (silllﬂ) (E?tfg) + (silllﬂ) (cols.f?) (cs:;;g) - sigflﬂ + coifﬂ = sec’ ) — esc* f

L. r=(1+secH)sinf = &—‘é — (1 + sec @) cos 6 + (sin A)(sec O tan ) = (cos § + 1) + tan®? § = cos O + sec f



i The equation
Tangent Lines v =+l - x)
: 1s the point-slope equation of the line that passes through the point (xy, ») and
" .‘,,' = S1in _x, —37T/2 £ ¥ E 277 has slope m.
x=—m,0,37/2
y=sinXx = y = cos x = slope of tangent at
. , y
X = —7is Y (—m) = cos (—m) = —1; slope of 4
tangent at X = 0 is y'(0) = cos (0) = 1; and
. I 3r\ __ 3w
slope of tangent at x = 5 18 y' (7) = COS 5
= 0. The tangent at (—m,0)1sy — 0= —1(x + m),

or y = —x — m; the tangent at (0, 0) 1s
y — 0= I(x — 0), ory = x; and the tangent at
(&, 1) isy=—1.



given y = f(u) and u = g(x), find dy/dx =
f'(g(x))g' (x).
.y=6u—9 u=(1/2nx* 2. y=2u% u=28—1
J. y=smu, u=3x+1 4. y=cosu, u= —x/3
I. fuy=6u—9 = f'(u)y=6 = f'(g(x)) = 6:g(x) = %x‘* = ¢ (x) = 2x3; therefore gx’-’ = t'(g(x))g'(x)

= 6-2x3 = 12x3

2. f(u)y=2u? = f'(u)=6u® = f'(g(x)) =6(8x — 1)%; g(x) =8x — 1 = ¢£(x) = 8; therefore % = f'(g(x))g (x)
—6(8x — 1)2-8 = 48(8x — 1)?

3. f(u)=sinu = f'(uy=-cosu = f'(g(x)) =cos(3x + 1); g(x) =3x + 1 = g'(x) = 3; therefore % = f'(g(x))g'(x)
=(cos(3x+ 1))3)=3cos(3x + 1)

4. f(u)y =cosu = f'(u)= —sinu = f(gx)) = —sin(F):gx)= F = dx)=— %: therefore gxz = f'(g(x))g'(x)

= —sin () - (3) = ksin ()



4
L— ﬁ_*. ._l
o"v"_ 8 X X
. y = sec(tanx)
u:(%+X%) y:u4
— (X 4 L _ 5. dy _ dy du
u_(5+5x)9)’—u. dx — du dx
u=tanx,y = secu: ¥ —
.y ' dx

=
|

1 v = ody
T K,y—cotu. I =

dy du

du dx

dy du

du dx

.
b
-

y = cot ('n' = %)

X | 3
(5+%)

. 3
dy _ d 3
:%:dﬁﬂ—i:4u3'(%+l+%):4(%+x%) (

4
:5”4-(%_5;1):(%_{—51_1) (l_#)

X

4

+1+4

= (sec u tan u) (sec? x) = (sec (tan x) tan (tan x)) sec? x

(—esc?u) (&) = — L esc? (7 — 1)

|

x.

)



Differentiate each of the following functions.

1. f(x)=2e"-8& ‘f

2e”

— 8" 11’1( )

2. g(t)=4log,(t)—In(7)

g'(1)=

4 1
tIn(3) ¢

3. R(w)=3"log(w)

R'(w)=3"1In(3)log(w)+

4. y=

0 —e In(z) y' =5z




. Find the tangent line to f(x) =7 " +4e* at x=0. The equation

vy =y + mx — xp)

1s the point-slope equation of the line that passes through the point (xy. ;) and

. Find the tangent line to f(x) — ]1’1(.:1a‘)l».':1rg2 (.1) at x =2 . | hasslopem

f'(x)=7"In(7)+4e

f(0)=5 £'(0)=1n(7)+4=5.9459

y=1(0)+ £ (0)(x=0)=|5+(In(7)+4)x=5+5.9459x




Derivatives of Inverse Trig Functions

" 1
E(sm = =

d 2 1
E(tan 1x)=

2

—(sec:'l x) = :

dx | Vx® -1

1. T(z)=2cos(z)+ 6cos”’ (z)

2. g(t)=csc™ (t)—4cot™ (1)

3. y=5x"—sec” (x)

4. f(w)=sin(w)+w’tan™" (w)

4

, 1
t)=— +
TN e

+1

G

dx xyx’ -1

f'(w)=cos(w)+2wtan™ (w)+

P
W

1+ w?




Derivatives of Hyperbolic Functions

%(sinh x)=coshx

i(tamh x)=sech’x
dx

di(sech x)=—sech x tanh x
X

i coshx)=smhx
dx

di(coth x)=—csch’x
X

di(csch x)=—csch x coth x
x

1. f(x)=sinh(x)+2cosh(x)-sech(x) f'(x)=cosh(x)+2sinh(x)+sech(x)tanh(x)

2. R(t)=tan(t)+1#*csch(t)

3. g(

-~
—

): z+1
tanh (z)

R'(t) =sec?(t)+2tcsch(r)—1* esch(r)coth(r)

~,tanh(z)—(z+1)sech’(z)
g'(2)= tanh’ (z)




Implicit Differentiation

2y +4x7 —y=x°
6y° y'+8x—y' =6x°

(65°—1)y'=6x" —8x =

(14y+4y3)y'=—3COS(3x) =

}r

!

_ —3cos(3x)
14y +4y°




2

' cos(x2 +2y)+xey— =1,

2

—(2x+2y")sin(x> +2y)+e’ +2yy'xe’ =
(2x+2; ) )

- . 2 2
—2.,\"5111(;*:2 +2 1) -2y sm(:c2 +2 y) +e’ +2yyxe’ =0

2

(2)&'9"’2 —ZSin(:v:2 +2y))y' = 0+2xsin(:v:2 +2}.’)—e-y

2x sin(.:r2 - Zy) e

f

Y =

2yxe’ — 2sin(x’ +2y)




Indefinite Integrals

[ cf(x) dx = cf f(x) dx

[ kdx=kx+ C

+1

[ x"dx = +C (n#—1)
J n+1

Pe‘dx=e"+ C

Psin xdx= —cosx + C

-

sec’xdx=tanx+ C

™

sec xtan xdx =secx + C

¢ 1

5 dx=tan"'x + C
Joxt+ 1

-

sinh xdx = coshx + C

j [F(x) + g(0)] dx = j f(x) dx + j g(x) dx

!
—dx=1In|x| + C
J x

~ ax
a‘dx =
In a

+ C

™~

cos xdx=sinx+ C

-

csc’xdx = —cotx + C

~

csc xcot xdx= —cscx+ C

. |
J V1 — x?

.

cosh xdx =sinhx + C

dx=sin"lx + C

1 ’
j ——dx = tan 'x+c
x°+1

smmhxdx=coshx+c¢

sech’ xdx =tanh x+¢

csch? xdx =—cothx+c¢

dx=sin" x+c¢
N, 1 - X

coshxdx=smhx+c

sechxtanh xdx =—sechx+c¢

cschxcothxdy=—-cschx+c¢




I4x6 —2x° +Tx—4dx=%x"-2x" +Zx* —4x+c =‘%x? —1x* +1x° —4x+c\
i

-2 - -1 4 1 4
Iw +10w™” —8dw==+w +&w —8w+c=|-w —2w —8w+c




[(72 =1)(4+30)dr = [ 38 +4r* =3t - 4dr S VIRV PP

3 1
6/ x 6 6 |27 5




f(8x—12)(4x* ~12x) dr. u =4x* —12x du =(8x—12)dx

I(Sx—l?.)(4x2—12x)4dx=j‘u4du=%u5+c _ %(4x2—12x)5+c

-4 3\~7
I3t (2“" ) at. u=2+4t" du=-12t"dt - dt = —% du

_[3t"4(2+4t'3)-7 dl‘=-%ju"7 du=4u*+c = ﬁ(;?.+4:‘_3 )-6 +c




[(7y-2y°)e" 7 ay. =t gy

du=(4y3—14y)a}'=—2(7y—2y3)afv = (7y—2y3)dy=—§du

G & 3.2
I(7y—2y3)e) 7) dy :_%IEH l.’??H:—%EH-I—E =_%e} 7 e

IlOsm(zx)cos \/cos (2x)—5dx. u =Cosz(2x)—5

du = —4cos(2x) sin(2x)dx = —2(2)(%)005(2,\') sin(2x)dx
= 10cos(2x)sin(2x)dx =—<du

J‘IOSin(Zx)cos(zx)\/cosz(2x)—5 dx = —%J‘ul-‘ du = —%u% +c = —%(cosz (2x)—5)4} +c




“Qutside-Inside” Rule

It sometimes helps to think about the Chain Rule this way: If y = f(g(x)), then

dy ,
il (g(x))g'(x).

i [c052(2m)]

= 2cos(2z) - -2 [cos(2z)

= 2cos(2z) (—sin(2x)) - i 2x]

— —2cos(2z) - 2 - i[:{:] - sin(2x)
— —4 cos(2z) - 1sin(2z)
= —4 cos(2x) sin(2x)

By the Chain Rule,

dx _ dx du
dt  du dt




Ge™” 14e™ e
+ dw . =1—8e™

(1 B 8e7w )3 1— 8e7w

du = -56e"dw —> e "dw = —<=du
Tw Tw
6e 3+ 14e7wcﬁv: 6 L3+ l47w eh”dw
(1-8e™) 1-38e (1-8e™) 1-3e

7w Tw
J'(1—6;e7ﬂ')3 M 11_4§e7w dw=—¢ 6u~ +%du - _51_6(_3"_2 +14hl‘”|)+c

=

=|-%(-3(1-8™)" + 1411 -8e™] )+




Evaluate each of the following integrals.

jcos(x) —isdx = Icos(x) —3x7 dx=sin(x)+

X

4
j cos(x) —idx = J‘:cos(x) —3x7 dx = (sin(x) +

5
1 X

4(1“)

=sin(4)+

3

= Sill(4)+ﬁ—

‘[“““)‘4(14)]

sin(1)—=

+c= sin(x)+4x4 +c
4
2
4x* .
. . ... 165
sm(4)—sm(l)———
( ) () 1024




6

6 |
..‘1612x3 —9x? +2dx = (3x" - 3x’ + 2x) L 12x° —9x% +2dx =3252-2 =32

1

[ 5227z 43d: =23 (—1) =

4
J S _1fFdi- J':St'% _12¢% dr = (16r : —25—4:‘%)
1

——12\/_dr_—@___ _ 664
Jl \/- 5

2 3[_2 )
L < ] 11 1 2 1
+ —= ::.[ ——+—z7 —— -3d,._( 111‘ ‘4_230:34_1 —2)

2

1




E_ 2sec’ (w)—8csc(w)cot(w)dw= (2 tan (w)+8csc (n))
z .

:(%+2\/§)—(16+%): 1424316

- NS

s X 1 i = . 2 - -1/n 2 - '
J; €+ +ldx‘:(e + tan I(A‘))‘O =(e*+tan™(2))—(e’ +tan™' (0)) =|e’ + tan™ (2) -1

-2
f 7e” +£dy=(7ey+2h1|y‘):
-5 y -

=(7e +2In|-2|)—(7e” +2In|-5|) =|7(e” —e” ) +2(In(2) - In(5))




Substitution Rule for Definite Integrals

J‘:3(4x+x4)(10x2 +x —2)6 dx u=10x" +x" -2

du:(20x+5x4)dx:5(4x+x4)dx — (4x+x4)dx=§du

x=0:u=-2 x=1l:u=9

J.(:3(4x+3|c4)(10x2 e —2)6 dx = %f u® du

2

=gu'[, =%(4.782.969(-128)) =[H2221



4 8cos(21)
——dl u=9—5sin(2t)
0 \/9—55111(21)
du =—10cos(2t)dr _, cos(2t)dr =—&du
r=0:u=9 t=%:u=4

b4

T
8 2t _1
J cOS( ) dt = _W.L u 2 du

o /9 —S5sin(2¢)

1

I
a—y
|

|
—

|
o
o+
—

1
woe




J I5-2y+ d
B 5-2

du=-2dy
y=—4:u=13

_)

dy =—3du

J;

(4] 3

—37 _%h1|7‘—(—%13% —%lnll?a )

=—l:u=7

7
AT
dy_—fjv > +—du

2y 1

-1
J J5-2y + !
-4 -

3 7]

7

> +7 hl‘ll‘:l)‘

13

-7*)+4(In(13)-In(7))




0
J 3+t + dr_J' N3+t dr+J dt w=3+1 v=06f—1

" (6r 1)’ (61—1)°
du =2t dt > tdt =5 du dv = 6dt - dt =1dv
f:—2:u:7 {':O:u:B f=-2:v=-13 f=0:v=-1

0
J N3+t +- L ; dr:%ru% du+%j‘—1 v dv
P (6’-_1) 7 -13




J._12(2 - .:)3 + sin(:r:)[3 + 2(:05(:::)]3 d-

:I (2-=z) d.+.[ sin(7z) [3+2¢0$ (72) ] d=

u=2-z v=3+2cos(7z)
du =—d-z — dz = —du dv=-2rsmn(xz)dz .Y sin(77z)dz =—3-dv
c==2:u=4 c=1l:u=1 z=-2-y=5 z=1:9=]

J:(Z-:f +sin(zr:)[3+ 2cos(7r:.')]3 dz = —Ijzﬁdz: —#Ll\ﬁ dv

=—u | -5V ‘

~1(1-256)—

4|
5

L(1-625)=|25 4

78




TABLE 8.1 Basic integration formulas

TABLE 8.2 The secant and cosecant integrals

l./du=u+C

2. fkdu=ku+C (any number k)
3. f(du+du) /du+/du
4./udu-n+l+C (n# —1)
S.

/%=ln|u| + &

6. fsinudu=—cosu+C

7. /cosudu=sinu+C

8. /seczudu=tanu+C

9. /csczudu=—ootu+C
10. /secutanudu=secu+C
11. /cscucotudu=—cscu+C

12. fmnudu= —In |cosu| + C

= In|secu| + C

13.

14.

15.

cotudu = In [sinu| + C

a“du =

=In |cscu| + C

/
/e"du—e + €
/

+C (a

16. /sinhudu =coshu + C

17.

19.

20.

21.

22.

/coshudu =sinhu + C

du
a’® — u?
du__ _
./az+u2_
du
uVu® — a
du
Va?+ u?
du
u® — a?

= S.lﬂhl (E) +C .' 2
- sech® xdx=tanhx+c

= cosh™' (—) +C (u=>a=>0) [ coshxdx =sinhx +c

= In|secu + tanu| + C

—
2 8
= 5
| |

= —In|cscu + cotu| + C

>0,a#1)

f 21 de=tan'x+c
x +1

sinhxdx=coshx+c¢

[csch? xdx = —cothx+c¢

~

1

u
a

By 0 Y
)+ (@ > 0) ) 1—.1'2

dx=sinx+c

[ sech xtanh xdx = —sechx +¢

cschxcothxdxy=-cschx+c




Basic Substitutions

u=8x%+1
f;';’:d" .[du— ]6xdx] - .f%=2ﬁ+C=2\/8x2+l+C

Jcosxdx . u=14+3sinx
[m [du=3cosde] \/_ =2\/u+C=2y/1+3sinx+C

[ 3+v/sin v cos v dv; [duu:=cilsnvvdvl f ?\/— du=3-2 2 B3/2 4. C = 2sin vP/2 + C
3 2 . u=coty 3, o o cotly
fcm y escny dy: [du:—csc:?ydy] - fu( du)=—-%+C=—7-+C



Completing the Square

f‘ 8 dx Sf )
‘ X-2x+2 l+(x—l)

_x=] > u=0x=2 = u=1
=8(tan”' 1 —tan"'0) =8 (£ —0) =2
. I u=x-—3
'_[;x—zﬁc:lcx+0_‘-f(x 3 +1° du = dx
x=2 = u=-lx=4 = u=1
=2[tan”' | —tan~ ! (—1)] =2 % — (— %)] =T

[' _[’ ) u=t—2
. V-t +4t 3 \/I—(t 2)° du = dt

u==6-1

-8,

1 4+ v

—

’)

1

du
w1

= 8 tan""u]

= 2 [tan™!

\ f\/i IW [ u—df)] —>f ldiuj=sin'1u-|—C=Sin“l(9—])+C

]
U]-l



Trigonometric Identities

f(sec X + cot x)? dx = .I‘(secz X + 2 sec x cot X + cot’x) dx = _['sec2 x dx + f 2csex dx + f (csc?x — 1) dx
=tanx —2In|csc x +cot x| —cotx — x4+ C

: f(csc X — tan x)? dx = f(cscz X — 2 ¢sc X tan X + tan? x) dx = fcs,c2 x dx — [2 sec x dx + f(s.f:c2 x — 1) dx

= —cotx —2In|sec x +tan x| +tanx — x + C

. [csc X sin 3x dx = f(csc X)(sin 2X cos X + sin X cos 2x) dx = [(csc X) (2 sin x cos? X + sin X cos 2x) dx

= _"(2 cos® X + cos 2x) dx = ]'[(1 + cos 2Xx) + cos 2x] dx = ]'(l +2cos2x)dx = x+sin2x+C

. f(sin 3x cos 2Xx — cos 3x sin 2x) dx = fsin(3x —2x)dx = _['sin xdx = —cosx+ C



cos’@ + sin@ = 1.

1 + tan® 0 = sec? 0.
| + cot®@ = csc? 0.

cos(4 + B) = cosAcos B — sinAsinB

_ sin# B
sin(4 + B) = sin4dcosB + cos4sinB tan 6 = cos 0 cotf =
|
sec O = csch =
tan’x + 1 = sec’x, tan’x = sec’x — 1. cos 6

1

0

ta

=

1

sin @

Double-Angle Formulas

cos 20 = cos?0 — sin’6
sin20 = 2sinf@cos b

Half-Angle Formulas

cos2f = |l + cos26
2
gy 1 — cos 26

2




Improper Fractions

f(l —)dx=x—In|x+ 1|+ C

CfE = [(1- 2A5) dx=x—tan i x4+ C

x- 4+ 1

[ a= [ e

] t2 —t+ 2 tan” (%)+C

B Gy = [[(02 -0+ 1)+ 52s] =4 — L +0+3In[20—5|+C




Separating Fractions

fﬁd)(:fvldi—x—f ’;ixx_—Sln x+vV1—-—x2+4C

. fﬂde_ f2F+ [&=x— 12 4In|x +C

2x x—1

/4 /4
. j{; %a“;—‘dx—ﬁ (sec2x+5ecxtanx)dx=[tanx+secx]g (l—l—\/_) O+ 1)=+/2

1/2
: L E+‘f: dx—j; (H%_ Tha )dx-[tan F(2x) — In |1 + 4x° |]]/2
=(tan”' 1 —In2)— (tan"'0—In1) =% —In2



Eliminating Square Roots

: f;z\/l + cos 2t dt = f:g\/ﬂcos t| dt: — fz —/2 cos tdt = [—\/Esin t] :/2
=—\/5(sinir—sin%)=\/5

. fi\/l—l—cos t.dt=f_0__l\/§|cos%|dt; —>f_i\/§cosédt= [Zﬁsin %]li
= Zﬁ[sin()— sin (— %) = 2\/5

™

0 0 0
: f_r\/l —cos?6 df = f_r|sin 4| do: - f_ —sin@ df = [cos 0]” _ = cos 0 — cos(—m)

=1—(=1)=2

. [Tz\/l —sin? @ df = 'ETI_,2|C059| dé; - Lﬁz—cnsﬂdﬁz[—sinﬂ]gﬂ=—5in7r+sin%= |



l ntegra tiO n I_)‘\ Pa rts Integration by Parts Formula

u=lnx,du=df:dv=xdx,v=""

/udv=uv—/vdu

7«
2 X 2 2, 2
Lxlnxdx: [%lnx]l—ﬁ"z—'d:— ln2—[%]1=2ln2—%=ln4—%

x' .

u=lnx,du=%;dv=x3dx,v=

4
C c [ c
3 _xt _fx'dx_c__ S 3et
Lxlnxdx—[4lnx]l 4 x T 3 [16]_ 16

u=tan" ydu— idv=dy,v=y:

[tan ydy =y tan” }’—f v =ytan_ly—%ln(l-|—y2)-|-C:ytan—1y_

(I+y°)

u:sin‘ly,du=71_z dv=dy,v=y:
fsin‘lyclyzysin‘ y— \/%:ysin_ly+\/l—y2+c

In\/1+y>+C



1. Determine f, . for f(x) =8x—3+5¢" on [0, 2]. = 1
avg b—q

ij(x)dx

Solution

There really isn’t all that much to this problem other than use the formula given in the notes for this
section.

"= [4(5+5¢)

0

Jae = Z—L}I; 8x—3+5¢" " dx= %(4):2 —3x—5e"" )

)=

2. Determine f, . for f(x) =COS(2X)—Sin(" ) on L—%,JIJ.

Solution

There really isn’t all that much to this problem other than use the formula given in the notes for this

section.

a 2\/5

fae =75 [ cos(2x) —sin (%) dx = &(4sin (2x) + 2 cos(%))

E_(_%) ) _% 1




3. Find j:mg for f(x) =4x* —x+5 on [—2,3] and determine the value(s) of cin [—2,3] for which

f (C) = f;‘»“"g ’ If f(a) is a continuous function on [a,b] then there is a number cin [a,b] such that,
J,/(x)dx=7(c)(b~a)

Step 1

First, we need to use the formula for the notes in this section to find f

avg '

3

83
G

-2

! 312
j;‘,g=3_(1_2).|‘_24x —x+5dx=%(%x —Lix +5x)

Step 2
Note that for the second part of this problem we are really just asking to find the value of ¢ that satisfies
the Mean Value Theorem for Integrals.

There really isn’t much to do here other than solve f(c) = fm_,g :

4¢* —c+5=%8

4’ —c-2=0 = Cc= —=—2=1-1.3663, 1.6163




In the first case we will use,
’ upper lower
A= _ — _ dx, a<x<bh (5)
. function function
In the second case we will use,
) “( right lefe ) ey ]
— — . c<y<
. function function 4 Y (6)

. Determine the area below f(x) =3+ 2x—x" and above the x-axis.

3+2x—x'=0 > —(x+1)(x=3)=0

y

f(x)=3+2x— x?

./




. Determine the area to the left of g (y) =3—? and to the right of x=-1.

3-y’=-1 > y'=4 S y==2, y=2

So, the limitsonyare: -2<y <2,

2

A=[ 3=y —(-D)dv=[ 4-ydy=(4y-1»") =[Z

-

2

x=-1




. Determine the area of the region bounded by y=x"+2, y = sin(x), x=-]and x=2.

2

A= J‘_zlx‘? +2—sin(x)dx = (_%xs + 2x+cos(x))

=[9+cos(2)—cos(1)=8.04355

-1




. Determine the area of the region bounded by y=—, y=2x and x=4.

4

=[12-81n(4)+81n(2) = 6.4548

)

2

! 8
A =j 2x ——dx = (x2 —81n|x

) X



. Determine the area of the region bounded by x = y* —y—6 and x=2y+4.

Y -y—6=2y+4 > 3*-3y-10=(y-5)(y+2)=0 o> y=-2, y=5

Therefore the limitsonyare: -2 <y <3,

4= [ 2= -y 0)ar= [ 103y =105 4327~

2




> ~1x .
. Determine the area of the region bounded by y=xvx“+1, y=e ?, x=-3 andthe y-axis.

—-3<x<L0.

=j_3e‘f"-x\/ﬁdx ( : —%(x2+1)%)




. Determine the area of the region bounded by y =4x+3, y=6—-x-2x", x=—4 and x=2.

6—x-2x"=4x+3 o 2x +5x-3=(2x-1)(x+3)=0 - x=-3, x=7

]

1\"

A=:_:4x+3—(6—x—2x2)dx+E6—x—2x2—(4x+3)dx+.|‘;4x+3—(6—x—2x2)dx

-3 2 3 :
27 +5x=3dx+ | 3-5x-2x"dy+ [ 2% +5x—3dx

-3

2
x3+%x2—3x) +(3x—‘:‘,—'x2—%x3)
> B >

2
3

1
2 +(%x3 +2x7 —3x)
_3 =

|
R

1
2

__ 25 , 343 , 81 _ |343
o +2+8_12




|
x+2

:}’Z(’Hz)z: x=—%, x=1.

. Determine the area of the region bounded by y =

12:(“2)2 - (x+2)=1 - x+2=31=1 > x=-1
X +

A=J 1 —(x+2)2dx+J (x+2) - L i
_%x+2 -1 x+2

:(lnl.zc+2‘—l x+2)3)

+(;(x+2 h1‘x+2|)‘ y=(x+2f

(1[5

=[-%F-I()]+[¥-1(3)]=[F-n(})-n(3)=79605| |\ -z ]




Critical Points

We say that x = ¢ is a critical point of the function f (x) if f (c) exists and if either of the following

are true.
f'(e)=0 OR f'(¢) doesn't exist

. Determine the critical points of g (w) =2w —Tw* —3w-2.

Step 1
We'll need the first derivative to get the answer to this problem so let’s get that.

g'(w)=6w’-14w-3

Quadratic Formula

—b * b2 — 4ac

Ifax®+ bx + ¢ = 0, then x =

i _14+4268 _7+67
2 6

6w’ —14w—-3=0 = w 1

1



. Determine the critical points of Q(x) =(2- Sx)4 (xz — 9)3 :

Step 1

We’ll need the first derivative to get the answer to this problem so let’s get that.

~16(x* ~9) +3x(2-8x)]|

405 +6x +144 |

—4(2-8x)" (x*-9) [20x* ~3x-72] =0

(2-8x) =0

(x*-9) =0 -

20x* -3x-72=0

2-8x=0

x> -9=0

20x> -3x-72=0

—

~4(2-8x)’ (+* =9) [202* ~3x-72]

= x=7

— x=13

3432 -4(20)(-72) [3+4/5769
2(20) 40




z+4
222 4+z48

. Determine the critical points of f(Z) =

Step 1
We’ll need the first derivative to get the answer to this problem so let’s get that.

(2z-z+z+8)2 (24 +4+8) (24 +4+8)
248--2=0 = :=_812‘/5=—4¢3\/5
e ig—0  —1+V-63  -1+63i
i ya L — 4 —_ 4




. Determine the critical points of I'(}-’) — {/J-’E —6y.

Step 1
We'll need the first derivative to get the answer to this problem so let’s get that.

_4
5

7 (3)=4(2y-6)(»7 ~6y) * = ——
q




Linear Approximations

Find the linear approximation to g(:) = 3/; at =2 . Use the linear approximation to approximate

the value of /3 and ¥/10. Compare the approximated values to the exact values.

Step 1
We'll need the derivative first as well as a couple of function evaluations.

g'(z)=4z7" g(2)=2* g'(2)=4(2 1)

=

Step 2
Here is the linear approximation.

Step 3
Finally, here are the approximations of the values along with the exact values.

L(3)=1.33786 g(3)=1.31607
L(10)=2.37841 g(10)=1.77828 5



Find the linear approximation to f(f) =CoS ( 2r) at 1 = % Use the linear approximation to

approximate the value of COS(Z) and cos (18) . Compare the approximated values to the exact

values.

Step 1
We’ll need the derivative first as well as a couple of function evaluations.

f'(t)=-2sin(2¢t) f($)=cos(1) f'(%)=-2sin(1)

Step 2
Here is the linear approximation.

L(t)=cos(1)—2sin(1)(f—4)=0.5403-1.6829(¢ 1)

b

L(1)=-0.301169 f(1)=-0.416147
L(9)=-13.7647 £(9)=0.660317



Differentials
2
. Compute dy and Ay for y=e" as x changes from 3 to 3.01.

Step 1
First let’s get the actual change, Ay .

Ay = e _e¥ =501.927

-

Step 2
Next, we'll need the differential.

dy =2xe" " dx

Step 3
As x changes from 3 to 3.01 we have Ax =3.01-3=0.01 and we’ll assume that dx ~ Ax=0.01. The
approximate change, dy , is then,

dy=2(3)e’ (0.01)=486.185

Don’t forget to use the “starting” value of x (i.e. x =3) for all the x’s in the differential.



. Compute dy and Ay for y =x" —2x” + 7x as x changes from 6 to 5.9.

Step 1
First let’s get the actual change, Ay .

Ay=(5.9"-2(5.9")+7(5.9)) (6" -2(6")+7(6)) = -606.215

Step 2
Next, we’ll need the differential.

dy =(5x* —6x +7)dx

Step 3
As x changes from 6 to 5.9 we have Ax =5.9—-6=-0.1 and we’ll assume that dx * Ax =—0.1. The
approximate change, dy , is then,

dy =(5(6")-6(6)+7)(-0.1)=-627.1

Don’t forget to use the “starting” value of x (i.e. x =6) for all the x’s in the differential.
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