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Polar Coordinates 
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Examples: Find the areas of the regions in the following examples 

 

Solution:   

 

 

Solution:   
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Solution:   

 

 

Homework 1: Find the areas of the regions in the following: 
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Area between Polar Curves 
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Examples: Find the areas of the regions in the following Exercises: 

 

Solution:  

 

 

 

Solution:  
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Solution:  
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Solution:  

 

 

Homework 2: Find the areas of the regions in the following Exercises: 
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Examples: Find the lengths of the curves in the following Exercises 
 

 

Solution:  

 
 

 

Solution:  

 

 

 

Solution:  

 

 

 

Solution:  
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Examples: Find the areas of the surface generated by revolving the curves in the 

following Exercises about the indicated axes. 

 

Solution:  

 
 

 

Solution:  
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Examples: Find the areas of the regions in the following examples 

 

Solution:   

 

 

Solution:   
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Solution:   

 

 

Homework 1: Find the areas of the regions in the following: 
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Area between Polar Curves 
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Examples: Find the areas of the regions in the following Exercises: 
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Solution:  
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Solution:  

 

 

Homework 2: Find the areas of the regions in the following Exercises: 
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Examples: Find the lengths of the curves in the following Exercises 
 

 

Solution:  
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Examples: Find the areas of the surface generated by revolving the curves in the 

following Exercises about the indicated axes. 

 

Solution:  

 
 

 

Solution:  
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Vectors 

To record mass, length, or time, for example, we need only write down a number and 

name an appropriate unit of measure. We need more information to describe a force, 

displacement, or velocity. To describe a force, we need to record the direction in 

which it acts as well as how large it is. To describe a body’s displacement, we have to 

say in what direction it moved as well as how far. In this section we show how to 

represent things that have both magnitude and direction in the plane or in space. 

Component Form 

A quantity such as force, displacement, or velocity is called a vector and is 

represented by a directed line segment as shown in the figure. 
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The arrows we use when we draw vectors are understood to represent the same vector 

if they have the same length, are parallel, and point in the same direction (see Figure) 

regardless of the initial point. 
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𝐴 = 𝑂𝐴⃑⃑⃑⃑ ⃑⃑ = 𝑎𝑖 + 𝑏𝑗        (𝑉𝑒𝑐𝑡𝑜𝑟) 

|𝐴| = √𝑎2 + 𝑏2            (𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟) 

𝑖, 𝑗 are the fundamental unit vectors 
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𝑈𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 = �⃑⃑� =
𝐴

|𝐴|
=

𝑎𝑖 + 𝑏𝑗

|𝐴|
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Vector Algebra Operations 

Two principal operations involving vectors are vector addition and scalar 

multiplication. A scalar is simply a real number and is called such when we want to 

draw attention to its differences from vectors. Scalars can be positive, negative, or 

zero and are used to “scale” a vector by multiplication. 
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The Dot Product 

Dot products are also called inner or scalar products because the product results in a 

scalar, not a vector. After investigating the dot product, we apply it to finding the 

projection of one vector onto another  
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The vector projection 
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Example:  

Find the measures of the angles of the triangle whose vertices are A = (-1, 0), B = (2, 

1), and C = (1, -2). 

Solution: 
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The Cross Product 
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Examples: 

 

Solution: 

 

 

Solution: 
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Lines and Planes in Space 

This section shows how to use scalar and vector products to write equations for lines, 

line segments, and planes in space. 
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PARTIAL DERIVATIVES 

 

The calculus of several variables is similar to single-variable calculus applied to 

several variables one at a time. When we hold all but one of the independent 

variables of a function constant and differentiate with respect to that one variable, we 

get a “partial” derivative. We will see that differentiable functions of several 

variables behave in the same way as differentiable single-variable functions, so they 

are continuous and can be well approximated by linear functions. 

Partial Derivatives of a Function of Two Variables 

𝐼𝑓 𝑧 = 𝑓(𝑥, 𝑦)    𝑡ℎ𝑒𝑛 

First – order partial derivative: 

𝑧𝑥 =
𝜕𝑧

𝜕𝑥
=

𝜕𝑓

𝜕𝑥
= 𝑓𝑥 

𝑧𝑦 =
𝜕𝑧

𝜕𝑦
=

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 

Second – order partial derivative: 

𝑧𝑥𝑥 =
𝜕2𝑧

𝜕𝑥2
=

𝜕

𝜕𝑥
(𝑧𝑥) 

𝑧𝑦𝑦 =
𝜕2𝑧

𝜕𝑦2
=

𝜕

𝜕𝑦
(𝑧𝑦) 

𝑧𝑦𝑥 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑦
) =

𝜕

𝜕𝑥
(𝑧𝑦) 

𝑧𝑥𝑦 =
𝜕2𝑧

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑦
(

𝜕𝑧

𝜕𝑥
) =

𝜕

𝜕𝑦
(𝑧𝑥) 

𝑧𝑥𝑦 = 𝑧𝑦𝑥 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 48 

Example: If 𝑤 = (𝑥𝑦)𝑧 find 𝑤𝑧, 𝑤𝑥, 𝑤𝑦 

Solution: 

𝑤𝑧 =
𝜕𝑤

𝜕𝑧
= (𝑥𝑦)𝑧  ln(𝑥. 𝑦) 

𝑤𝑥 =
𝜕𝑤

𝜕𝑥
= 𝑧(𝑥)𝑧−1𝑦𝑧 

𝑤𝑦 =
𝜕𝑤

𝜕𝑦
= 𝑧(𝑦)𝑧−1𝑥𝑧 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 49 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 50 

 

Examples: Find 𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧 

 

 

 

 

 

Homework 3: 

1. 𝐼𝑓 𝑤 = tan−1 (
𝑦

𝑥
)  

𝐹𝑖𝑛𝑑   𝑤𝑥, 𝑤𝑦 

2. 𝐼𝑓 𝑧 = 𝑥3 + 𝑦5 + 3𝑥2𝑦4 + sin(
𝑦

𝑥
) 

𝐹𝑖𝑛𝑑   𝑧𝑥, 𝑧𝑦 

3. 𝐼𝑓 𝑧 =
𝑦

𝑥
     Then show that. 

𝑥
𝜕𝑧

𝜕𝑥
+ 𝑦

𝜕𝑧

𝜕𝑦
= 0 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 51 

 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 52 

 

 

 
 

Examples: Find all the second-order partial derivatives of the following functions: 

1.  
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2.  

 

 

 

 

 

3. Verify that 𝑤𝑥𝑦 = 𝑤𝑦𝑥 

 

 

 

4. Verify that 𝑤𝑥𝑦 = 𝑤𝑦𝑥 
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5. Show that the following function satisfies a Laplace equation (                             ) 

 

 

 

 

 

 

 

 

Homework 4: 

𝑰𝒇 𝒘 = 𝐭𝐚𝐧−𝟏 (
𝒚

𝒙
)   ,   𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 

i) 𝒙𝒘𝒙 + 𝒚𝒘𝒚 = 𝟎 

ii) 𝒘𝒙𝒚 = 𝒘𝒚𝒙 

iii) 𝒘𝒙𝒙 + 𝒘𝒚𝒚 = 𝟎 
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The Chain Rule 

 

 

 

 

 

Chain Rule for Functions of Two Independent Variables 

 

 

Chain Rule for Functions of Three Independent Variables 
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Example: 
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Directional Derivatives and Gradient Vectors 
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Estimating Change in a Specific Direction 
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Vectors 

To record mass, length, or time, for example, we need only write down a number and 

name an appropriate unit of measure. We need more information to describe a force, 

displacement, or velocity. To describe a force, we need to record the direction in 

which it acts as well as how large it is. To describe a body’s displacement, we have to 

say in what direction it moved as well as how far. In this section we show how to 

represent things that have both magnitude and direction in the plane or in space. 

Component Form 

A quantity such as force, displacement, or velocity is called a vector and is 

represented by a directed line segment as shown in the figure. 
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The arrows we use when we draw vectors are understood to represent the same vector 

if they have the same length, are parallel, and point in the same direction (see Figure) 

regardless of the initial point. 
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𝐴 = 𝑂𝐴⃑⃑⃑⃑ ⃑⃑ = 𝑎𝑖 + 𝑏𝑗        (𝑉𝑒𝑐𝑡𝑜𝑟) 

|𝐴| = √𝑎2 + 𝑏2            (𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟) 

𝑖, 𝑗 are the fundamental unit vectors 
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𝑈𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 = �⃑⃑� =
𝐴

|𝐴|
=

𝑎𝑖 + 𝑏𝑗

|𝐴|
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Vector Algebra Operations 

Two principal operations involving vectors are vector addition and scalar 

multiplication. A scalar is simply a real number and is called such when we want to 

draw attention to its differences from vectors. Scalars can be positive, negative, or 

zero and are used to “scale” a vector by multiplication. 
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The Dot Product 

Dot products are also called inner or scalar products because the product results in a 

scalar, not a vector. After investigating the dot product, we apply it to finding the 

projection of one vector onto another  
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The vector projection 

 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 35 

 

 

 

Example:  

Find the measures of the angles of the triangle whose vertices are A = (-1, 0), B = (2, 

1), and C = (1, -2). 

Solution: 
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The Cross Product 
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Examples: 

 

Solution: 

 

 

Solution: 
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Lines and Planes in Space 

This section shows how to use scalar and vector products to write equations for lines, 

line segments, and planes in space. 
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PARTIAL DERIVATIVES 

 

The calculus of several variables is similar to single-variable calculus applied to 

several variables one at a time. When we hold all but one of the independent 

variables of a function constant and differentiate with respect to that one variable, we 

get a “partial” derivative. We will see that differentiable functions of several 

variables behave in the same way as differentiable single-variable functions, so they 

are continuous and can be well approximated by linear functions. 

Partial Derivatives of a Function of Two Variables 

𝐼𝑓 𝑧 = 𝑓(𝑥, 𝑦)    𝑡ℎ𝑒𝑛 

First – order partial derivative: 

𝑧𝑥 =
𝜕𝑧

𝜕𝑥
=

𝜕𝑓

𝜕𝑥
= 𝑓𝑥 

𝑧𝑦 =
𝜕𝑧

𝜕𝑦
=

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 

Second – order partial derivative: 

𝑧𝑥𝑥 =
𝜕2𝑧

𝜕𝑥2
=

𝜕

𝜕𝑥
(𝑧𝑥) 

𝑧𝑦𝑦 =
𝜕2𝑧

𝜕𝑦2
=

𝜕

𝜕𝑦
(𝑧𝑦) 

𝑧𝑦𝑥 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
=

𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑦
) =

𝜕

𝜕𝑥
(𝑧𝑦) 

𝑧𝑥𝑦 =
𝜕2𝑧

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑦
(

𝜕𝑧

𝜕𝑥
) =

𝜕

𝜕𝑦
(𝑧𝑥) 

𝑧𝑥𝑦 = 𝑧𝑦𝑥 
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Example: If 𝑤 = (𝑥𝑦)𝑧 find 𝑤𝑧, 𝑤𝑥, 𝑤𝑦 

Solution: 

𝑤𝑧 =
𝜕𝑤

𝜕𝑧
= (𝑥𝑦)𝑧  ln(𝑥. 𝑦) 

𝑤𝑥 =
𝜕𝑤

𝜕𝑥
= 𝑧(𝑥)𝑧−1𝑦𝑧 

𝑤𝑦 =
𝜕𝑤

𝜕𝑦
= 𝑧(𝑦)𝑧−1𝑥𝑧 
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Examples: Find 𝑓𝑥 , 𝑓𝑦 , 𝑓𝑧 

 

 

 

 

 

Homework 3: 

1. 𝐼𝑓 𝑤 = tan−1 (
𝑦

𝑥
)  

𝐹𝑖𝑛𝑑   𝑤𝑥, 𝑤𝑦 

2. 𝐼𝑓 𝑧 = 𝑥3 + 𝑦5 + 3𝑥2𝑦4 + sin(
𝑦

𝑥
) 

𝐹𝑖𝑛𝑑   𝑧𝑥, 𝑧𝑦 

3. 𝐼𝑓 𝑧 =
𝑦

𝑥
     Then show that. 

𝑥
𝜕𝑧

𝜕𝑥
+ 𝑦

𝜕𝑧

𝜕𝑦
= 0 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 51 

 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 52 

 

 

 
 

Examples: Find all the second-order partial derivatives of the following functions: 

1.  
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2.  

 

 

 

 

 

3. Verify that 𝑤𝑥𝑦 = 𝑤𝑦𝑥 

 

 

 

4. Verify that 𝑤𝑥𝑦 = 𝑤𝑦𝑥 
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5. Show that the following function satisfies a Laplace equation (                             ) 

 

 

 

 

 

 

 

 

Homework 4: 

𝑰𝒇 𝒘 = 𝐭𝐚𝐧−𝟏 (
𝒚

𝒙
)   ,   𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 

i) 𝒙𝒘𝒙 + 𝒚𝒘𝒚 = 𝟎 

ii) 𝒘𝒙𝒚 = 𝒘𝒚𝒙 

iii) 𝒘𝒙𝒙 + 𝒘𝒚𝒚 = 𝟎 
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The Chain Rule 

 

 

 

 

 

Chain Rule for Functions of Two Independent Variables 

 

 

Chain Rule for Functions of Three Independent Variables 
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Example: 
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Directional Derivatives and Gradient Vectors 
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Estimating Change in a Specific Direction 
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R 

 

                    dy  

dx 

Multiple Integrals 

 

1. Double Integrals        y 

 

        

                                                                                                                                                        x 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dA 
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Finding Limits of Integration 
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Properties of Double Integrals 

Like single integrals, double integrals of continuous functions have algebraic 

properties that are useful in computations and applications. 

 

 

 

 

Examples of Double Integrals in Cartesian coordinates 
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Examples: Write an iterated integral for ∬ 𝑑𝐴
𝑅

 over the described region R using (a) 

vertical cross-sections, (b) horizontal cross-sections. 
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Examples: Sketch the region bounded by the given lines and curves. Then express 

the region’s area as an iterated double integral and evaluate the integral. 
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Double Integrals in Polar Form 

Double integrals are sometimes easier to evaluate if we change to polar coordinates.  

 

 
 

Finding Limits of Integration 
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Solution 
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Triple Integrals in Rectangular Coordinates 
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Example:  

 

 

 

 

 

 

 

 

Solution:  
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R 

 

                    dy  

dx 

Multiple Integrals 

 

1. Double Integrals        y 

 

        

                                                                                                                                                        x 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dA 
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Finding Limits of Integration 
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Properties of Double Integrals 

Like single integrals, double integrals of continuous functions have algebraic 

properties that are useful in computations and applications. 

 

 

 

 

Examples of Double Integrals in Cartesian coordinates 
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Examples: Write an iterated integral for ∬ 𝑑𝐴
𝑅

 over the described region R using (a) 

vertical cross-sections, (b) horizontal cross-sections. 
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Examples: Sketch the region bounded by the given lines and curves. Then express 

the region’s area as an iterated double integral and evaluate the integral. 
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Double Integrals in Polar Form 

Double integrals are sometimes easier to evaluate if we change to polar coordinates.  

 

 
 

Finding Limits of Integration 
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Solution 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 84 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 85 

 
 

 
 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 86 

Triple Integrals in Rectangular Coordinates 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 87 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 88 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 89 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 90 

 

 

 

 



2nd Year Chem. Eng.                   Mathematics Lectures                           2020-2021  

 91 

 

Example:  

 

 

 

 

 

 

 

 

Solution:  
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Triple Integrals in Cylindrical Coordinates 

When a calculation in physics, engineering, or geometry involves a cylinder, cone, or 

sphere, we can often simplify our work by using cylindrical or spherical coordinates, 

which are introduced in this section. 
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Examples: Find the volumes of the solids in Exercises  

    

1.  

  

  

 

2.   
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3.    

   

  
      

 

  

 

4.    

  
 

  

 

 

 


