
1.1.   INTRODUCTION 

+�GUD��LFV��

� +�GUD�OLFV� �WKLV� �RUG� KDV� EHH�� GHULYHG� IURP� D�
�UHHN� �RUN� µ+�GR�U�� �KLFK� PHD�V� �DWHU�� PD�� EH�
GHIL�HG�DV�IROOR�V��

� �,����������E���F��RI��������������F���F������F��
��������������������������R�����PR��R����

�RU

��,����������E���F��RI��������������F���F�����F��
is�based��on�experimental�observation�of�water��ow��

)��LG�0HFKD�LFV��

� Fluid�mechanics�may�be�de�ned�as�WK�W�EU��FK�RI�
���L�HHUL���VFLH�FH�ZKLFK�GH��V�ZLWK�WKH�EHK��LR�U�RI�
�uid�under�the�conditions�of�rest�and�motion�

� The� �uid� mechanics� may� be� divided� into� three�
SDUWV���W�WLFV��kinematics�D�G�dynamics�

�

� 6�D�LFV��The�study�of�incompressible��uids�under�static�conditions�is�called�K�GURVW�WLFV�D�G�
WKDW�GHDOL����LWK�WKH�FRPSUHVVLEOH�VWDWLF��DVHV�LV�WHUPHG�DV��HURVW�WLFV�

� .L�HPD�LFV��It�deals�with�the�velocities,�accelerations�and�the�patterns�of��ow�only.�Forces�or�
H�HU���FD�VL���YHORFLW��D�G�DFFHOHUDWLR��DUH��RW�GHDOW���GHU�WKLV�KHDGL���

� ���DPLFV��It�deals�with�the�relations�between�velocities,�accelerations�of��uid�ZLWK�WKH�IRUFHV�
or�energy�causing�them�

3URSHU�LHV�RI�)��LGV��H�HUD���VSHF�V��

� The�matter�can�be�classi�ed�on�the�basis�of�the�spacing�between�the�molecules�RI�WKH�PDWWHU�DV�
IROOR�V�

� ��� 6ROLG�VWDWH��D�G

� ��� )O�LG�VWDWH�

� �L�� /LT�LG�VWDWH��D�G� �LL�� �DVHR�V�VWDWH�

��������������������

� �

� �����
� ����� �LT�L�V�D������L��S��S���L�V
� ����� ���VL����DVV����VL�����L����

���VL���VS�FLILF�������
� ����� �S�FLILF���D�L���

� ����� �LVF�VL����������V� �D�� �I� �LV�
F�VL�����S�V� �I� I��L�V��II�F���I�
���S��D���������LVF�VL����II�F��
�I�S��VV��������LVF�VL���

� ����� ���������D�LF�S��S���L�V�

� ����� ���IDF�����VL���D���FDSL��D�L���

� ����� ���S��VVL�L�L���D������N�
������V�

������� �DS����S��VV���

� � ����O������

� � �E�H����H����H���H����Q�

� � ��H�UH����O���H����Q�

� � �Q��O�H�������OH�

lenovo
Highlight

lenovo
Typewriter
Lecture 4 



� ,��VR�LGV��WKH�PROHF�OHV�DUH�YHU��FORVHO��VSDFHG��KHUHDV� L�� �LT�LGV� WKH� VSDFL���EHW�HH��WKH�
GLIIHUH�W�PROHF�OHV�LV�UHODWLYHO��ODU�H�D�G�L����VHV�WKH�VSDFL���EHW�HH��WKH�PROHF�OHV�LV�VWLOO�ODU�H��,W�
PHD�V�WKDW�L�WHU�PROHF�ODU�FRKHVLYH�IRUFHV�DUH���U�H�L��VROLGV��smaller�L��OLT�LGV�D�G�extremely�small�
L���DVHV��D�G�R��DFFR��W�RI�WKLV�IDFW��VROLGV�SRVVHVV�FRPSDFW�D�G�UL�LG�IRUP��OLT�LG�PROHF�OHV�FD��
PRYH�IUHHO���LWKL��WKH�OLT�LG�PDVV�D�G�WKH�PROHF�OHV�RI��DVHV�KDYH��UHDWHU�IUHHGRP�RI�PRYHPH�W�
VR�WKDW�WKH��DVHV�ILOO�WKH�FR�WDL�HU�FRPSOHWHO��L���KLFK�WKH��DUH�SODFHG�

� ��VR�LG�can�resist�tensile,�compressive�and�shear�stresses�upto�a�certain�limit�whereas�a��uid�has�
�R�WH�VLOH�VWUH��WK�RU�YHU��OLWWOH�RI�LW�D�G�LW�FD��UHVLVW�WKH�FRPSUHVVLYH�IRUFHV�R�O���KH��LW�LV�NHSW�L��D�
container.�When�a��uid�is�subjected�to�a�shearing�force�it�deforms�continuously�as�long�as�the�force�
is�applied.�The�amount�of�shear�stress�in�a��uid�depends�on�the�magnitude�of�the�rate�of�deformation�
of�the��uid�element.

� �LT�LGV�D�G���VHV�H[KLELW�GLIIHUH�W�FKDUDFWHULVWLFV��7KH�OLT�LGV���GHU�RUGL�DU��FR�GLWLR�V�DUH�
quite�dif�cult�to�compress�(and�therefore�they�may�for�most�purposes�be�regarded�as�incompressible)�
�KHUHDV��DVHV�FD��EH�FRPSUHVVHG�P�FK�UHDGLO����GHU�WKH�DFWLR��RI�H[WHU�DO�SUHVV�UH��D�G��KH��WKH�
external�pressure�is�removed�the�gases�tend�to�expand�inde�nitely).

1.2.   FLUID  

� ��IO�LG�PD��EH�GHIL�HG�DV�IROOR�V�

� �A��uid�is�a�substance�which�is�capable�of��owing��

RU

� �A�fluid� is�a� substance�which� deforms�continuously�when� subjected� to� external� shearing�

IR�F���

� ��IO�LG�KDV�WKH�IROOR�L���FK�U�FWHULVWLFV�

� ��� ,W�KDV��R�GHIL�LWH�VKDSH�RI�LWV�R����E�W�FR�IRUPV�WR�WKH�VKDSH�RI�WKH�FR�WDL�L���YHVVHO�

� ��� (YH��D�VPDOO�DPR��W�RI�VKHDU�IRUFH�H[HUWHG�R��D�OLT�LG�IO�LG��LOO�FD�VH�LW�WR���GHU�R�D�GH�

IRUPDWLR���KLFK�FR�WL��HV�DV�OR���DV�WKH�IRUFH�FR�WL��HV�WR�EH�DSSOLHG�

A��uid�may�be�classi�ed�DV�IROOR�V�

����L���LT�LG��� �LL����V��� �LLL��9�SR�U�

����L��Ideal��uids�� �LL��Real��uids�

/LT�LG�

� l� ��OLT�LG�LV�D�IO�LG��KLFK�SRVVHVVHV�D�definite�volume���KLFK�YDULHV�R�O��VOL�KWO���LWK�WHP�

SHUDW�UH�D�G�SUHVV�UH��

� l� /LT�LGV�KDYH�E�ON�HODVWLF�PRG�O�V��KH����GHU�FRPSUHVVLR��D�G��LOO�VWRUH��S�H�HU���L��WKH�

VDPH�PD��HU�DV�D�VROLG���V�WKH�FR�WUDFWLR��RI�YRO�PH�RI�D�OLT�LG���GHU�FRPSUHVVLR��LV�H[WUHPHO��

VPDOO��LW�LV��V�DOO��L��RUHG�D�G�WKH�liquid�is�assumed�to�be�incompressible����OLT�LG��LOO��LWKVWD�G�

D�VOL�KW�DPR��W�RI� WH�VLR��G�H�WR�PROHF�ODU�DWWUDFWLR��EHW�HH��WKH�SDUWLFOHV��KLFK��LOO�FD�VH�D��

apparent�shear�resistance,�between�two�adjacent�layers.�This�phenomenon�is�known�as��LVFRVL���

� l� �OO�N�R���OLT�LGV�YDSRULVH�DW��DUUR��SUHVV�UHV�DERYH�]HUR��GHSH�GL���R��WKH�WHPSHUDW�UH�

� �DV��,W�SRVVHVVHV�no�definite�volume�D�G�LV�compressible�

� 9DSR�U��,W�LV�D��DV��KRVH�WHPSHUDW�UH�D�G�SUHVV�UH�DUH�V�FK�WKDW�LW�LV�YHU���HDU�WKH�OLT�LG�VWDWH�

�H�����VWHDP��

� Ideal��uids.�An�ideal��uid�is�one�which�has��R��LVFRVLW��D�G�V�UI�FH�WH�VLR��D�G�LV�incompressible��

In�true�sense�no�such��uid�exists�in�nature.�However��uids�which�have�low�viscosities�such�as�water�

and�air�can�be�treated�as�ideal��uids�under�certain�conditions.�The�assumption�of�ideal��uids�helps�

L��VLPSOLI�L���WKH�PDWKHPDWLFDO�D�DO�VLV�



� Real��uids.��A�real�practical��uid�is�one�which�has�viscosity,�surface�tension�and�compressibility�
L���GGLWLR��WR�WKH�GH�VLW�.�The�real��uids�are�actually�available�in�nature.

� �R��L���P��A�continuous�and�homogeneous�medium�is�called�continuum��)URP�WKH�continuum�
view� point,� the� overall�properties� and� behaviour�of� fluids� can� be� studied�without� regard� for� its�
atomic�and�molecular�structure.

1.3.   LIQUIDS AND THEIR PROPERTIES  

� l� ��/LT�LG�FD��EH�HDVLO��GLVWL���LVKHG�IURP�D�VROLG�RU�D��DV�

� l� ��6ROLG�KDV�D�GHIL�LWH�VKDSH�

� l� ��OLT�LG�WDNHV�WKH�VKDSH�RI�YHVVHO�L�WR��KLFK�LW�LV�SR�UHG��

� l� ���DV�FRPSOHWHO��ILOOV�WKH�YHVVHO��KLFK�FR�WDL�V�LW�

� The�properties�of�water�are�of�much�importance�because� the�subject�of�hydraulics�is�mainly�
FR�FHU�HG��LWK�LW��6RPH�LPSRUWD�W�SURSHUWLHV�RI��DWHU��KLFK��LOO�EH�FR�VLGHUHG�DUH�

� �L�� �H�VLW��� �LL)� Speci�c�gravity,� (LLL�� 9LVFRVLW���

� �L��� 9DSR�U�SUHVV�UH�� ���� �RKHVLR��� ��L�� �GKHVLR��

� ��LL�� 6�UIDFH�WH�VLR��� ��LLL�� �DSLOODULW���D�G� �L��� �RPSUHVVLELOLW��

1.4.   DENSITY  

1.4.1 Mass Density
� 7KH�GH�VLW���DOVR�N�R���DV�mass�density�or�specific�mass��RI�D�OLT�LG�PD��EH�GHIL�HG�DV�WKH�

mass�per�unit�volume�
m

9

 
 
 

at�a�standard�temperature�and�pressure��,W�LV��V�DOO��GH�RWHG�E��ρ��UKR���

,WV���LWV�DUH��N��P���i.e.,���
m
9

ρ = � ��������

1.4.2 Weight Density
� 7KH��HL�KW�GH�VLW���DOVR�N�R���DV�VSHFLILF��HL�KW��LV�GHIL�HG�DV�WKH�weight�per�unit�volume�at�
WKH�standard�temperature�and�pressure��,W�LV��V�DOO��GH�RWHG�E��Z�

� � Z�  ���� ��������

� )RU�WKH�S�USRVHV�RI�DOO�FDOF�ODWLR�V��UHODWL���WR�+�GUD�OLFV�D�G�K�GUD�OLF�PDFKL�HV��WKH�VSHFLILF�
�HL�KW�RI��DWHU�LV�WDNH��DV�IROOR�V�

� ,��6�,��8�LWV�� Z�  � �����N1�P���RU������������1�PP��

� ,��0�.�6��8�LWV�� Z�  � �����N�I��P
�

1.4.3 Specific volume
� ,W�LV�GHIL�HG�DV�volume�per�unit�mass�of�fluid��,W�LV�GH�RWHG�E����

� 0DWKHPDWLFDOO��� ��  �
�9

m
=

ρ
� ��������

1.5.   SPECIFIC GRAVITY  

� �SHFLILF��U��LW��LV�WKH�U�WLR�RI�WKH�VSHFLILF�ZHL�KW�RI�WKH��LT�LG�WR�WKH�VSHFLILF�ZHL�KW�RI���VW��G�UG�
I��LG��,W�LV�GLPH�VLR�OHVV�D�G�KDV��R���LWV��,W�LV�UHSUHVH�WHG�E����



� )RU�OLT�LGV��WKH�VWD�GDUG�IO�LG�LV�S�UH��DWHU�DW�����

� ∴� 6SHFLILF��UDYLW��  �
6SHFLILF�HL�KW RI OLT�LG

6SHFLILF�HL�KW RI S�UH�DWHU
�LT�LG

Z�WHU

Z

Z
=

� (�DPS�H�������Calculate�the�specific�weight,�specific�mass,�specific�volume�and�specific�gravity�
of�a�liquid�having�a�volume�of�6�m����G�ZHL�KW�RI����N1�

� 6R���LR����9RO�PH�RI�WKH�OLT�LG� � ��P�

� � :HL�KW�RI�WKH�OLT�LG�� ����N1

� Speci�c�weight,����

�� � Z�  �
:HL�KWRI OLT�LG ��
9RO�PHRI OLT�LG �

= � �������N1�P�����V��

� �Speci�c�mass�or�mass�density,�ρ�:

� � ρ�  �
����� ����

����
Z
�

×
= � �747.5�kg/m�����V��

� � Speci�c�volume,� ��  �
� �

�����
=

ρ
� ���������P�/kg����V��

� Speci�c�gravity,����

� � ��  �
�����
����

�LT�LG

Z�WHU

Z

Z
= � �����������V��

1.6.   VISCOSITY 

� �9LVFRVLW��PD��EH�GHIL�HG�DV�WKH�property�of�a�fluid�which�determines�its�resistance�to�shearing�
VWUHVVHV��,W�LV�D�PHDV�UH�RI�WKH�L�WHU�DO�IO�LG�IULFWLR���KLFK�FD�VHV�UHVLVWD�FH�WR�IOR���,W�LV�SULPDULO��
due�to�cohesion�and�molecular�momentum�exchange�between�fluid�layers��D�G�DV�IOR��RFF�UV��WKHVH�
HIIHFWV�DSSHDU�DV�VKHDUL���VWUHVVHV�EHW�HH��WKH�PRYL���OD�HUV�RI�IO�LG�

� ���ideal��uid�has�no�viscosity.�There�is�no��uid�which�can�be�classi�ed�as�a�perfectly�ideal��uid.�
However,�the��uids�with�very�little�viscosity�are�
sometimes�considered�as�ideal��uids.

� Viscosity� of� �uids� is� due� to�FRKHVLR�� ��G�
L�WHU�FWLR��EHWZHH��S�UWLF�HV�

� Refer�to�Fig�1.1.�When�two�layers�of��uid,�
DW�D�GLVWD�FH�µG���DSDUW��PRYH�R�H�RYHU�WKH�RWKHU�
DW� GLIIHUH�W� YHORFLWLHV�� VD�� �� D�G� �� �� G��� WKH�
YLVFRVLW��WR�HWKHU��LWK�UHODWLYH�YHORFLW��FD�VHV�D�
shear�stress�acting�between�the��uid�layers.�The�
top� layer� causes�a� shear� stress�on� the� adjacent�
OR�HU�OD�HU��KLOH�WKH�OR�HU�OD�HU�FD�VHV�D�VKHDU�
stress�on�the�adjacent�top�layer.�This�shear�stress�
LV�SURSRUWLR�DO�WR�WKH�UDWH�RI�FKD��H�RI�YHORFLW��
�LWK�UHVSHFW�WR����,W�LV�GH�RWHG�E��τ��FDOOHG�7D���

� 0DWKHPDWLFDOO�� τ�∝�
G�
G�

� RU� τ�  � —��
G�
G�

� ��������

u

u + du

du

dy

Upper layer

Lower layer

Solid boundary
y

Fig. 1.1 Velocity variation near a solid boundary.



� �KHUH��µ� ��R�VWD�W�RI�SURSRUWLR�DOLW��D�G�LV�N�R���DV�co-ef�cient�RI�dynamic�viscosity�RU�R����
�LVFRVLW��

�
G�
G�

� �5DWH�RI�VKHDU�VWUHVV�RU�UDWH�RI�VKHDU�GHIRUPDWLR��RU�YHORFLW���UDGLH�W�

� )URP�)L���������H�KDYH� —�  �
G�
G�

τ

 
  

� ��������

� 7K�V�YLVFRVLW��PD��DOVR�EH�GHIL�HG�DV�WKH�VKH�U�VWUHVV�UHT�LUHG�WR�SURG�FH���LW�U�WH�RI�VKH�U�
VWU�L��

� 8�L�V�RI�9LVFRVL���

� ,�������8�LWV��1�V�P�

� ,��0�.����8�LWV���N�I�VHF�P
�

�

�

IRUFH � WLPHIRUFH�OH��WKIRUFH�DUHD
� � �OH��WK��OH��WK�WLPH� �

OH��WK OH��WK

 
µ = = = 

 
 



7KH���LW�RI�YLVFRVLW��L������6��LV�DOVR�FDOOHG�SRLVH� �
�

G��H VHF

FP

−
��2�H�SRLVH� �

�
��

1�V�P�

�1R�H�����7KH�YLVFRVLW��RI��DWHU�DW������LV�
�
���

�SRLVH�RU�R�H�FH�WLSRLVH�

.L�HPD�LF�9LVFRVL����

Kinematic�viscosity�is�de�ned�as�the�ratio�between�the�dynamic�viscosity�and�density�of��uid��
,W�LV�GH�RWHG�E��ν��FDOOHG�����

� � 0DWKHPDWLFDOO�������  �
9LVFRVLW�
�H�VLW�

µ
=

ρ
� ��������

8�L�V�RI�NL�HPD�LF��LVFRVL���

,��6,���LWV��P��V

,��0�.�6����LWV��P��VHF�

,������6����LWV�WKH�NL�HPDWLF�YLVFRVLW��LV�DOVR�N�R���DV�VWRNH��� �FP��VHF��

2�H�VWRNH� ������P��V

�1R�H����H�WLVWRNH�PHD�V�
�
���

�VWRNH�

1.6.1. Newton’s Law of Viscosity
� 7KLV�OD��VWDWHV�WKDW�WKH�VKH�U�VWUHVV�(τ)�on�a�fluid�element�layer�is�directly�proportional�to�the�
U�WH�RI�VKH�U�VWU�L���7KH�FR�VWD�W�RI�SURSRUWLR�DOLW��LV�FDOOHG�WKH�FR�HIILFLH�W�RI��LVFRVLW��

� 0DWKHPDWLFDOO��� τ�  �
G�
G�

µ α� ��������

� The��uids�which�follow�this�law�are�known�as�Newtonian��uids�

1.6.2. Types of Fluids
� The��uids�may�be�of�the�following�types:

� 5HIHU�WR�)L������



� 1.� Newtonian� fluids.� 7KHVH�
IO�LGV� IROOR�� 1H�WR��V� YLVFRVLW��
HT�DWLR�� �L�H�� HT��� ������ )RU� V�FK�
IO�LGV�µ� �GRHV��RW�FK���H�ZLWK�U�WH�
of�deformation�

� (�DPS�HV��:DWHU��NHURVH�H��DLU�
HWF�

� 2.� Non-Newtonian� fluids.�
)O�LGV� �KLFK� GR� �RW� IROOR�� WKH�
OL�HDU� UHODWLR�VKLS� EHW�HH�� VKHDU�
VWUHVV�D�G�UDWH�RI�GHIRUPDWLR����LYH��
E�� HT��� ����� DUH� WHUPHG� DV� 1R��
1HZWR�L��� I��LGV�� 6�FK� IO�LGV� DUH�
UHODWLYHO����FRPPR��

� (�DPS�HV�� �R��WLR�V� RU�
V�VSH�VLR�V� �V��UULHV��� mud� flows��
polymer� solutions�� E�RRG� HWF��
7KHVH� IO�LGV�DUH� �H�HUDOO�� FRPSOH[�
PL[W�UHV� D�G� DUH� VW�GLHG� ��GHU�
UKHR�R���� D� VFLH�FH� RI� GHIRUPDWLR��
D�G�IOR��

� ���3�DV�LF�I��LGV��,��WKH�FDVH�RI�
D�SODVWLF�V�EVWD�FH��KLFK�LV��R��1H�WR�LD��IO�LG�D��L�LWLDO��LHOG�VWUHVV�LV�WR�EH�H[FHHGHG�WR�FD�VH�D�
FR�WL��R�V�GHIRUPDWLR���7KHVH�V�EVWD�FHV�DUH�UHSUHVH�WHG�E��VWUDL�KW�OL�H�L�WHUVHFWL���WKH�YHUWLFDO�
D[LV�DW�WKH���LH�G�VWUHVV���5HIHU�WR�)L��������

� ���LGH���S��VWLF��RU�%L�L�KDP�SODVWLF��KDV�D�GHIL�LWH��LHOG�VWUHVV�D�G�D�FR�VWD�W�OL�HDU�UHODWLR��
EHW�HH��VKHDU�VWUHVV�D�G�WKH�UDWH�RI�D���ODU�GHIRUPDWLR���([DPSOHV���HZ��H�V��G�H��drilling�muds�
HWF��

� ��WK��RWURSLF�V�EVW��FH���KLFK�LV��R��1H�WR�LD��IO�LG��KDV�D��R��OL�HDU�UHODWLR�VKLS�EHW�HH��
WKH�VKHDU�VWUHVV�D�G�WKH�UDWH�RI�D���ODU�GHIRUPDWLR���EH�R�G�D��L�LWLDO��LHOG�VWUHVV��7KH�SUL�WHU�V�L�N�
LV�D��H[DPSOH�RI�WK�[RWURSLF�V�EVWD�FH�

� ��� �GHD�� I��LG����� LGHDO� IO�LG� LV� R�H��KLFK� LV� L�FRPSUHVVLEOH� D�G� KDV� ]HUR� YLVFRVLW�� �RU� L��
RWKHU��RUGV�VKHDU�VWUHVV�LV�DO�D�V�]HUR�UH�DUGOHVV�RI�WKH�PRWLR��RI�WKH�IO�LG���7K�V�D��LGHDO�IO�LG�LV�
UHSUHVH�WHG�E��WKH�KRUL]R�WDO�D[LV��τ� ����

��WU�H�H��VWLF�VR�LG�PD��EH�UHSUHVH�WHG�E��WKH�YHUWLFDO�D[LV�RI�WKH�GLD�UDP�

Summary�of�relations�between�shear�stress��τ��and�rate�of�angular�deformation�for�various�types�
of��uids�

� �L�� �GH���I��LGV��τ� ���� � � � �LL�� 1HZWR�L���I��LGV� � �
G�
G�

τ = µ

� �LLL�� �GH���S��VWLFV��τ� �FR�VW�� �
G�
G�

+ µ �� �L��� 7K��RWURSLF�I��LGV�� � �
�

G�
FR�VW

G�
 τ = + µ  
 

����G

� ���� 1R��1HZWR�L���I��LGV��
�

G�
G�

 τ =  
 

�

� ,�� FDVH� RI� �R��1H�WR�LD�� IO�LGV�� LI� �� LV� �HVV� WKD�� ��LW�� WKH�� DUH� FDOOHG� SVH�GR�S�DV�LFV��
�e.g.,�paper�pulp,�rubber�suspension�paints���KLOH�IO�LGV�L���KLFK���LV��UH�WHU�WKD����LW��DUH�N�R���
DV�GL�D�H��V���e.g.,�Butter,�printing�ink��
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� Ostwald-de-Waele�Equation.�,W�LV�D��HPSLULFDO�VRO�WLR��WR�H[SUHVV�VWHDW��VWDWH�VKHDU�VWUHVV�DV�
D�I��FWLR��RI�YHORFLW���UDGLH�W��D�G�LV��LYH��DV

� � τ����  �
��

G� G�
G� G�

−

α

� ,I��� ����WKLV�UHG�FHV�WR�1H�WR��V�OD��RI�YLVFRVLW����LWK�α�=�µ

� (�DPS�H�����������What�are�the�characteristics�of�an�ideal��uid��

� �E��The�general�relation�between�shear�stress�and�velocity�gradient�of�a��uid�can�be�written�as

� � τ�� �
�

G�
A B

G�
  + 
 

� ZKHUH����B���G���are�constants�that�depend�upon�the�type�of��uid�and�conditions�imposed�on�
the��ow.�Comment�on�the�value�of�these�constants�so�that�the��uid�may�behave�as�

� ���� ���LGH���I��LG�

� �������1HZWR�L���I��LG�D�G

� ���������R��1HZWR�L���I��LG�

� �F�� ��GLF�WH� ZKHWKHU� WKH� I��LG� ZLWK� WKH� IR��RZL��� FK�U�FWHULVWLFV� LV� �� 1HZWR�L��� RU�
� � �R��1HZWR�L���

� ����τ� ������B�D�G��� ���������������
�

� �����τ� �������������D�G��� ����

� 6R���LR����������LGHDO�IO�LG�KDV�WKH�IROOR�L���FK�U�FWHULVWLFV�

� l� 1R�YLVFRVLW����i.e.,�µ� ���
� l� 1R�V�UIDFH�WH�VLR��
� l� �,�FRPSUHVVLEOH��i.e.,�ρ�=�FR�VWD�W�
� ���LGHDO�IO�LG�FD��VOLS��HDU�D�VROLG�ER��GDU��D�G�FD��RW�V�VWDL��D���VKHDU�IRUFH�KR�HYHU�VPDOO�
LW�PD��EH�

� �E���τ�� �
�

G�
A B
G�

  + 
 

� ���� ���LGH���I��LG�

� � Since�an�ideal��uid�has�zero�viscosity�(L�H���VKHDU�VWUHVV�LV�DO�D�V�]HUR�UH�DUGOHVV�RI�WKH�
motion�of�the��uid),�therefore.

� � A� =� B�=��

� ����� ��1HZWR�L���I��LG�

� � Since�a�Newtonian��uid�follows�Newton’s�law�of�viscosity;

� � τ�� �
G�
G�

µ α��WKHUHIRUH�

� l� �� ���D�G�B�=��
� l� 7KH�FR�VWD�W���WDNHV�WKH�YDO�H�RI�G��DPLF�YLVFRVLW��µ�IRU�WKH�IO�LG�
� �LU���DWHU��NHURVH�H�HWF��EHKDYH�DV�1H�WR�LD��IO�LGV���GHU��RUPDO��RUNL���FR�GLWLR�V�
� ������ ���R��1HZWR�L���I��LG��
� �HSH�GL���R��WKH�YDO�H�RI�SR�HU�L�GH[����WKH��R��1H�WR�LD��IO�LGV�DUH�FODVVLILHG�DV�

� l� ,I�������D�G�B�=��������L�D�D���I��LGV�

� (�DPS�HV��Sugar�solution,�aqueous�suspension�D�G�SUL�WL���L�N�

� l� ,I�������D�G�B�=������Pseudo�plastic�fluids.



� (�DPS�HV����Blood,�milk,�liquid�cement�and�clay.�

� l� ,I��� ���D�G�B� �τ�������Bingham�fluid�or�ideal�p�DV�LF�

� ��� LGHDO�SODVWLF�IO�LG�KDV�D�GHIL�LWH��LHOG�VWUHVV�D�G�D�FR�VWD�W�OL�HDU�UHODWLR��EHW�HH��VKHDU�
VWUHVV�GHYHORSHG�D�G�UDWH�RI�GHIRUPDWLR��

� L�H�� τ�� � �
G�
G�

τ + µ

� (�DPS�HV���HZ��H�V��G�H��water�suspension�of�clay�and��yash,�etc�

� �F�� ����τ� ������B�D�G��� �����������������
�

� 1R���
G�

G�
�  �

G
G�

������������������� ���������

� For�Newtonian��uid,�� τ�� �
G�
G�

µ α

� ∴� τ�� � —������������ ��—������—��

� �KLFK�FD��EH�UH�ULWWH��DV

� � τ�  � Ay�+�B���KHUH��� ��—���D�G�B� �—��

� Since� this� has� the� same� form� as� the� given� shear� stress,� therefore� the� �uid� characteristics�
FRUUHVSR�G�WR�WKDW�RI�D��ideal��uid�

� ����� τ� ������������D�G��� ����

� 1R���
G�
G�
�  �

G
G�

������� �����������

� For�a�Newtonian��uid� τ�� � �� ��
G�

�� �
G�

−µ = µ

� This� expression�does�not�conform� to� the�value�of� shear� stress�and�as� such� the��uid� is��R��
1HZWR�L���L��FKDUDFWHU�

1.6.3. Effect of Temperature on Viscosity
� 9LVFRVLW�� LV� HIIHFWHG� E�� WHPSHUDW�UH�� 7KH� YLVFRVLW�� RI� �LT�LGV� GHFUH�VHV� E�W� WKDW� RI� ��VHV�
L�FUHDVHV��LWK� increase� in� temperature��7KLV� LV� G�H� WR� WKH� UHDVR�� WKDW� L�� �LT�LGV� WKH� VKHDU� VWUHVV�
LV�G�H�WR�WKH�L�WHU�PROHF�ODU�FRKHVLR���KLFK�GHFUH�VHV��LWK�L�FUHDVH�RI�WHPSHUDW�UH��,���DVHV�WKH�
L�WHU�PROHF�ODU�FRKHVLR�� LV� �H�OL�LEOH� D�G� WKH� VKHDU� VWUHVV� LV�G�H� WR� H[FKD��H�RI�PRPH�W�P�RI�
WKH� PROHF�OHV�� �RUPDO� WR� WKH� GLUHFWLR�� RI� PRWLR���7KH�PROHF�ODU� DFWLYLW�� L�FUHDVHV��LWK� ULVH� L��
WHPSHUDW�UH�D�G�VR�GRHV�WKH�YLVFRVLW��RI��DV�

� �RU��LT�LGV�� —7�  � �H
b�7� ��������

� �RU���VHV�� —7�  �
���

� �
E7
� 7+

� ��������

� �KHUH�� µ7�  � ���DPLF�YLVFRVLW��DW�DEVRO�WH�WHPSHUDW�UH�7�

� �� ���b�  � �R�VWD�WV��IRU�D��LYH��OLT�LG���D�G

� � ���E�  � �R�VWD�WV��IRU�D��LYH���DV��

1.6.4. Effect of Pressure on Viscosity
� 7KH�YLVFRVLW����GHU�RUGL�DU��FR�GLWLR�V�LV��RW�DSSUHFLDEO��DIIHFWHG�E��WKH�FKD��HV�L��SUHVV�UH��
+R�HYHU��WKH�YLVFRVLW��RI�VRPH�RLOV�KDV�EHH��IR��G�WR�L�FUHDVH��LWK�L�FUHDVH�L��SUHVV�UH�

� (�DPS�H�������A�plate�0.05�mm�distant�from�a��xed�plate�moves�at�1.2�m/s����G�UHT�LUHV���IRUFH�

RI�����N/m��to�maintain�this�speed.�Find�the�viscosity�of�the��uid�between�the�plates.



6R���LR���9HORFLW��RI�WKH�PRYL���SODWH������ �����P�V
� �LVWD�FH�EHW�HH��WKH�SODWHV���G�� ������PP� �������������P
� )RUFH�R��WKH�PRYL���SODWH�� ��� �����1�P�

� Viscosity�of�the�fluid,�µ:

:H�N�R��� �
G�
G�

τ = µ

� �KHUH� τ� � VKHDU�VWUHVV�RU�IRUFH�SHU�

� � � ��LW�DUHD� �����1�P���

� � G�� � FKD��H�RI�YHORFLW�

� �  � ������ �����P�V�D�G�

� � G�� � FKD��H�RI�GLVWD�FH

� �  � �����������P�

� ∴� ���� �
��

���

���� ��
µ ×

×

� RU�� µ� �
��

�� ���� ���� ��
���� �� 1�V�P

���
× ×

= × �
�

� 1�V
� SRLVH  

�� P

 
  


�  �������������SRLVH����V��

� (�DPS�H���������S��WH�K��L�������UH��RI�0.6�m��LV�V�LGL���GRZ��WKH�L�F�L�HG�S���H��W�����WR�WKH�
KRUL�R�W���ZLWK����H�RFLW��RI��0.36�m/s.�There�is�a�cushion�of�fluid�����mm�thick�between�the�plane�
��G�WKH�S��WH���L�G�WKH��LVFRVLW��RI�WKH�I��LG�LI�WKH�ZHL�KW�RI�WKH�S��WH�LV�����1�

� 6R���LR��� �UHD�RI�SODWH������� �����P�

� � :HL�KW�RI�SODWH���:�� �����1

� � 9HORFLW��RI�SODWH������ ������P�V

� � Thickness�of��lm,�� W�� �G�� �����PP� ������������P

� Viscosity�of�the��uid,�µ:

� �RPSR�H�W�RI�:�DOR���WKH�SODWH�� �:�VL��θ� �����VL������ �����1�

W sin W

u = 0.36 m/s

Plate

dy = 1.8 mm

Fig. 1.4

� ∴��6KHDU�IRUFH�R��WKH�ERWWRP�V�UIDFH�RI�WKH�SODWH���� �����1�D�G�VKHDU�VWUHVV��

� ����� τ�� �
���
���

�
�

=  �������1�P��

� :H�N�R���� τ�� � �
G�
G�

µ

� :KHUH�� G��  � FKD��H�RI�YHORFLW�� ������� ������P�V

Moving plate

Fixed plate

dy = 0.05 mm

u = 1.2 m/s

Fig. 1.3



� � G��  � W� ������������P

� ∴� �������  �
��

����

��� ��
µ ×

×

� RU�� —�  �
��

������� ��� ��
�����1�V�P

����
× ×

=  �������SRLVH����V��

� (�DPS�H�������The�space�between�two�square��at�parallel�plates�is��lled�with�oil.�Each�side�of�
the�plate�is�720�mm.�The�thickness�of�the�oil��lm�is�15�mm.�The�upper�plate,�which�moves�at�3�m/s�
requires�a�force�of�120�N�to�maintain�the�speed.�Determine�

� ���� The�dynamic�viscosity�of�the�oil;

� ����� The�kinematic�viscosity�of�oil�if�the�specific�gravity�of�oil�is������

� 6R���LR���� (DFK�VLGH�RI�D�VT�DUH�SODWH�  � ����PP� ������P

� � 7KH�WKLFN�HVV�RI�WKH�RLO��G��  �����PP� �������P

� � 9HORFLW��RI�WKH��SSHU�SODWH�  � ��P�V�

� ∴��KD��H�RI�YHORFLW��EHW�HH��SODWHV��G���� ������� ���P�V

� � )RUFH�UHT�LUHG�R���SSHU�SODWH���� �����1

� ∴��� 6KHDU�VWUHVV��τ�  � �IRUFH ���
�����1�P

DUHD ���� ����
= =

×

� ��)� Dynamic�viscosity,�µ:�
� � � :H�N�R��WKDW�

� � τ�� � �
G�
G�

µ

� � �������� �
�

�
�����

µ

� ∴� µ� =�
����� �����

�

×
� ������1�V�P�����V��

� ����� .L�HPD�LF��LVFRVL������

� � � :HL�KW�GH�VLW��RI�RLO��Z� �������������N1�P�� ������N1�P�� �RU������1�P�

� � � 0DVV�GH�VLW��RI�RLO��ρ� �
����

���
����

Z
�

= =

� � 8VL���WKH�UHODWLR��� ν� � �����
������� P �V

���

µ
= =

ρ

� � +H�FH� ν� ���������P��V�����V��

� (�DPS�H�������7KH��H�RFLW��GLVWULE�WLR��IRU�I�RZ�R�HU���S��WH�LV��L�HV�E���� ����������ZKHUH���LV�
WKH��H�RFLW��L��m/s�at�a�distance�y�metres�above�the�plate.�Determine�the�velocity�gradient�and�shear�
stress�at�the�boundary�and�1.5�m�from�it�

Take�dynamic�viscosity�of��uid�as�����N.s/m��

6R���R������ ��������� �����LYH���������∴�� � � �
G�

�
G�

=

� ���� Velocity�gradient,�du
dy

�

� � �W�WKH�ER��GDU����� �W��� ��� ��

�

�
�

G�
G�

=

  = 
 

�V ��V� �

� � �W������P�IURP�WKH�ER��GDU��

� � � �W��� ������P��
����

� � ���� ���� V
�

G�

G�
−

=

  = − × = 
 

���V��



� ����� Shear�stress,�τ:

� � � �τ���� ��� �
�

�
�

G�
G�

=

 µ  
 

� ��������� �����1�P�����V��

� � D�G�� �τ���� ������ �
�����

G�
G�

=

 µ  
 

� ����������� ������1�P�����V��

� � �:KHUH�µ� �����1�V�P��������LYH���

� (�DPS�H����������EULF�WL���RL��RI��LVFRVLW��µ���GHU�RHV�VWH�G��VKH�U�EHWZHH����IL�HG��RZHU�
plate�and�an�upper�plate�moving�at�speed�V.�The�clearance�between�the�plates�is�t.�Show�that�a�linear�
�H�RFLW��SURIL�H�UHV��WV�LI�WKH�I��LG�GRHV��RW�V�LS��W�HLWKHU�S��WH�

� 6R���LR��� )RU� WKH� �LYH�� �HRPHWU��
D�G�PRWLR���WKH�VKHDU�VWUHVV�τ�LV�FR�VWD�W�
WKUR��KR�W�� )URP� 1H�WR��V� OD�� RI�
YLVFRVLW����H�KDYH�

� FR�VWD�W
G�
G�

τ
= =

µ

� RU��� �ly�+�m

� 7KH�FR�VWD�W6���D�G�m�DUH�HYDO�DWHG�
IURP� WKH��R� VOLS�FR�GLWLR�V� DW� WKH��SSHU�
D�G�OR�HU�SODWHV�

� �W� �� ����µ� ������∴�m�=��

� �W� ���� �t,��� �9

� ∴� �9� ��W�����RU�
9

�
W

=

� ∴�The�velocity�pro�le�between�plates�is�then�given�by:

� ���������
9�

�
W

= �D�G��LV��L�H�U��DV��L�GLFDWHG�L��)L���������V��

� (�DPS�H����.�The�velocity�distribution�of�flow�over�a�plate�is�parabolic�with�vertex�30�cm�from�
the�plate,�where�the�velocity�is�180�cm/s.�If�the�viscosity�of�the�fluid�is�0.9�N.s/m���IL�G�WKH��H�RFLW��
gradients�and�shear�stresses�at�distances�of�0,�15�cm�and�30�cm�from�the�plate.

� 6R���LR����LVWD�FH�RI�WKH�YHUWH[�IURP�WKH�
SODWH� ����FP�

� 9HORFLW��DW�YHUWH[����� �����FP�V

� Viscosity�of�the��uid�=�0.9�N.s/m�

� The�equation�of�velocity�pro�le,�which�is�
SDUDEROLF��LV��LYH��E�

� � � �� �������my����������������������������������

� �KHUH� ��� m� D�G� �� DUH� FR�VWD�WV�� 7KH�
YDO�HV�RI�WKHVH�FR�VWD�WV�DUH�IR��G� IURP�WKH�
IROOR�L���ER��GDU��FR�GLWLR�V�

� ���� �W���� ������ ���

� ����� �W��� ����FP��

� � ������� �����FP�V�D�G

Moving plate
u V=

u u Y= ( )

u = 0

Fixed plate

Y

t

Fig. 1.5
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Fig. 1.6



� ������ ��W��� ����FP������������� �
G�
G�

= �

� 6�EVWLW�WL���ER��GDU��FR�GLWLR�V��L��L��HT���������H��HW

� � ��  � ���������� ∴��� ��

� 6�EVWLW�WL���ER��GDU��FR�GLWLR�V��LL��L��HT���������H��HW

� � ����  � ������������m����������RU��������� ������������m� ������

� 6�EVWLW�WL���ER��GDU��FR�GLWLR�V��LLL��L��HT���������H��HW

� �
G�
G�

�  � ������m� ∴���� �����������m����RU������ ���l�+�m� ...���

� 6ROYL���HT�V������D�G�������H�KDYH��� �������D�G�m� ����

� 6�EVWLW�WL���WKH�YDO�HV�RI�l,�m��D�G���L��HT���������H��HW��� ���������������

� Velocity�gradients,�du
dy

��

� �
G�
G�

�  � ���������������� ������������

� �W� ��  � ��
��

G�
G�

=

 
 
 

� ����V����V���

� �W� ��  � ���FP��
���

G�
G�

=

 
 
 

� ���������������� ���V����V��

� �W� ��  � ���FP��
���

G�
G�

=

 
 
 

 ���������������� ������V��

� Shear�stresses,�τ:

� :H�N�R���� τ�� �
G�
G�

µ

� �W� ���  � ����τ���� ��� 
�

�
�

G�
G�

=

 µ  
 

� ���������� ������1�P�����V��

� �W� ���  � �����τ��� ���
� �

��

�
�

G�
G�

=

 µ  
 

� ��������� �����1�P�����V��

� �W� ��  � �����τ��� ���
� �

��

�
�

G�
G�

=

 µ  
 

� ��������� ������V��

� (�DPS�H��������I��LG�K�V�����EVR��WH��LVFRVLW��RI�������3��V���G���VSHFLILF��U��LW��RI��������
For�flow�of�such�a�fluid�over�a�solid�flat�surface,�the�velocity�at�a�point�75�mm�away�from�the�surface�
is�1.125�m/s.�Calculate�the�shear�stresses�at�the�solid�boundary�and�also�at�points�25�mm,�50�mm�
��G����mm�away�from�the�surface�in�normal�direction,�if�the�velocity�distribution�across�the�surface�
LV�����linear,������parabolic�with�vertex�at�the�point�75�mm�away�from�the�surface.

� �

� 6R���LR�������/L�HDU��H�RFL���GLV�ULE��LR��

� ,I�YHORFLW��GLVWULE�WLR��LV� �L�H�U��
G�
G�

is�same�at�every�point�within�the�boundary�layer�and�is�

HT����WR�
�����
�����

G�
G�

= �SHU�V�



6KHDU�VWUHVV�IRU�DOO�WKH�ORFDWLR�V�

� � τ�  � µ�
�����

�����
�����

G�
G�

= × � ������1�P�����V��

� ����� 3DUDER�LF��H�RFL���GLV�ULE��LR��

� � �For�parabolic�velocity�distribution,�let�the�velocity�pro�le�be��� �������my�+�n��

� � ��KHUH�WKH�FR�VWD�WV�����m��D�G���DUH�IR��G�IURP�WKH�ER��GDU��FR�GLWLR�V�

� � �W� �� ������� �����LYL����� ��

� � �W� �� �������P���� �������P�V���LYL��

� � � ������ �������������������P� � � � ����L�

� � RU� ������ ������������������������P

� � �W� �� �������P�� � � P
G�

��
G�

= = +

� � RU� �� ��������������P���RU��P�� ���������� ����LL�

� � �6�EVWLW�WL����LL��L���L����H��HW

� � � ������ �������������������������������

� � � � ��������������������������������� �������������

� � ∴� �� �
�����

� � ���
��������

=

� � D�G�IURP��LL����H�KDYH��m� ����

� � +H�FH�WKH�YHORFLW��GLVWULE�WLR��EHFRPHV���� �������������y,�D�G� �� � ���
G�

�
G�

=

� � +H�FH�WKH�VKHDU�VWUHVVHV�DW�WKH�UHT�LUHG�ORFDWLR�V�����DUH�GHWHUPL�HG�L��WKH�WDEOH�EHOR��

�����m� � ����� ���� �����

�SHUVHFR�G�
G�
G�

�� �� �� �

6KHUH�VWUHVV� �
G�
G�

µ 1�P� ���� ���� ���� �

������������V��

� (�DPS�H�������������mm�diameter�shaft�is�rotating�at�200�r.p.m.�in�a�bearing�of�length�����mm.�
If�the�thickness�of�oil�film�is�1.5�mm�and�the�dynamic�viscosity�of�the�oil�is�0.7�N.s/m���determine�

� ���� Torque�required�to�overcome�friction�in�bearing;

� ����� Power�utilised�in�overcoming�viscous�resistance.

� Assume�a�linear�velocity�profile�

� 6R���LR����LDPHWHU�RI�WKH�VKDIW��G� �����PP� �����P

� � 6SHHG�RI�WKH�VKDIW���1�� �����U�S�P�

� � 7KLFN�HVV�RI�WKH�RLO�ILOP��� W�� �����PP� ������������P

� � /H��WK�RI�WKH�EHDUL��������� �����PP� ������P

� � 9LVFRVLW����µ�� �����1�V�P�

� 7D��H�WLDO�YHORFLW��RI�WKH�VKDIW����� �
��� ���

���� P�V
�� ��
G1 π × ×π

= =



� ��)� Torque�required�to�overcome�friction,����

� � :H�N�R��� τ� � �
G�
G�

µ

� � �KHUH�G�� �FKD��H�RI�YHORFLW�� ������� ������P�V

120 mm
Oil filmBearing

Shaft

1.5 mm

4
0
0
m
m

Fig. 1.7

� � � G�� �W� ������������P

� � ∴�� τ� �
��

����
���

��� ��
×

×

� � � � ��������1�P��

� � ∴����� �6KHDU�IRUFH����� �VKHDU�VWUHVV���DUHD

� � � � �τ�⋅�π�G��

� � � � ����������π��������������

� � � � ��������1

� � +H�FH��� YLVFR�V�WRUT�H� ��F�×�d/�� ����������
���
�

� � � � �������1P����V��

� ����� Power�utilised,���

� � � 3� �7���
�
��
1π
��DWWV���KHUH�7�LV�L��1P

� � � 3� ���������
� ���

����:
��

π ×
= �RU�1.235�kW����V��

� (�DPS�H� ������A� 150� mm� diameter� shaft� rotates� at� 1500� r.p.m.� in� a� 200�mm� long� journal�
bearing�with�150.5�mm�internal�diameter.�The�uniform�annular�space�between� the� shaft�and� the�
bearing�is�filled�with�oil�of�dynamic�viscosity�0.8�poise.�Calculate�the�power�dissipated�as�heat.

� 6R���LR����L�H���GVK�IW� �150�mm;�GEH�UL��� �150.5�mm;��� �����PP� �����P

� 1� �1500�r.p.m.;�µ� �����SRLVH� ����������� ������1V�P�

� Power�dissipated�as�heat:

� � 5DGLDO�WKLFN�HVV�RI�WKH�RLO�� G�� �
������ � ���� � �

P  ������� P
����

� �7D��H�WLDO�YHORFLW��RI�WKH�VKDIW�� �� �
��

G1π
� �

������ �� � ����
����� P�V

��
π × × ×

=



� ∴���KD��H�RI�YHORFLW��� G�� � ������ �������P�V

� Tangential�stress�in�the�oil�layer,

� � τ� � �
G�
G�

µ

� ∴� τ� � ������
���� ������1�P

�������
× =

� � 3R�HU�GLVVLSDWHG�DV�KHDW�� �VKHDU�IRUFH���WD��H�WLDO�YHORFLW��RI�WKLV�VKDIW

� � � � ��τ����π�G�������

� � � ����������π������������������������������

� � � � �����:�RU�4.185�kW����V��

� (�DPS�H�������A�vertical�cylinder�of�diameter�180�mm�rotates�concentrically�inside�another�
cylinder�of�diameter�181.2�mm.�Both�the�cylinders�are�300�mm�high.�The�space�between�the�cylinders�
is��lled�with�a�liquid�whose�viscosity�is�unknown.�Determine�the�viscosity�of�the��uid�if�a�torque�of�
20�Nm�is�required�to�rotate�the�inner�cylinder�at�120�r.p.m.

� 6R���LR����L�H����LDPHWHU�RI�L��HU�F�OL�GHU��G� �����PP� ������P

� � �LDPHWHU�RI�R�WHU�F�OL�GHU�� D�=� ������PP� ��������P

� � /H��WK�RI�HDFK�F�OL�GHU�� �� � ����PP� �����P

� � 6SHHG�RI�WKH�L��HU�F�OL�GHU�� 1� � ����U�S�P�

� � 7RUT�H�� 7� � ���1P�

3
0
0
m
m

180 mm dia.

Liquid

0.6 mm

Outer cylinder

Inner rotating
cylinder

181.2 mm dia.

Fig. 1.8

� Viscosity�of�the�liquid,�µ:

� 7D��H�WLDO�YHORFLW��RI�WKH�L��HU�F�OL�GHU

� � ��  �
���� ���

���� P�V
�� ��
G1 π × ×π

= =

� 6�UIDFH�DUHD�RI�WKH�L��HU�F�OL�GHU�

� � ��  � πG�� �π�������������

� � �  � �������P�

� 8VL���WKH�UHODWLR��

� � τ�  � �
G�
G�

µ



� �KHUH�� G��  � ������ ���������

� � �  � �����P�V�

� D�G� G��  �
������ � �����

�
� ��������P

� � τ�  �
����
������

µ × � ��������µ

� ∴�� 6KHDU�IRUFH�� ��  � τ����� ���������µ����������1

� ∴�� 7RUT�H�� 7�  � ���
�
G

� ×

� � �  � ��������µ������������
����
�

� �RU� ���  � ��������µ����������������

� RU� —�  � ���
����� 1V�P

������� ������ ����
=

× ×

� L�H��� µ�  � �����SRLVH����V��

� (�DPS�H��������A�circular�disc�of�diameter�D�is�slowly�rotated�in�a�liquid�of�large�viscosity��µ��
at�a�small�distance��K��from�a��xed�surface.�Derive�an�expression�of�torque��7��necessary�to�maintain�
���������U��H�RFLW���ω��� � � �

�0�8��

� 6R���LR���7KH�DUUD��HPH�W�LV�VKR���L��)L��������

dr

D

Stationary surface

h

r

Fig. 1.9

� �R�VLGHU�D��HOHPH�WDU��UL���RI�GLVF�DW�UDGL�V�U�D�G�KDYL���D��LGWK�GU��/L�HDU�YHORFLW��DW�WKLV�
UDGL�V�LV�ωU�

� � 6KHDU�VWUHVV�� τ�  �
G�
G�

µ

� � 7RUT�H�  � VKHDU�VWUHVV���DUHD���U

� � �  � τ����πU�GU���U

� � �  �
G�
G�

µ ����πU����GU

� �VV�PL���WKH��DS�K�WR�EH�small�so�that�the�velocity�distribution�may�be�assumed�linear.

� �
G�
G�
�  �

U
K

ω



� ∴�7RUT�H�R��WKH�HOHPH�W

� � G7�  � � ��
�

U
U GU U GU

K K

πµωω
µ × π × = ×

� ∴�� 7RWDO��WRUT�H�� 7�  �
��

�

�

�
U GU

K

π πµω
×∫

� RU� 7�  � ( )
�� ��

�

� � �
�

� � �

D
r D

K K

 πµω πµω
=  

� RU� 7�  �
�

��

D

K

πµω
���KLFK�LV�WKH�UHT�LUHG�H�SUHVVLR������V��

� (�DPS�H��������������mm�disc�rotates�on�a�table�separated�by�an�oil��lm�of��1.8�mm�thickness.�
�L�G�WKH��LVFRVLW��RI�RL��LI�WKH�WRUT�H�UHT�LUHG�WR�URW�WH�WKH�GLVF��W����r.p.m�is�3.6�×�10���Nm�

� Assume�the�velocity�gradient�in�the�oil��lm�to�be�linear�

� 6R���LR����L�H���� �LDPHWHU�RI�WKH�GLVF��D�  �����PP� ������P�

� � Thickness�of�oil��lm,�W�  �����PP� ������������P

� � 7RUT�H��7�  ������������1P

� � 6SHHG�RI�WKH�GLVF��1�  ����U�S�P�

� ∴�� ����ODU�VSHHG�RI�WKH�GLVF��ω�  �
� ��

�
�� ��
1 π ×2π

= = π UDG�V

� Viscosity,�µ:

� :H�N�R��WKDW��KH��WKH�YHORFLW���UDGLH�W�LV�OL�HDU�

� � � � � � � � � � � � � � ��������
G�

G�
� �

�

W

120 mm

Table

1.8 mm

N = 60 r.p.m.
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R

Oil film

( )t = dy
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� 6KHDUL���VWUHVV�� τ�  � �
�
W

µ �

� � 6KHDUL���IRUFH�� �6KHDUL���VWUHVV����UHD

� � �  � � ��
�

U GU
W

µ π � �FR�VLGHUL���D��HOHPH�W�DW�UDGL�V�U�D�G�WKLFN�HVV�GU�

� � �  �
�� �

� ��
U GUU

U GU
W W

πµωω
µ π = ���KHUH��� �ωr,�ω�EHL���WKH�D���ODU�YHORFLW��



� ∴�� 9LVFR�V�WRUT�H�  � 6KHDUL���IRUFH���U

� � �  �
� �� � � �

�
U GU U GU

U
W W

πµω πµω
=

� ∴��7RWDO�YLVFR�V�WRUT�H�

� � 7�  �
� �

�

� �

� �
�

5 5
U GU 5

U GU
W W W

πµω πµω πµω
= =∫ ∫

� ��i.e.,���������������������������������������
�

�

5
7

W

πµω
=

� 6�EVWLW�WL���WKH�YDO�HV���H��HW�

� � �����������  �
�

��

� ����� � ��

� ��� ��

π × µ× π ×

× ×

� RU� —�  �
�� ��

�

��� �� � ��� ��

� ������

× × × ×

π × π×
 ���������1�V�P�� ��������SRLVH�

� +H�FH�� µ�  � �������SRLVH����V��

� (�DPS�H��������A�solid�cone�of�maximum�radius�R�and�vertex�angle�2θ�LV�WR�URW�WH��W�������U�
�H�RFLW��ω�����RL��RI� �LVFRVLW��µ�and�thickness� t��lls� the�gap�between� the�cone�and� the�housing.�
Derive�an�expression�for�the�torque�required�and�the�rate�of�heat�dissipation�in�the�bearing.

� 6R���LR����L�H���0D[LP�P�UDGL�V�RI�WKH�FR�H�� �5

� 9HUWH[�D��OH� ��θ
� 9LVFRVLW��WKH�RLO� �µ
� 7KLFN�HVV�RI�RLO� �W
5HIHU�)L���WR������

� �R�VLGHU�D��HOHPH�WDU��DUHD�G��DW�UDGL�V�U�RI�WKH�FR�H�� ��

��� �� �G��  ��πU�GV���
VL�
GU

θ

R
Solid cone

t

2

( )a

Oil

r ds

( )b

ds =

dr

dr

sin
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� � 6KHDU�VWUHVV�τ�� �
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G� W

µ = µ

� � ���6KHDU�IRUFH�  � VKHDU�VWUHVV���DUHD�RI�WKH�HOHPH�W
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W
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� 6L�FH�WKH�FR�H�URWDWHV��LWK�D���ODU�YHORFLW��ω�UDG�VHF���WKH�WD��H�WLDO�YHORFLW����� �ωU

� RU�� G7�  � ( ) ��
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πµωω
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� Power�utilised�in�overcoming�the�resistance��RU�U�WH�RI�KH�W�GLVVLS�WLR��L��WKH�EH�UL���,

� � ��  � 7ω� �
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�

� VL�
πµω

θ
�

�
����V��



�

�

�

�

�

� �

� (�DPS�H�������Two�large��xed�parallel�planes�are�12�mm�apart.�7KH�VS�FH�EHWZHH��WKH�V�UI�FHV�
is��lled�with�oil�of�viscosity�0.972�N.s/m���A��at�thin�plate�0.25�m�

�area�moves�through�the�oil�at�a�
�H�RFLW��RI�����m/s�����F���WH�WKH�GU���IRUFH�

� ���� When�the�plate�is�equidistant�from�both�the�planes,�and

� ����� :KH��WKH�WKL��S��WH�LV��W���GLVW��FH�RI���mm�from�one�of�the�plane�surfaces.

� 6R���LR����LYH����LVWD�FH�EHW�HH��WKH�IL[HG�SDUDOOHO�SOD�HV� ����PP� �������P

� ��UHD�RI�WKL��SODWH���� ������P�

� � 9HORFLW��RI�SODWH����� �����P�V

� � 9LVFRVLW��RI�RLO� � �������1�V�P�

� Drag�force,���

� ���� When�the�plate�is�equidistant�from�both�the�planes:

� � /HW�� ���  �6KHDU�IRUFH�R��WKH��SSHU�VLGH�RI�WKH�
WKL��SODWH�

� � � ���  �6KHDU�IRUFH�R��WKH�OR�HU�VLGH�RI�WKH�
WKL��SODWH��

� � � ��  �7RWDO�IRUFH�UHT�LUHG�WR�GUD��WKH�SODWH�
�� ����������

� � 7KH�VKHDU�τ���R��WKH��SSHU�VLGH�RI�WKH�WKL��SODWH�LV��LYH��E��

� � � W��  �
�

�
G�
G�
 µ  
 

� � �KHUH��G�� �����P�V��UHODWLYH�YHORFLW��EHW�HH���SSHU�IL[HG�SOD�H�D�G�WKH�SODWH���D�G�G�� �
��PP� �������P��GLVWD�FH�EHW�HH��WKH��SSHU�IL[HG�SOD�H�D�G�WKH�SODWH�

� � �7KLFN�HVV�RI�WKH�SODWH��H�OHFWHG��

� � ∴� τ��  �
����

����� ����1�P
�����
× =

� � ∴�� �6KHDU�IRUFH�����  � τ�
���� ������������� �������1

� � �6LPLODUO��VKHDU�VWUHVV��τ���R��WKH�OR�HU�VLGH�RI�WKH�WKL��SODWH�LV��LYH��E�

� � � τ��  �
�

�

���
� ����� ���� 1�P

����
G�

�
G�
  = × = 
 

� � D�G� ���  � τ������ ������������� �������1

� � ∴� ��  � �������� ��������������� �������1����V��

��������:KH��WKH�WKL��S��WH�LV��W���GLVW��FH�RI����mm�from�one�of�the�plane�surfaces��5HIHU�WR�)L��������



� � 7KH� VKHDU� IRUFH� R��WKH��SSHU� VLGH� RI� WKH� WKL��
SODWH�

� � � ��� � �
�

� �
G�

� �
G�
 τ = µ × 
 

� � � � �
���

����� ���� ����1
�����
× × =

�����������7KH�VKHDU�IRUFH�R��WKH�OR�HU�VLGH�RI�WKH�WKL��SODWH�

� � � ��� � �
�

�
G�

� �
G�
 τ × = µ × 
 

� � � � � ( )���
����� ���� �����1

�����
× × =

� � ∴�7RWDO�IRUFH��� ��������� �������������� �������1����V��

(�DPS�H�����������WKH��L��������is�shown�a�central�plate�of�area�6�m��EHL���S���HG�ZLWK���IRUFH�
of�160�1��If�the�dynamic�viscosities�of�the�two�oils�are�in�the�ratio�of�1:3�and�the�viscosity�of�top�oil�
LV������N.s/m���determine�the�velocity�at�which�the�central�plate�will�move.

6R���LR����UHD�RI�WKH�SODWH���� ���P�

���)RUFH�DSSOLHG�WR�WKH�SODWH���� �����1

����9LVFRVLW��RI�WRS�RLO��µ� ������1�V�P�

Velocity�of�the�plate,�u�

� /HW� ���  � 6KHDU� IRUFH� L�� WKH�
�SSHU� VLGH� RI� WKL��
�DVV�PHG��SODWH�

� ������� ���  � 6KHDU� IRUFH� R�� WKH�
OR�HU�VLGH�RI�WKH�WKL��
SODWH��D�G�

� � ��  � 7RWDO�IRUFH�UHT�LUHG�WR�GUD��WKH�SODWH

� � � � � ���������

� 7KH��� ��  � �������� ��τ�������
�τ�����

�  �
� �

�
� G�

� �
� G�
∂   µ × + µ ×   ∂   

���KHUH�τ��D�G�τ��DUH�WKH�VKHDU�VWUHVVHV�R��WKH�W�R�VLGHV�RI�WKH�SODWH�

� ���� ��������
�� ��

� � ���� �
� �� � ��

� �
× + × × ×

× ×

RU� ���� ������������� ��������RU���
���
���

� = � �������P�V����V��

� (�DPS�H������� �A�metal�plate�1.25�m�×�1.25�m���6�mm��thick�and�weighing�90�N�is�placed�
midway���in�the�24�mm�gap�between�the�two�vertical�plane�surfaces�as�shown�in�the�Fig.�1.15��7KH�
��S�LV�IL��HG�ZLWK����RL��RI�VSHFLILF��U��LW�������and�dynamic�viscosity�3.0�N.s/m���Determine�the�
IRUFH�UHT�LUHG�WR��LIW�WKH�S��WH�ZLWK���FR�VW��W��H�RFLW��RI������m/s.

� 6R���LR����L�H���� �LPH�VLR�V�RI�WKH�SODWH�  � �����P��������P�����PP

� ∴�� �UHD�RI�WKH�SODWH����  � ������������ ��������P�



� 7KLFN�HVV�RI�WKH�SODWH� ���PP

� ∴� �����������W�� �W�� �
�� � �

� PP
�
=

� �6L�FH�WKH�SODWH�LV�VLW�DWHG�PLG�D��L��WKH��DS�

� � Speci�c�gravity�of�oil�=�0.85

� � ���DPLF�YLVFRVLW��RI�RLO� ���1�V�P�

� � 9HORFLW��RI�WKH�SODWH� ������P�V

� � :HL�KW�RI�WKH�SODWH� ����1

� )RUFH�UHT�LUHG��R��LI���KH�S�D�H�

� �UD��IRUFH��RU�YLVFR�V�UHVLVWD�FH��D�DL�VW�WKH�PRWLR��RI�
WKH�SODWH�

� � �� �τ��������τ�����

��KHUH�τ��D�G�τ���DUH�WKH�VKHDU�VWUHVVHV�R��W�R�VLGHV�RI�WKH�
SODWH�
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µ × + µ ×

� �  �
� �

� �
���
W W

 
µ + 

 

� RU� �� ������������������
�� ��

� �

� �� � ��

 
+ 

× × 

�  ���������������������
��

�
������ 1

� ��
=

×

� 8S�DUG�WKU�VW�RU�E�R�D�W�IRUFH�R��WKH�SODWH� �VSHFLILF��HL�KW���YRO�PH�RI�RLO�GLVSODFHG�

� �  ��������������������������������������� �������1

� (IIHFWLYH��HL�KW�RI�WKH�SODWH� ������������ �������1

� ∴�7RWDO�IRUFH�UHT�LUHG�WR�OLIW�WKH�SODWH�DW�YHORFLW��RI������P�V� �����HIIHFWLYH��HL�KW�RI�WKH�SODWH

� �  ���������������� ��������1����V��

(�DPS�H��������A�square�metal�plate�1.8�m�VLGH���G�����mm�thick�weighing�60�1�LV�WR�EH��LIWHG�
WKUR��K����HUWLF�����S�RI����mm�of�in�nite�extent.�The�oil�in�the�gap�has�a�speci�c�gravity�of�0.95�
��G��LVFRVLW��RI���N.s/m���If� the�metal�plate�is�to�be�lifted�at�a�constant�speed�of�0.12�m/s���nd�the�
IRUFH���G�SRZHU�UHT�LUHG�

6R���LR����� �UHD�RI�PHWDO�SODWH���� � ���������� ������P�

� � Thickness�of�the�oil��lm,�W� � G�� 
�� � ���

������
� ����

=
×

� ����������� 6SHHG�RI�WKH�PHWDO�SODWH���� ������P�V�

� �KD��H�RI�VSHHG�

� � G�� � ��������� ������P�V



� 9LVFRVLW��� µ� ���1�V�P�

� :H�N�R���VKHDU�VWUHVV�

� � τ� � �
G�
G�

µ

� ∴� τ� � �����
� ����� 1�P

������
× =

� Force�required,���

� � �� �:������τ�����

� ���KHUH�:� ��HL�KW�RI�WKH�SODWH�

� � � ����1���LYH���

� � � ����������������������� �������1

� +H�FH� �� �������1����V��

� Power�required,���

� � 3� ������� �������������� �������:

� +H�FH� 3� ����������V��

� (�DPS�H������� ��� WKL��S��WH� RI� �HU�� ��U�H� �UH�� LV� S��FHG� L�� �� ��S� RI� KHL�KW�K�ZLWK� RL�V�RI�
�LVFRVLWLHV�µ′���G�µ′′�R�� WKH� WZR�VLGHV�RI� WKH�S��WH��7KH� S��WH� LV� S���HG��W� ��FR�VW��W��H�RFLW�� 9��
���F���WH�WKH�SRVLWLR��RI�S��WH�VR�WK�W��

� ������� 7KH�VKH�U�IRUFH�R��WKH�WZR�VLGHV�RI�WKH�S��WH�LV�HT���

� ����� The�force�required�to�drag�the�plate�is�minimum.

� Assume�viscous�flow�and�neglect�all�end�effects.

� 6R���LR����L�H����+HL�KW�RI�WKH��DS� �K

� � 9LVFRVLWLHV�RI�RLOV� ��′���G��′′
� � 9HORFLW��RI�WKH�SODWH� �9

� Position�of�the�plate,�y�

� /HW��� �7KH�GLVWD�FH�RI�WKH�WKL��SODWH�IURP�R�H�RI�WKH�V�UIDFHV�RI�WKH��DS��

� )RUFH�R��WKH��SSHU�VLGH�RI�WKH�SODWH�

� � ��SSHU�  � � � �
G� 9

�
G� K �

′µ = µ ×

� )RUFH�R��WKH�OR�HU�VLGH�RI�WKH�SODWH�� �RZHU
9

� �
�

′′= µ ×

� ���� 6L�FH�WKH�IRUFHV�R��WKH�W�R�VLGHV�RI�WKH�SODWH�DUH�HT�DO���LYH����H�KDYH��

� � i.e.,� F�SSHU� ���RZHU



� � ∴�
� � �
9

�
K �

′µ × � �
9
�

�
′′µ ×

� � RU��
�K �

′µ
� �

�

′′µ
� RU� µ′�� �µ′′��K���µ′′��

� � ∴� �� �
K′′µ

′ ′′µ + µ
����V��

� ����� 7RWDO�GUD��IRUFH� �V�P�RI�WKH�IRUFHV�R��WKH��SSHU�D�G�OR�HU�V�UIDFHV�RI�WKH�SODWH�

� � i.e.,� F� ���SSHU�����RZHU

� � RU�� �� �
�
9 9

� �
K � �

′ ′′µ × × + µ ×

� � �)RU�WKH�GUD��IRUFH�WR�EH�minimum� �
G�
G�
=

� �� i.e.,� �
�

G 9 9
� �

G� K � �
 ′ ′′µ × × + µ × =
  

� �� RU���
� �
�

� � �

9� 9�

K � �

′ ′′µ µ
� � �

� RU��
′µ

′′µ
�  �

� � � �

� � �

� � � � �
� �

K � K � K� K K
�� � �

+ −
= = +

� ∴� � =�
�

�

K

�
���

�
�

K
�

′µ + + ′′µ 

� RU��
K
�
�  �

� � � ��� � � �
� � � �

�

′ ′′± µ µ
′ ′′= ± µ µ

� � 6L�FH��
K
�
�FD��RW�EH�OHVV�WKD����LW���WKHUHIRUH

� � � �
K
�
� �� �′ ′′+ µ µ � RU� y� ��

′ ′′� � �

�

µ µ
����V��

� 7KH�WKHUPRG��DPLF�SURSHUWLHV��HHG�WR�EH�FR�VLGHUHG��KH��D�IO�LG�LV�L�IO�H�FHG�E��FKD��H�RI�
WHPSHUDW�UH��7KH�IROOR�L���HT�DWLR���N�R���DV�WKH�FK�U�FWHULVWLF�HT��WLR��RI���VW�WH�RI���SHUIHFW�
gas,��LV��VHG�IRU�WKLV�S�USRVH�

� � pV� =� mRT� ...������

� �KHUH�� S� ��EVRO�WH�SUHVV�UH�� m� �0DVV�RI��DV�

� � 9� �9RO�PH�RI�m�N��RI��DV�� 5� ��KDUDFWHULVWLF��DV�FR�VWD�W��D�G

� � 7� ��EVRO�WH�WHPSHUDW�UH�
� 7KH�FKDUDFWHULVWLF�HT�DWLR��L���another�form,�FD��EH�GHULYHG�E���VL���kilogram-mole�as�a�unit.�
7KH�kilogram-mole�LV�GHIL�HG�DV�D�T�D�WLW��RI�D��DV�HT�LYDOH�W�WR�0�N��RI�WKH��DV���KHUH�0�LV�WKH�
PROHF�ODU��HL�KW�RI�WKH��DV� �i.e.,�VL�FH�WKH�PROHF�ODU��HL�KW�RI�R[��H��LV�����WKH����N��PROH�RI�
R[��H��LV�HT�LYDOH�W�WR����N��RI�R[��H���

� As�per�de�nition�of�the�kilogram-mole,�for�m�N��RI�D��DV���H�KDYH�

� � m�  � �0� ���������

� �KHUH�� ��  � 1R��RI�PROHV�



�1R�H����6L�FH�WKH�VWD�GDUG�RI�PDVV�LV�WKH�N���NLOR�UDP�PROH��LOO�EH��ULWWH��VLPSO��DV�PROH�

� 6�EVWLW�WL���IRU�m�IURP�HT��������L��(T���������LYHV�

� � S9�  � �057����RU����05� �
S9
�7

� �FFRUGL���WR��YR�DGUR�V�K�SRWKHVLV�WKH�YRO�PH�RI���PROH�RI�D����DV�LV�WKH�VDPH�DV�WKH�YRO�PH�

RI���PROH�RI�D���RWKHU��DV���KH��WKH��DVHV�DUH�DW�VDPH�WHPSHUDW�UH�D�G�SUHVV�UH��7KHUHIRUH��
9
�
�LV�

WKH�VDPH�IRU�DOO��DVHV�DW�WKH�VDPH�YDO�H�RI�S�D�G�7��7KDW�LV�WKH�T�D�WLW��
S9
�7

�LV�D�FR�VWD�W�IRU�DOO�

�DVHV��7KLV�FR�VWD�W�LV�FDOOHG�µ��L�HUV�����V�FR�VW��W���D�G�LV��LYH��WKH�V�PERO��5��

� i.e.,� MR� =� �
S9

5
�7

= ���RU�����S9� ��5�7� ���������

� 6L�FH�� 05�  � 5���WKH��
�55
0
= � ���������

� ,W�KDV�EHH��IR��G�H[SHULPH�WDOO��WKDW�WKH�YRO�PH�RI���PROH�RI�D���SHUIHFW��DV�DW���EDU�D�G�����
LV�DSSUR[LPDWHO��������P���7KHUHIRUH�IURP�HT��������

� � 5��  �
�� �� �����

������ 1P�PROH .
� ������

S9

�7

× ×
= =

×

� 8VL���HT���������WKH��DV�FR�VWD�W�IRU�D����DV�FD��EH�IR��G��KH��WKH�PROHF�ODU��HL�KW�LV�N�R���

� (�DPS�H���For�oxygen�which�has�a�molecular�weight�of�32��WKH���V�FR�VW��W

� � 5�  � � ����
����� 1P�N� .�

��

5

0
= =

� ,I��WKH�YDO�H�RI�5�LV�N�R����WKH�VSHFLILF��HL�KW�RI�D����DV�FD��EH�FRPS�WHG�DW�D���WHPSHUDW�UH��
� 7KH�GH�VLW��FD��EH�FKD��HG�E��FKD��L���WHPSHUDW�UH�RU�SUHVV�UH�

� ���� �:KH��WKH�FKD��H�L��WKH�VWDWH�RI�WKH�IO�LG�V�VWHP�LV�DIIHFWHG�DW�FR�VW��W�SUHVV�UH��WKH�SURFHVV�
LV�N�R���DV�LVREDULF�RU�FR�V�D���SUHVV�UH�SURFHVV�

� � �+HUH�
9
7

=�constant;�(Charle’s�law)�or�
Y
7
 �FR�VWD�W�RU�

Y �
7 7
=
ρ

 �FR�VWD�W� ���������

� ����� :KH�� WKH�FKD��H�L��WKH�VWDWH�RI�WKH�IO�LG� V�VWHP�LV�DIIHFWHG�DW�constant�temperature� WKH�
SURFHVV�LV�N�R���DV�LVR�KHUPD��SURFHVV�

� � +HUH�SYγ� �constant;�(Boyle’s�Law)�or� Y
S

S =
ρ
� �FR�VWD�W� ��������������������������������������

� ������ :KH���R�KH�W�LV�WU��VIHUUHG�� WR�RU� IURP�WKH�IO�LG�G�UL���WKH� FKD��H�L��WKH�VWDWH�RI� IO�LG�
V�VWHP��WKH�SURFHVV�LV�FDOOHG�DGLDED�LF�SURFHVV�

� � +HUH���SYγ�=�FR�VWD�W�RU� Y
S

S γ
γ

=
ρ

 �FR�VWD�W���������������������������������������������������� �����������

� � �KHUH� ��γ�  � �S

�

F

F

� � FS�=�Speci�c�heat�of�gas�at�constant�pressure,�and

� � F�� �Speci�c�heat�of�gas�at�constant�volume.

� � γ�GHSH�GV��SR��WKH�PROHF�ODU�VWU�FW�UH�RI�WKH��DV�



� (�DPS�H��������The�pressure�and�temperature�of�carbon-dioxide�in�a�vessel�are�600�kN/m���EV��
��G������respectively.�Find�its�mass�density,�specific�weight�and�specific�volume.

� 6R���LR����L�H��� 3UHVV�UH�RI��2�� �����N1�P
��DEV�

� 7HPSHUDW�UH�RI��2�� ���������� �����.

� 0ROHF�ODU��HL�KW�RI��2�� ������������� ���

� 8�LYHUVDO��DV�FR�VWD�W��5�� ��������1P�PROH�.

∴��KDUDFWHULVWLF���DV�FR�VWD�W�� � ������
��� 1P�N�.

��

5
5

0
= = =

� ����������������)�Mass�density,�ρ:

� � � ��������:H�N�R��� �pV��=�mRT�� � ∴�
Sm

9 57
=

� ��������������������RU�� ρ�  �
���� ��

��� ���
S
57

×
=

×
 �������N��P�

�� ���������������������i.e.,�� ρ�  �10.14�kg/m�����V��

� �������������������Speci�c�weight,���

� � � � � Z�  �ρ�� �������������� �������1�P�����V��

� ������������������Speci�c�volume���

� � � � � ��  �
� �

�����
=
ρ

� ��������P�/kg����V��

� �RKHVLR����RKHVLR��PHD�V�L�WHUPROHF�ODU�DWWUDFWLR��EHW�HH��molecules�of�the�same�liquid.�,W�
H�DEOHV�D�OLT�LG�WR�UHVLVW�VPDOO�DPR��W�RI�WH�VLOH�VWUHVVHV���RKHVLR��LV�D�WH�GH�F��RI�WKH�OLT�LG�WR�
UHPDL��DV�R�H�assemblage�of�particles.����UI�FH�WH�VLR���LV�G�H�WR�FRKHVLR��EHWZHH��S�UWLF�HV��W�WKH�
IUHH�V�UI�FH�

� �GKHVLR����GKHVLR��PHD�V�attraction�between�the�molecules�of�a�liquid�and�the�molecules�of�a�
VR�LG�ER��G�U��V�UI�FH�L��FR�W�FW�ZLWK�WKH��LT�LG��7KLV�SURSHUW��H�DEOHV�D�OLT�LG�WR�VWLFN�WR����RWKHU�
ERG��

� ��SL���U���FWLR��LV�G�H�WR�ERWK�FRKHVLR��D�G��GKHVLR��

� 6�UIDFH� �H�VLR�� LV� FD�VHG� E�� WKH� IRUFH� RI� FRKHVLR�� �W� WKH� IUHH� V�UI�FH���� OLT�LG�PROHF�OH�
L�� WKH� L�WHULRU� RI� WKH� OLT�LG� PDVV� LV�
V�UUR��GHG� E�� RWKHU� PROHF�OHV� DOO�
DUR��G� D�G� LV� L�� HT�LOLEUL�P�� �W� WKH�
IUHH� V�UIDFH�RI�WKH� OLT�LG��WKHUH�DUH��R�
OLT�LG� PROHF�OHV� DERYH� WKH� V�UIDFH�
WR� EDOD�FH� WKH� IRUFH� RI� WKH�PROHF�OHV�
EHOR�� LW�� �R�VHT�H�WO��� DV� VKR��� L��
)L��� ������ WKHUH� LV� D� �HW� L��DUG� IRUFH�
R��WKH�PROHF�OH��7KH�IRUFH�LV��RUPDO�WR�
WKH�OLT�LG�V�UIDFH���W�WKH�IUHH�V�UIDFH�D�
WKL��OD�HU�RI�PROHF�OHV�LV�IRUPHG��7KLV�
LV�EHFD�VH�RI�WKLV��lm�that�a�thin�small�
needle�can��oat�on�the�free�surface��WKH�
OD�HU�DFWV�DV�D�membrane��

� 6RPH�important�examples�of�phenomenon�of�surface�tension��DUH�DV�IROOR�V�



� �L�� 5DL��GURSV����IDOOL���UDL��GURS�EHFRPHV�VSKHULFDO�G�H�WR�FRKHVLR��D�G�V�UIDFH�WH�VLR���

� �LL�� 5LVH�RI�VDS�L��D�WUHH�

� �LLL�� %LUG�FD��GUL�N��DWHU�IURP�SR�GV�

� �L��� �DSLOODU��ULVH�D�G�FDSLOODU��VLSKR�L���

� ���� �ROOHFWLR��RI�G�VW�SDUWLFOHV�R���DWHU�V�UIDFH�

� ��L)� Break�up�of�liquid�jets.

� �LPH�VLR�D��IRUP��D�IRU�V�UIDFH��H�VLR��

� 7KH�GLPH�VLR�DO�IRUP�OD�IRU�V�UIDFH�WH�VLR��LV��LYH��E��

�
�
�
 
  

�RU�
�

0

7

 
  

� �,W�LV��V�DOO��H[SUHVVHG�L��1�P��7KH�YDO�H�RI�V�UIDFH�WH�VLR��GHSH�GV��SR��WKH�IROOR�L���I�FWRUV�

� �L�� 1DW�UH�RI�WKH�OLT�LG�

� �LL�� 1DW�UH�RI�WKH�V�UUR��GL���PDWWHU��e.g.,�VROLG��OLT�LG�RU��DV���D�G

� �LLL�� .L�HWLF�H�HU����D�G�KH�FH�WKH�WHPSHUDW�UH�RI�WKH�OLT�LG�PROHF�OHV��

�1R�H�� ��V�FRPSDUHG�WR�SUHVV�UH�D�G��UDYLWDWLR�DO�IRUFHV�V�UIDFH�WH�VLR��IRUFHV�DUH��H�HUDOO���H�OL�LEOH�E�W�
become�quite�signi�cant�when�there�is�a�free�surface�and�the�boundary�conditions�are�small�as�in�the�

case�of�small�scale�models�of�hydraulic�engineering�structures.

� 6�UIDFH�WH�VLR��RI��DWHU�D�G�PHUF�U���KH��L��FR�WDFW��LWK�DLU�

� Water-air� ...�0.073�N/m�at�20°C;� Water-air� ...�0.058�N/m�at�100°C;

� 0HUF�U��DLU� ��������1�P�OH��WK�

�DVH����Water�droplet:
� /HW�� S�  �3UHVV�UH� L�VLGH� WKH� GURSOHW� DERYH� R�WVLGH� SUHVV�UH� �i.e.,�∆S� � S� �� �� � S� DERYH�

DWPRVSKHULF�SUHVV�UH�

� � G�  ��LDPHWHU�RI�WKH�GURSOHW�D�G

� � σ�  �6�UIDFH�WH�VLR��RI�WKH�OLT�LG��

)URP�IUHH�ERG��GLD�UDP��)L��������G����H�KDYH��



� �L�� 3UHVV�UH�IRUFH� � �

�
S G
π
× ��D�G

� �LL�� 6�UIDFH�WH�VLR��IRUFH�DFWL���DUR��G�WKH�FLUF�PIHUH�FH� �σ���π�G�

� � 8�GHU�HT�LOLEUL�P�FR�GLWLR�V�WKHVH�W�R�IRUFHV��LOO�EH�HT�DO�D�G�RSSRVLWH��

� � i.e.,� �

�
S G

←
π
× � � G

→
σ × π

� ∴� � S� �
�

�

�

G
GG

σ × π σ
=

π
� � � � ���������

� (T��������VKR�V�WKDW�ZLWK����L�FUH�VH�L��VL�H�RI�WKH�GURS�HW�WKH�SUHVV�UH�L�WH�VLW��GHFUH�VHV�

� �DVH�����Soap�(or�hollow)�bubble:

� 6RDS� E�EEOHV� KDYH� W�R�V�UIDFHV� R�� �KLFK�
V�UIDFH�WH�VLR��σ�DFWV�

� )URP�WKH�IUHH�ERG��GLD�UDP��)L�����������H�
KDYH

� � � � �
�

S G G
←

→π
× = × σ × π �

∴� �����������
�

� �

�

G
S

GG

σ × π σ
= =
π

� ���������

� 6L�FH� WKH� VRDS� VRO�WLR�� KDV�D� KL�K� YDO�H� RI�V�UIDFH� WH�VLR��σ�� HYH���LWK� VPDOO� SUHVV�UH� RI�
EOR�L���D�VRDS�E�EEOH��LOO�WH�G�WR��UR��ODU�HU�L��GLDPHWHU��KH�FH�IRUPDWLR��RI�ODU�H�VRDS�E�EEOHV��

� �DVH��������/LT�LG�MH��

� Let�us�consider�a�cylindrical�liquid�jet�of�diameter�G�D�G�OH��WK��.�Fig.�1.21�shows�a�semi-jet.

� � 3UHVV�UH�IRUFH�  � S�������G

� � 6�UIDFH�WH�VLR��IRUFH�  �σ�����

� (T�DWL���WKH�W�R�IRUFHV���H�KDYH�

� � S�������G�  �σ�����

� ∴� S�  �
� ��

� G G
σ × σ

=
×

� ���������

� (�DPS�H� ������ �I� WKH� V�UI�FH� WH�VLR�� �W� �LU�Z�WHU� L�WHUI�FH�
is� 0.069� N/m,�what� is� the� pressure�difference� between� inside� and�
outside�of�an�air�bubble�of�diameter�0.009�mm�

� 6R���LR����L�H���σ�=�0.069�N/m;�G� �������PP

� ����LU�E�EE�H�K�V�R����R�H�V�UI�FH��+H�FH�

� � S�  �
�
G
σ

� � �  �
��

� �����

����� ��

×

×
� �������1�P�

� � �  ��������N1�P��RU�N3D����V��

� (�DPS�H��������If�the�surface�tension�at�the�soap-air�interface�is�0.09�N/m,�calculate�the�internal�
pressure�in�a�soap�bubble�of�28�mm�diameter�

� 6R���LR����L�H���σ�=�0.09�N/m;�G� ����PP�



� ,��D�VRDS�E�EEOH�WKHUH�DUH�W�R�L�WHUIDFHV��+H�FH�

� � S�  �
��

� �����

�� ��G
×σ

=
×

� � �  � ������1�P����DER�H�D�PRVSKHULF�SUHVV�UH�����V��

� (�DPS�H��������In�order�to�form�a�stream�of�bubbles,�air�is�introduced�through�a�nozzle�into�a�
W��N�RI�Z�WHU��W�������If�the�process�requires�3.0�mm�diameter�bubbles�to�be�formed,�by�how�much�
the�air�pressure�at�the�nozzle�must�exceed�that�of�the�surrounding�water�

� :K�W� ZR��G�EH� WKH��EVR��WH�SUHVV�UH� L�VLGH� WKH�E�EE�H� LI� WKH� V�UUR��GL���Z�WHU�LV��W�
100.3�kN/m��

� �7�NH�V�UI�FH�WH�VLR��RI�Z�WHU��W������ � 0.0735�N/m.

� 6R���LR���� �LDPHWHU�RI�D�E�EEOH��G� � ����PP� ����������P

� � 6�UIDFH�WH�VLR��RI��DWHU�DW�������σ� � �������1�P

� 7KH�H[FHVV�SUHVV�UH�L�WH�VLW��RI�DLU�RYHU�WKDW�RI�V�UUR��GL����DWHU��∆S� �S�

� :H�N�R��� S� �
��

� �������

� ��G
×σ

=
×

 ����1�P�����V��

� Absolute�pressure�inside�the�bubble,�SDEV�

� � S�EV� � S���Satm�
� � � � �����������������

� � � � �������������� ���������N1�P�����V��

� (�DPS�H������� �A�soap�bubble�62.5�mm� diameter� has� an� internal�pressure� in�excess�of� the�
R�WVLGH�SUHVV�UH�RI����1�m���What�is�tension�in�the�soap��lm�

� 6R���LR����L�H����LDPHWHU�RI�WKH�E�EEOH��G� ������PP� �������������m;�

� ,�WHU�DO�SUHVV�UH�L��H[FHVV�RI�WKH�R�WVLGH�SUHVV�UH��S� ����1�P��

� Surface�tension,�σ:

� 8VL���WKH�UHODWLR������ S�� 
�
G
σ
��

��� L�H�����������������������������������������
��

�
��

���� ��

σ
=

×
�∴��

������ ��
��

�
×

σ = ×  �������1�P����V��

(�DPS�H�������What�do�you�mean�by�surface�tension?�If�the�pressure�difference�between�the�
inside�and�outside�of�the�air�bubble�of�diameter�0.01�mm�is�29.2�kPa,�what�will�be�the�surface�tension�
�W��LU�Z�WHU�L�WHUI�FH���

6R���LR���Surface�tension�is�de�ned��V�WKH�WH�VL�H�IRUFH��FWL���R��WKH�V�UI�FH�RI����LT�LG�L��FR�W�FW�
with�a�gas�or�on�the�surface�between�two�immiscible�liquids�such�that�the�contact�surface�behaves�like�
a�membrane�under�tension.�7KH�PD��LW�GH�RI�WKLV�IRUFH�SHU���LW�OH��WK�RI�WKH�IUHH�V�UIDFH��LOO�KDYH�WKH�
VDPH�YDO�H�DV�WKH�V�UIDFH�H�HU���SHU���LW�DUHD��,W�LV�GH�RWHG�E��WKH�OHWWHU�σ�D�G�LV�H[SUHVVHG�DV�1�P�

� � �

�
S G
π
× �  � σ��πG�

� RU� σ�  �
�
G

S ×

� Substituting�the�values;�� G�� � ������������m;�S� ������������3D���RU�1�P�����H��HW

� � σ�  � ������������
������ ��

�

×
 �������1�P����V��

� Capillarity�is�a�phenomenon�by�which�a�liquid��GHSH�GL����SR��LWV�VSHFLILF��U��LW���ULVHV�L�WR���
WKL�����VV�W�EH��ER�H�RU�EH�RZ�LWV��H�HU����H�H���7KLV�SKH�RPH�R��LV�G�H�WR�WKH�combined�effect�of�
FRKHVLR����G��GKHVLR��RI��LT�LG�S�UWLF�HV�

� )L��������VKR�V�WKH�SKH�RPH�R��RI�ULVL����DWHU�L��WKH�W�EH�RI�smaller�GLDPHWHUV�

� /HW�� G�  � �LDPHWHU�RI�WKH�FDSLOODU��W�EH�

� � θ�  � ���OH�RI�FR�WDFW�RI�WKH��DWHU�V�UIDFH�
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� � σ�  � 6�UIDFH�WH�VLR��IRUFH�IRU���LW�OH��WK��D�G

� � Z�  � :HL�KW�GH�VLW���ρ���

� 1R��� �S�DUG� V�UIDFH� WH�VLR�� IRUFH� �OLIWL���
IRUFH��  � �HL�KW� RI� WKH� �DWHU� FRO�P�� L�� WKH� W�EH�
��U��LW��IRUFH�

� � πG�σ�FRV�θ�  � �

�
G K Z
π

× ×

� ∴� K�  �
� FRV
ZG
σ θ

�� ���������

� )RU��DWHU�D�G��ODVV��θ����

� +H�FH� WKH� FDSLOODU�� ULVH� RI� �DWHU� L�� WKH� �ODVV�
W�EH�

� � K�  �
�
ZG
σ
� ���������



kinetic� energy� takes� place;� the� flow� pattern�
YDULHV� DV� WKH�:HEHU� ��PEHU� FKD��HV� D�G� WKH�
PRWLR�� FR�WL��HV� �LYL��� ULVH� WR� D� VHULHV� RI�
VWD�GL����DYHV��7KLV�SKH�RPH�R��LV�N�R���DV�
F�SL���U�� L��HUVLR�� of� jet� for�orifices� of� �R��
FLUF���U�FURVV�VHFWLR����V�VKR���L��WKH�)L��������
the�jet�issuing�from�a�small�elliptical�orifice�can�
EH�REVHUYHG�WR���GHU�R�W�R�L�YHUVLR��F�FOHV�L��
D��LYH��OH��WK�

� 7KH�SKH�RPH�R��RI�FDSLOODU��L�YHUVLR��RI�
jets� is� significant� for� industries� involving� the�
SURG�FWLR�� D�G� VL]H�FR�WURO� RI� OLT�LG�GURSOHWV�
OLNH�

� ��� SDL�W�

� �� PROWH��VKRW��D�G

� �� D�ULF�OW�UDO�L�VHFWLFLGHV��HWF�

� (�DPS�H������� �A�clean� tube�of�diameter�
2.5� mm� is� immersed� in� a� liquid� with� a�
coefficient� of� surface� tension�=�0.4�N/m.� The�
angle�of�contact�of�the�liquid�with�the�glass�can�be�assumed�to�be�135°.�The�density�of�the�liquid�=��
13600�kg/m��

� :K�W�ZR��G�EH�WKH��H�H��RI�WKH��LT�LG�L��WKH�W�EH�UH��WL�H�WR�WKH�IUHH�V�UI�FH�RI�WKH��LT�LG�L�VLGH�
WKH�W�EH�

� 6R���LR����L�H���G� �2.5�mm�;�σ� ���1�P��θ�=�135°;�ρ� �������N��P�

� Level�of�the�liquid�in�the�tube,���

� 7KH�OLT�LG�L��WKH�W�EH�ULVHV��RU�IDOOV��G�H�WR�FDSLOODULW���7KH�FDSLOODU��ULVH��RU�IDOO��

� � K�  �
� FRV

ZG

σ θ
� ���������(T����������

� � �  �
��

� ��� FRV���

����� ������ ��� ��

× × °

× × ×
� ����������Z� �ρ��

�  ��������������P�RU��������PP
� 1H�DWLYH�VL���L�GLFDWHV�WKDW�WKHUH�LV�D�FDSLOODU��GHSUHVVLR���ID����RI������PP�����V��

� (�DPS�H��������Assuming�that�the�interstices�in�a�clay�are�of�size�equal�to�one�tenth�the�mean�
diameter�of�the�grain,�estimate�the�height�to�which�water�will�rise�in�a� clay�soil�of�average�grain�
diameter�of�0.048�mm.�Assume�surface�tension�at�air-water�interface�as�0.074�N/m.

� 6R���LR����L�H����LDPHWHU�RI�WKH�SRUHV��
�

0.048 0.0048 mm;
��

G = × = σ� �������1�P

� �VV�PL��� θ�  � ��

� � K�  �
��

� ������

����� ����� ������ ��ZG
×σ

=
× × ×

� ��������P����V��

� (�DPS�H�������Calculate�the�work�done�in�blowing�a�soap�bubble�of�diameter�100�mm.�Assume�
the�surface�tension�of�soap�solution�=�0.038�N/m.

� 6R���LR����L�H����� G�� �100�mm�or�0.1�m;�σ� �������1�P�

� 7KH�VRDS�E�EEOH�KDV�W�R�L�WHUIDFHV�

� ∴�� :RUN�GR�H�� �6�UIDFH�WH�VLR����WRWDO�V�UIDFH�DUHD
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� � �  � ���������π��� ( )
�

���
�

�
×

� � �  � ���������1P����V��

� (�DPS�H��������Determine�the�minimum�size�of�glass�tubing�that�can�be�used�to�measure�water�
level,�if�the�capillary�rise�in�the�tube�is�not�to�exceed�0.3�mm.�Take�surface�tension�of�water�in�contact�
ZLWK��LU��V��������N/m�

� 6R���LR����L�H����DSLOODU��ULVH��K� �����PP� ������������P

� � 6�UIDFH�WH�VLR���σ�� ��������1�P

� � Speci�c�weight�of�water,�Z�� ������1�P��

� Size�of�glass�tubing,���

� � �DSLOODU��ULVH��K�  �
� FRV �
ZG ZG
σ θ σ

=

� ��VV�PL���θ� ���IRU��DWHU�

� � �����������  �
� ������
���� G
×
×

� ∴� G�  �
��

� ������
��� P

��� �� ����

×
=

× ×
� �����PP����V��

� (�DPS�H�������A�U-tube�is�made�up�of�two�capillaries�of�bores�1.2�m�and�2.4�mm�respectively.�
The�tube�is�held�vertical�and�partially��lled�with�liquid�of�surface�tension�0.06�N/m���G��HUR�FR�W�FW�
angle.�If�the�estimated�difference�in�the�level�of�two�menisci�is�15�mm,�determine�the�mass�density�of�
WKH��LT�LG�

� 6R���LR����L�H���%RUHV�RI�WKH�FDSLOODULHV�

� � G��  � ����PP� ��������P

� � G��  � ����PP� ��������P

� � �LIIHUH�FH�RI�OHYHO��K����K���=� 15�mm�=�0.015�m;�Angle�of�contact,�θ� ��

� Mass�density�of�the�liquid,�ρ:

� � K��  �
�

� FRV

ZG

σ θ
�� D�G� K�� �

�

� FRV

ZG

σ θ
�

� � ��KHUH�Z�� �ρ��� ��HL�KW�GH�VLW��RI�WKH�OLT�LG��

� ∴� K����K��  �
� �

� � �
�

Z G G
σ  
  

� ��θ� ���

� � ������  �
� ���� � � �������

� ������
���� ������ ������
×   = ×

 ρ × ρ 

� ∴� ρ�  �
������� ������

�����
×

=�679.45�kg/m�����V��
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area. From Newton’s second law, a force 

Newton’s second law:
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Pascal’s law:

 
 
 

the application of Pascal’s law
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Figure10. In stacked-up fluid layers, the pressure change across a fluid layer of density ρ and height is ρgh 
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• 

• Pressure transducers:

• 

• 

• 
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h
e
 f
re

e
 s

u
rf

a
ce

 s
o
 (

P
1
=

P
2
).

 

L
in

e
s 

o
f 

co
n
st

a
n
t 

p
re

ss
u

re
 (

w
h
ic

h
 a

re
 

th
e
 p

ro
je

ct
io

n
s 

o
f 
th

e
 s

u
rf

a
ce

s 
o
f 

co
n
st

a
n

t 
p
re

ss
u
re

 o
n

 t
h

e
 x

z-
p

la
n
e
) 

in
 

a
 li

n
e

a
rl
y 

a
cc

e
le

ra
tin

g
 li

q
u

id
. 
A

ls
o

 
sh

o
w

n
 is

 t
h

e
 v

e
rt

ic
a
l 
ri
se

. 



 



 



 

R
ig

id
-b

o
d

y
 m

o
ti
o
n
 o

f 
a

 
liq

u
id

 i
n
 a

 r
o

ta
tin

g
 v

e
rt

ic
a
l 

cy
lin

d
ri
c
a
l 
c
o
n
ta

in
e
r.

 

S
u
rf

a
ce

 o
f 
co

n
s
ta

n
t 

p
re

ss
u
re

 (
d

P
=

0
) 

w

q
w



S
u
rf

a
ce

 o
f 

co
n

st
a

n
t 
p

re
ss

u
re

 

W
h

e
n
 r

=
0
, 
Z

=
0
; 

a
t 
th

e
 f

re
e
 s

u
rf

a
ce

 

T
h
is

 s
h
o
u
ld

=
 t
h

e
 o

ri
g
in

a
l v

o
lu

m
e
 w

it
h
 h

0
 

B
y 

in
te

g
ra

tin
g
 S

u
rf

a
ce

 o
f 
co

n
st

a
n
t 
p
re

ss
u
re

 in
c
lu

d
in

g
 

th
e
 f

re
e
 s

u
rf

a
ce
Þ

, 
a
re

 p
a
ra

b
o
lo

id
s 

o
f 
re

vo
lu

tio
n

 

+
=

+
=

=
+

+
´

=
+

ò =

=

w
p

w
p

w
p

w
p

+
=

w
p

p
 



 

S
u
rf

a
ce

s
 o

f 
co

n
st

a
n
t 

p
re

ss
u
re

 in
 a

 r
o

ta
tin

g
 

liq
u

id
.

 



 

N
o

te
 t
h
a
t 
a
t 
a
 f
ix

e
d
 r

a
d
iu

s
, 
th

e
 p

re
ss

u
re

 v
a

ri
e
s 

h
y
d
ro

st
a
tic

a
lly

 in
 t
h
e

 
ve

rt
ic

a
l d

ir
e

c
tio

n
, 
a
s 

in
 a

 f
lu

id
 a

t 
re

st
. 

 

F
o

r 
a
 f
ix

e
d
 v

e
rt

ic
a
l d

is
ta

n
ce

 z
, 
th

e
 p

re
ss

u
re

 v
a

ri
e

s 
w

it
h

 t
h
e

 s
q
u
a
re

 o
f 

th
e
 

ra
d
ia

l d
is

ta
n
ce

 r
, 
in

cr
e
a
si

n
g
 f
ro

m
 t
h
e
 c

e
n
te

rl
in

e
 t
o

w
a
rd

 t
h
e
 o

u
te

r 
e

d
g
e

. 
 

In
 a

n
y 

h
o
ri

zo
n
ta

l p
la

n
e
, 
th

e
 p

re
s
su

re
 d

iff
e
re

n
ce

 b
e
tw

e
e
n
 t
h
e
 c

e
n
te

r 
a
n
d
 

e
d
g

e
 o

f 
th

e
 c

o
n

ta
in

e
r 

o
f 

ra
d

iu
s 

R
 is

 

F
ro

m
:  

B
y 

in
te

g
ra

tin
g
:  

Ta
ki

n
g
 P

1
 t
o
 b

e
 t

h
e
 o

ri
g
in

a
l (

r=
0
, 
z=

o
) 

w
h

e
re

 t
h

e
 p

re
s
su

re
 is

 P
0
 a

n
d
 t

h
e
 p

o
in

t 
2
 

to
 b

e
 a

n
y 

p
o
in

t 
in

 t
h
e
 f

lu
id

 (
n
o
 s

u
b
sc

ri
p
t)

 t
h
e
n
 t
h
e
 p

re
ss

u
re

 d
is

tr
ib

u
ti
o
n
 i
s
: 



 



 



 

B
U

O
Y

A
N

C
Y

 A
N

D
 S

T
A

B
IL

IT
Y

 
B

u
o

y
a
n

t 
fo

rc
e
:  

T
h
e
 u

p
w

a
rd

 f
o

rc
e
 a

 f
lu

id
 e

xe
rt

s 
o
n

 a
 b

o
d
y
 i
m

m
e
rs

e
d

 in
 it

. 
T

h
e
 b

u
o
ya

n
t 
fo

rc
e
 i
s 

ca
u
se

d
 b

y 
th

e
 in

cr
e
a
se

 o
f 
p
re

ss
u
re

 w
ith

 d
e
p
th

 i
n
 a

 f
lu

id
. 

A
 f
la

t 
p
la

te
 o

f 
u
n
if
o
rm

 t
h

ic
kn

e
ss

 h
 s

u
b
m

e
rg

e
d
 

in
 a

 li
q
u
id

 p
a

ra
lle

l t
o
 t

h
e
 f

re
e
 s

u
rf

a
ce

. 

T
h

e
 b

u
o

y
a
n

t 
fo

rc
e
 a

c
ti

n
g

 o
n

 
th

e
 p

la
te

 i
s
 e

q
u

a
l 
to

 t
h

e
 

w
e

ig
h

t 
o

f 
th

e
 l

iq
u

id
 

d
is

p
la

c
e
d

 b
y
 t

h
e
 p

la
te

. 
 

F
o

r 
a
 f
lu

id
 w

it
h
 c

o
n
st

a
n
t 

d
e
n

si
ty

, 
th

e
 b

u
o

y
a
n
t 
fo

rc
e
 i
s
 

in
d

e
p

e
n

d
e

n
t 

o
f 

th
e
 d

is
ta

n
c
e

 o
f 

th
e
 b

o
d

y
 f

ro
m

 t
h
e
 f

re
e
 s

u
rf

a
c
e
. 

It
 is

 a
ls

o
 in

d
e

p
e
n

d
e
n

t 
o
f 
th

e
 

d
e
n

si
ty

 o
f 
th

e
 s

o
lid

 b
o
d
y.
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A
rc

h
im

e
d

e
s
’ p

ri
n

c
ip

le
: 

T
h

e
 b

u
o
ya

n
t 
fo

rc
e
 a

ct
in

g
 

o
n

 a
 b

o
d

y
 im

m
e

rs
e

d
 in

 a
 f

lu
id

 is
 e

q
u
a

l t
o
 t

h
e

 w
e

ig
h

t 
o
f 
th

e
 f
lu

id
 d

is
p
la

ce
d
 b

y 
th

e
 b

o
d
y,

 a
n
d
 it

 a
ct

s 
u
p

w
a
rd

 
th

ro
u
g
h
 t
h
e
 c

e
n
tr

o
id

 o
f 

th
e
 d

is
p
la

ce
d
 v

o
lu

m
e
. 

T
h

e
 b

u
o

ya
n
t 

fo
rc

e
s
 a

c
ti
n

g
 o

n
 a

 
so

lid
 b

o
d
y 

s
u
b
m

e
rg

e
d
 in

 a
 f
lu

id
 a

n
d
 

o
n
 a

 f
lu

id
 b

o
d
y
 o

f 
th

e
 s

a
m

e
 s

h
a
p
e
 

a
t 
th

e
 s

a
m

e
 d

e
p
th

 a
re

 i
d
e

n
tic

a
l. 

T
h
e
 b

u
o
y
a
n
t 

fo
rc

e
 F

B
 a

ct
s
 u

p
w

a
rd

 
th

ro
u
g
h

 t
h
e
 c

e
n
tr

o
id

 C
 o

f 
th

e
 

d
is

p
la

ce
d
 v

o
lu

m
e
 a

n
d

 is
 e

q
u
a
l i

n
 

m
a

g
n

itu
d
e
 t

o
 t
h
e
 w

e
ig

h
t 

W
 o

f 
th

e
 

d
is

p
la

ce
d
 f
lu

id
, 
b
u
t 
is

 o
p
p

o
si

te
 in

 
d
ir
e

ct
io

n
. 

F
o
r 

a
 s

o
lid

 o
f 

u
n

if
o

rm
 

d
e
n

si
ty

, 
it
s 

w
e
ig

h
t 

W
s 
a
ls

o
 a

c
ts

 
th

ro
u
g
h

 t
h
e
 c

e
n
tr

o
id

, 
b
u
t 

it
s
 

m
a

g
n

itu
d
e
 i
s
 n

o
t 

n
e
c
e
s
s
a
ri
ly

 e
q
u

a
l 

to
 t
h

a
t 
o
f 
th

e
 f
lu

id
 i
t 
d
is

p
la

c
e
s
. 

(H
e
re

 W
s
 >

 W
 a

n
d
 t

h
u
s
 W

s 
>

 F
B
; 

th
is

 s
o
lid

 b
o
d
y
 w

o
u
ld

 s
in

k
.)

 



 

F
o

r 
fl

o
a

ti
n

g
 b

o
d

ie
s

, 
th

e
 w

e
ig

h
t 

o
f 
th

e
 e

n
tir

e
 b

o
d
y 

m
u
s
t 
b
e
 e

q
u
a
l 
to

 t
h
e

 
b
u
o

ya
n
t 

fo
rc

e
, 

w
h

ic
h
 i
s
 t

h
e

 w
e
ig

h
t 

o
f 

th
e
 f

lu
id

 w
h

o
se

 v
o

lu
m

e
 i
s
 e

q
u
a

l 
to

 t
h

e
 

vo
lu

m
e
 o

f 
th

e
 s

u
b
m

e
rg

e
d

 p
o
rt

io
n
 o

f 
th

e
 f

lo
a
tin

g
 b

o
d
y
: 

A
 s

o
lid

 b
o

d
y 

d
ro

p
p

e
d

 
in

to
 a

 f
lu

id
 w

ill
 s

in
k
, 

flo
a
t,

 o
r 

re
m

a
in

 a
t 
re

s
t 

a
t 
a
n
y
 p

o
in

t 
in

 t
h

e
 

flu
id

, 
d

e
p
e

n
d
in

g
 o

n
 it

s
 

a
ve

ra
g
e

 d
e
n
si

ty
 

re
la

tiv
e
 t

o
 t
h
e
 d

e
n

s
ity

 
o
f 
th

e
 f

lu
id

. 



 

T
h

e
 a

lt
itu

d
e
 o

f 
a
 h

o
t 

a
ir
 

b
a
llo

o
n
 is

 c
o
n
tr

o
lle

d
 b

y 
th

e
 

te
m

p
e
ra

tu
re

 d
iff

e
re

n
ce

 
b
e
tw

e
e
n
 t
h
e
 a

ir
 in

s
id

e
 a

n
d

 
o
u
ts

id
e
 t
h
e
 b

a
llo

o
n
, 
si

n
ce

 
w

a
rm

 a
ir

 is
 l
e

ss
 d

e
n

s
e
 t
h
a
n
 

co
ld

 a
ir
. 
W

h
e
n
 t

h
e

 b
a
llo

o
n
 

is
 n

e
it
h
e
r 

ri
s
in

g
 n

o
r 

fa
lli

n
g
, 

th
e

 u
p
w

a
rd

 b
u
o
ya

n
t 
fo

rc
e
 

e
x
a
c
tly

 b
a
la

n
c
e
s 

th
e

 
d
o
w

n
w

a
rd

 w
e
ig

h
t.

 



 



 



 

F
=

 W
 =

 ρ
V

 g
 



S
ta

b
il
it

y
 o

f 
Im

m
e
rs

e
d

 a
n

d
 

F
lo

a
ti

n
g

 B
o

d
ie

s
 

F
o

r 
flo

a
tin

g
 b

o
d
ie

s 
s
u
ch

 a
s
 s

h
ip

s,
 s

ta
b

ili
ty

 
is

 a
n
 im

p
o
rt

a
n
t 

co
n
si

d
e
ra

tio
n
 f
o
r 

sa
fe

ty
. 

S
ta

b
ili

ty
 is

 e
a

s
ily

 
u
n
d
e
rs

to
o

d
 b

y
 

a
n
a
ly

zi
n
g
 a

 b
a

ll 
o
n
 t
h
e
 f
lo

o
r.

 

 



A
n

 im
m

e
rs

e
d
 n

e
u

tr
a

lly
 b

u
o

y
a
n

t 
b
o
d
y
 is

 (
a

) 
st

a
b
le

 if
 t
h

e
 c

e
n
te

r 
o
f 

g
ra

vi
ty

 G
 is

 d
ir
e

ct
ly

 b
e
lo

w
 t
h
e

 c
e

n
te

r 
o
f 
b
u
o
ya

n
cy

 B
 o

f 
th

e
 b

o
d
y,

 (
b

) 
n

e
u

tr
a
lly

 s
ta

b
le

 if
 G

 a
n
d

 B
 a

re
 

co
in

ci
d
e
n
t,
 a

n
d

 (
c
) 

u
n
s
ta

b
le

 if
 G

 is
 

d
ir
e

ct
ly

 a
b
o
ve

 B
. 

A
 f
lo

a
ti
n

g
 b

o
d

y 
p

o
s
se

ss
e

s 
ve

rt
ic

a
l 

st
a
b

ili
ty

, 
w

h
ile

 a
n
 im

m
e

rs
e
d
 n

e
u
tr

a
lly

 
b
u
o
ya

n
t 
b
o
d
y
 is

 n
e
u
tr

a
lly

 s
ta

b
le

 s
in

ce
 it

 
d
o
e
s 

n
o
t 
re

tu
rn

 t
o
 it

s 
o
ri

g
in

a
l p

o
si

tio
n
 

a
ft
e

r 
a

 d
is

tu
rb

a
n

ce
. 

 



 

W
h

e
n

 t
h

e
 c

e
n

te
r 

o
f 
g

ra
v
ity

 G
 o

f 
a

n
 im

m
e

rs
e
d

 
n
e
u
tr

a
lly

 b
u
o
ya

n
t 
b
o
d
y
 is

 n
o
t 
ve

rt
ic

a
lly

 
a
lig

n
e
d
 w

ith
 t
h
e
 c

e
n
te

r 
o
f 
b
u
o
ya

n
cy

 B
 o

f 
th

e
 

b
o
d
y,

 i
t 
is

 n
o
t 

in
 a

n
 e

q
u
ili

b
ri
u

m
 s

ta
te

 a
n
d
 

w
o

u
ld

 r
o
ta

te
 t
o
 it

s
 s

ta
b

le
 s

ta
te

, 
e

ve
n

 w
ith

o
u

t 
a
n
y 

d
is

tu
rb

a
n
ce

. 

A
 b

a
ll 

in
 a

 t
ro

u
g

h
  

b
e

tw
e

e
n

 
tw

o
 h

ill
s 

is
 s

ta
b
le

 f
o
r 

sm
a
ll 

d
is

tu
rb

a
n
ce

s,
 b

u
t 

u
n
st

a
b
le

 
fo

r 
la

rg
e
 d

is
tu

rb
a
n
ce

s.
 



 

A
 f
lo

a
tin

g
 b

o
d

y 
is

 s
ta

b
le

 if
 t
h

e
 b

o
d
y 

is
 b

o
tt

o
m

-h
e
a

vy
 a

n
d

 t
h
u
s
 t
h
e
 c

e
n
te

r 
o
f 

g
ra

vi
ty

 G
 is

 b
e
lo

w
 t

h
e
 c

e
n
tr

o
id

 B
 o

f 
th

e
 b

o
d
y,

 o
r 

if
 t

h
e
 m

e
ta

c
e
n
te

r 
M

 is
 a

b
o
ve

 
p
o
in

t 
G

. 
H

o
w

e
ve

r,
 t

h
e
 b

o
d
y 

is
 u

n
st

a
b
le

 if
 p

o
in

t 
M

 is
 b

e
lo

w
 p

o
in

t 
G

. 

M
e
ta

c
e
n

tr
ic

 h
e

ig
h

t 
G

M
: 

T
h
e
 d

is
ta

n
ce

 b
e
tw

e
e
n
 t

h
e
 c

e
n
te

r 
o
f 
g

ra
v
ity

 
G

 a
n
d

 t
h

e
 m

e
ta

ce
n

te
r 

M
—

th
e
 in

te
rs

e
c
tio

n
 p

o
in

t 
o

f 
th

e
 l
in

e
s
 o

f 
a

c
ti
o
n

 
o
f 
th

e
 b

u
o

ya
n
t 

fo
rc

e
 t

h
ro

u
g
h

 t
h
e
 b

o
d
y 

b
e
fo

re
 a

n
d
 a

ft
e
r 

ro
ta

tio
n
. 

T
h
e

 le
n
g
th

 o
f 
th

e
 m

e
ta

ce
n

tr
ic

 h
e
ig

h
t 

G
M

 a
b
o
ve

 G
 is

 a
 m

e
a
su

re
 o

f 
th

e
 

st
a

b
ili

ty
: 
th

e
 la

rg
e
r 

it 
is

, 
th

e
 m

o
re

 s
ta

b
le

 is
 t
h
e
 f

lo
a
tin

g
 b

o
d
y.
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L
A

G
R

A
N

G
IA

N
 A

N
D

 E
U

L
E

R
IA

N
D

E
S

C
R

IP
T

IO
N

S
K

in
e
m

a
ti

c
s

:
T

h
e
 s

tu
d
y 

o
f 
m

o
ti
o
n
. 

F
lu

id
 k

in
e
m

a
ti

c
s

:
T

h
e
 s

tu
d
y
 o

f 
h
o
w

 f
lu

id
s 

flo
w

 a
n
d
 h

o
w

 t
o
 d

e
sc

ri
b
e
 f
lu

id
m

o
ti
o
n
.

W
ith

 a
 s

m
a
ll 

n
u
m

b
e

r 
o
f 
o
b
je

ct
s,

 s
u
c
h

a
s 

b
ill

ia
rd

 b
a
lls

 o
n

 a
 p

o
o

l t
a

b
le

,
in

d
iv

id
u
a
l 
o
b
je

ct
s 

ca
n
 b

e
 t
ra

c
ke

d
.

In
 t
h
e
 L

a
g

ra
n
g
ia

n
 d

e
sc

ri
p
tio

n
, 

o
n
e

m
u

st
 k

e
e

p
 t

ra
c
k 

o
f 

th
e

 p
o

s
it
io

n
 a

n
d

ve
lo

ci
ty

 o
f 
in

d
iv

id
u
a

l 
p
a

rt
ic

le
s
.

T
h

e
re

 a
re

 t
w

o
 d

is
ti

n
c

t 
w

a
y

s
 t

o
 d

e
s
c
ri

b
e

m
o

ti
o

n
:

L
a

g
ra

n
g

ia
n

a
n

d
E

u
le

ri
a

n

L
a
g

ra
n

g
ia

n
 d

e
s
c
ri

p
ti

o
n

:
T
o
 f
o
llo

w
 t

h
e
 p

a
th

 o
f 
in

d
iv

id
u
a
l o

b
je

ct
s
.

T
h

is
 m

e
th

o
d

re
q
u
ir
e
s 

u
s 

to
 t
ra

ck
 t
h

e
p
o
si

tio
n
 a

n
d
 v

e
lo

ci
ty

 o
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p
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 d
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o
m

e
 f
o
rm

 o
f 
fl
o
w

v
is

u
a
liz

a
tio

n
.



S
tr

e
a

m
li

n
e

s
a
n

d
 S

tr
e
a

m
tu

b
e

s

S
tr

e
a
m

li
n

e
:

A
 c

u
rv

e
 t

h
a
t 

is
 e

v
e
ry

w
h
e
re

 
ta

n
g
e
n
t 

to
 t
h
e
 i
n
st

a
n
ta

n
e
o
u
s 

lo
ca

l 
v
e
lo

ci
ty

 v
e
ct

o
r.

S
tr

e
a
m

lin
e
s 

a
re

 u
se

fu
l 
a
s 

in
d
ic

a
to

rs
 o

f 
th

e
 i
n

s
ta

n
ta

n
e
o

u
s
 d

ir
e
c
tio

n
 o

f 
fl
u
id

 
m

o
tio

n
th

ro
u

g
h
o

u
t 
th

e
 f
lo

w
 f

ie
ld

. 

F
o

r 
e
xa

m
p
le

, 
re

g
io

n
s 

o
f 

re
c

ir
c

u
la

ti
n

g
 

fl
o

w
 a

n
d

 s
e
p

a
ra

ti
o

n
 o

f 
a
 f

lu
id

o
ff

 o
f 

a
 

s
o

li
d

 w
a
ll

 a
re

 e
a

si
ly

 i
d

e
n

ti
fie

d
 b

y 
th

e
 

s
tr

e
a
m

lin
e
 p

a
tt

e
rn

.

S
tr

e
a
m

lin
e

s 
ca

n
n

o
t 
b

e
 d

ir
e
ct

ly
 o

b
se

rv
e
d

 
e

xp
e
ri
m

e
n
ta

lly
e

xc
e
p
t 

in
 s

te
a
d
y 

fl
o
w

 f
ie

ld
s
.



A
 s

tr
e

a
m

tu
b

e
 c

o
n
s
is

ts
 o

f 
a
 

b
u

n
d

le
 o

f 
in

d
iv

id
u

a
l 
s
tr

e
a

m
lin

e
s.

In
 a

n
 in

c
o
m

p
re

ss
ib

le
 f
lo

w
 f
ie

ld
, 
a
 s

tr
e
a
m

tu
b
e
 (

a
) 

d
e
cr

e
a
se

s 
in

 d
ia

m
e
te

r 
a
s 

th
e
 f
lo

w
 a

cc
e
le

ra
te

s 
o
r 

c
o
n
ve

rg
e
s 

a
n
d
 (

b
) 

in
cr

e
a
se

s 
in

 d
ia

m
e
te

r 
a
s 

th
e

 f
lo

w
 d

e
ce

le
ra

te
s 

o
r 

d
iv

e
rg

e
s.

Ø
A

 s
tr

e
a
m

tu
b

e
co

n
si

st
s 

o
f 
a

 
b

u
n

d
le

 o
f 
st

re
a

m
lin

e
s
 m

u
ch

 li
ke

 a
 

co
m

m
u

n
ic

a
tio

n
s 

ca
b
le

 c
o

n
si

st
s 

o
f 

a
 b

u
n
d
le

 o
f 
fib

e
r-

o
p
tic

 c
a
b
le

s.
 

S
in

c
e
 s

tr
e

a
m

lin
e

s 
a
re

 e
ve

ry
w

h
e
re

 
p

a
ra

lle
l t

o
 t

h
e
 lo

ca
l v

e
lo

ci
ty

, 
flu

id
 

ca
n
n
o
t 

cr
o
ss

 a
 s

tr
e
a
m

lin
e
 b

y 
d

e
fi
n
iti

o
n
. 

F
lu

id
 w

it
h
in

 a
 s

tr
e

a
m

tu
b

e
m

u
st

 
re

m
a
in

 t
h

e
re

 a
n

d
 c

a
n

n
o

t 
c
ro

ss
 t
h

e
 

b
o
u

n
d
a

ry
 o

f 
th

e
 s

tr
e

a
m

tu
b

e
. 

B
o
th

 s
tr

e
a
m

li
n

e
s
 a

n
d

 
s

tr
e

a
m

tu
b

e
s

a
re

 i
n

s
ta

n
ta

n
e

o
u

s
 

q
u

a
n

ti
ti

e
s
, 

d
e
fi
n
e
d
 a

t 
a
 p

a
rt

ic
u
la

r 
in

s
ta

n
t 
in

 
ti
m

e
 a

c
co

rd
in

g
 t
o
 t
h
e
 v

e
lo

c
ity

 
fi
e
ld

 a
t 
th

a
t 
in

s
ta

n
t.
 



P
a
th

li
n

e
s

•
A

 p
a
th

lin
e
 is

 a
L
a
g
ra

n
g
ia

n
 c

o
n
ce

p
t 
in

 
th

a
t 

w
e
 s

im
p
ly

 f
o
llo

w
 t

h
e
 p

a
th

 o
f 
a
n

 
in

d
iv

id
u

a
l f

lu
id

p
a

rt
ic

le
a

s 
it 

m
o

ve
s
 

a
ro

u
n
d
 in

 t
h
e
 f

lo
w

 f
ie

ld
. 

•
T

h
u
s
, 
a
 p

a
th

lin
e

 is
th

e
 s

a
m

e
 a

s 
th

e
 f

lu
id

 
p

a
rt

ic
le
’s

 m
a

te
ri
a
l p

o
si

tio
n

 v
e
ct

o
r 

(x
p
a
rt

ic
le
(t

),
 y

p
a
rt

ic
le
(t

),
z p

a
rt

ic
le
(t

))
 t

ra
c
e
d
 o

u
t 

o
ve

r 
so

m
e
 f

in
ite

 t
im

e
 in

te
rv

a
l.

A
 p

a
th

lin
e
 i
s 

fo
rm

e
d
 b

y 
fo

llo
w

in
g
 

th
e

a
ct

u
a
l 
p
a
th

 o
f 
a
 f

lu
id

 p
a
rt

ic
le

.

P
a
th

lin
e
s 

p
ro

d
u
ce

d
 b

y 
w

h
ite

 t
ra

ce
r

p
a
rt

ic
le

s 
s
u
sp

e
n
d
e
d
 i
n
 w

a
te

r 
a
n
d

ca
p
tu

re
d
 b

y 
ti
m

e
-e

xp
o
s
u
re

p
h
o
to

g
ra

p
h
y;

 a
s 

w
a
ve

s 
p
a
s
s

h
o
ri
zo

n
ta

lly
, 

e
a
ch

 p
a
rt

ic
le

 m
o
v
e
s

in
 a

n
 e

lli
p
tic

a
l p

a
th

 d
u
ri
n
g
 o

n
e

w
a
ve

 p
e
ri
o
d
.

P
a
th

li
n

e
:

T
h
e
 a

ct
u
a
l p

a
th

 t
ra

ve
le

d
 b

y 
a
n
 in

d
iv

id
u
a
l f

lu
id

 p
a
rt

ic
le

 o
ve

r 
so

m
e

tim
e

 p
e
ri
o
d
.



S
tr

e
a

k
li

n
e

s

S
tr

e
a
k
li

n
e
:

T
h
e
 lo

c
u
s 

o
f 
fl
u
id

 
p
a
rt

ic
le

s 
th

a
t 

h
a
ve

 p
a
s
se

d
 

se
q

u
e

n
tia

lly
th

ro
u

g
h

 a
 

p
re

sc
ri
b
e
d
 p

o
in

t 
in

 t
h

e
 f

lo
w

.

S
tr

e
a
k
lin

e
s 

a
re

 t
h

e
 m

o
st

 
co

m
m

o
n
 f

lo
w

 p
a
tt
e

rn
 

g
e
n

e
ra

te
d
 i
n
 a

 p
h
ys

ic
a

l 
e

xp
e

ri
m

e
n

t.

If
 y

o
u
 in

se
rt

 a
 s

m
a
ll 

tu
b
e

 in
to

 
a
 f
lo

w
 a

n
d

 in
tr

o
d
u

ce
 a

 
co

n
ti
n
u
o

u
s 

s
tr

e
a
m

o
f 
tr

a
ce

r 
flu

id
 (

d
y
e
 i
n
 a

w
a

te
r 

fl
o
w

o
r 

sm
o

ke
 in

 a
n
 a

ir
flo

w
),

 t
h

e
 

o
b
se

rv
e
d
 p

a
tt
e
rn

is
 a

 
st

re
a
kl

in
e
.

A
 s

tr
e

a
kl

in
e
 i
s 

fo
rm

e
d
 b

y 
co

n
ti
n
u
o
u
s

in
tr

o
d
u
c
tio

n
 o

f 
d
ye

 o
r 

sm
o
k
e
 f

ro
m

 a
p

o
in

t 
in

 
th

e
 f

lo
w

. 
L
a
b
e
le

d
 t

ra
ce

r
p

a
rt

ic
le

s
 (

1
 t
h
ro

u
g
h
 

8
) 

w
e

re
in

tr
o
d
u

ce
d
 s

e
q
u
e

n
tia

lly
.



S
tr

e
a
k
lin

e
s 

p
ro

d
u
ce

d
 b

y 
co

lo
re

d
 f
lu

id
in

tr
o

d
u
c
e

d
 

u
p
s
tr

e
a
m

; 
si

n
ce

 t
h
e
 f
lo

w
 i
s

st
e
a

d
y,

 t
h
e
se

 s
tr

e
a
k
lin

e
s 

a
re

 
th

e
 s

a
m

e
a
s 

st
re

a
m

lin
e
s
 a

n
d
 

p
a
th

lin
e

s
.

•
S

tr
e
a
kl

in
e
s
,

st
re

a
m

lin
e
s
, 
a
n
d

p
a
th

lin
e
s

a
re

 i
d

e
n

ti
c
a
l 

in
 s

te
a
d

y
 f

lo
w

b
u
t

th
e
y
 c

a
n
 b

e
 q

u
it

e
 d

if
fe

re
n

t
in

 u
n

s
te

a
d

y
 f

lo
w

.

•
T

h
e

 m
a
in

 d
iff

e
re

n
ce

 is
 t
h
a
t 
a
 s

tr
e
a
m

li
n

e
re

p
re

se
n
ts

 a
n

in
s
ta

n
ta

n
e
o

u
s

flo
w

 p
a
tt

e
rn

 a
t 

a
 g

iv
e
n
 i
n
st

a
n
t 

in
 t

im
e
, 
w

h
ile

 a
 

s
tr

e
a
k
li
n

e
a
n
d
 a

p
a

th
li

n
e

a
re

 f
lo

w
 p

a
tt
e

rn
s 

th
a
t 
h
a
ve

 s
o
m

e
 a

g
e

 a
n
d

 
th

u
s 

a
 t

im
e

 h
is

to
ry

a
ss

o
c
ia

te
d

w
ith

 t
h
e
m

. 

•
A

 s
tr

e
a
kl

in
e

 i
s 

a
n

 in
s
ta

n
ta

n
e
o

u
s
 s

n
a

p
sh

o
t 

o
f 

a
 t
im

e
-i
n

te
g

ra
te

d
fl
o
w

 
p
a
tt
e
rn

. 

•
A

 p
a
th

lin
e

, 
o
n
 t
h
e
 o

th
e
r 

h
a
n
d

, 
is

 t
h

e
 t

im
e

-e
xp

o
se

d
 f

lo
w

 p
a
th

 o
f

a
n
 

in
d

iv
id

u
a
l 
p
a
rt

ic
le

 o
ve

r 
so

m
e

 t
im

e
 p

e
ri

o
d
.



T
im

e
li

n
e
s

T
im

e
li

n
e

:
A

se
t 
o
f 
a
d
ja

ce
n
t 
fl
u
id

 p
a
rt

ic
le

s 
th

a
t 

w
e
re

 m
a
rk

e
d
 a

t 
th

e
 s

a
m

e
(e

a
rl
ie

r)
 i
n
s
ta

n
t 
in

 
tim

e
.

T
im

e
lin

e
s 

a
re

 p
a
rt

ic
u
la

rl
y 

u
se

fu
l 
in

si
tu

a
tio

n
s 

w
h
e
re

 t
h
e
 u

n
ifo

rm
ity

 o
f 
a

flo
w

 (
o
r 

la
ck

 
th

e
re

o
f)

 i
s 

to
 b

e
e
xa

m
in

e
d

.

T
im

e
lin

e
s 

a
re

 f
o
rm

e
d
 b

y
 

m
a
rk

in
g

a
 li

n
e
 o

f 
fl
u
id

 p
a
rt

ic
le

s,
 

a
n
d
 t
h
e
n

w
a
tc

h
in

g
 t
h
a

t 
lin

e
 

m
o
v
e
 (

a
n

d
 d

e
fo

rm
)

th
ro

u
g
h
 t
h
e

 
flo

w
 f
ie

ld
; 

tim
e
lin

e
s
 a

re
sh

o
w

n
 

a
t 
t 
=

0
, 
t 1

, 
t 2

, 
a

n
d

 t
3
.

T
im

e
lin

e
s 

p
ro

d
u

c
e
d
 b

y
 a

 h
yd

ro
g
e

n
b
u
b
b
le

 w
ir
e
 a

re
 u

se
d
 t
o
 v

is
u
a

liz
e
 t
h
e

b
o
u
n
d
a
ry

 
la

ye
r 

ve
lo

ci
ty

 p
ro

fil
e

 s
h

a
p

e
.
F

lo
w

 i
s 

fr
o

m
 le

ft
 t

o
 r

ig
h
t,

 a
n

d
 t

h
e

h
yd

ro
g
e

n
 b

u
b

b
le

 
w

ir
e
 i
s 

lo
ca

te
d
 t
o
 t
h
e

le
ft

 o
f 
th

e
 f
ie

ld
 o

f 
vi

e
w

. 
B

u
b
b
le

s
 n

e
a
r

th
e
 w

a
ll 

re
ve

a
l 
a
 f
lo

w
 

in
s
ta

b
ili

ty
 t
h
a
t
le

a
d
s 

to
 t
u
rb

u
le

n
c
e
.



R
e

c
e
n
t 
a
d
v
a
n
c
e
s 

a
ls

o
 e

xt
e
n
d
 t
h
e
 t

e
c
h
n
iq

u
e
 t
o
 t

h
re

e
 d

im
e
n
si

o
n
s
. 

In
 P

IV
, 

tin
y 

tr
a

ce
r 

p
a

rt
ic

le
s
 a

re
 s

u
sp

e
n

d
e
d

 in
 t
h

e
 f
lu

id
. 
H

o
w

e
ve

r,
 t

h
e
 f

lo
w

 i
s
 

il
lu

m
in

a
te

d
 b

y
 t

w
o

 f
la

s
h

e
s
 o

f 
li
g

h
t 

(u
su

a
lly

 a
 l
ig

h
t 
sh

e
e
t 
fr

o
m

 a
 l
a
se

r)
 t

o
 

p
ro

d
u
ce

 t
w

o
 b

ri
g
h
t 
s
p
o
ts

 (
re

co
rd

e
d
 b

y 
a
 c

a
m

e
ra

) 
fo

r 
e
a
ch

 m
o
v
in

g
 p

a
rt

ic
le

. 

T
h

e
n
, 
b
o
th

 t
h
e
 m

a
g
n

it
u
d
e
 a

n
d
 d

ir
e
ct

io
n
 o

f 
th

e
 v

e
lo

ci
ty

 v
e
ct

o
r 

a
t 

e
a
ch

 p
a
rt

ic
le

 
lo

c
a
tio

n
 c

a
n
 b

e
 i
n
fe

rr
e
d
, 
a

s
su

m
in

g
 t
h
a
t 
th

e
 t

ra
c
e
r 

p
a
rt

ic
le

s 
a
re

 s
m

a
ll 

e
n
o
u
g
h
 

th
a
t 
th

e
y 

m
o
v
e
 w

it
h
 t
h
e
 f
lu

id
. 

P
a
rt

ic
le

 i
m

a
g

e
 v

e
lo

c
im

e
tr

y
 (

P
IV

):
A

 m
o
d
e
rn

 e
xp

e
ri
m

e
n
ta

l 
te

ch
n

iq
u
e

 t
h
a
t 
u

til
iz

e
s 

sh
o

rt
 s

e
g

m
e
n
ts

 o
f 
p
a
rt

ic
le

 p
a
th

lin
e
s

to
 

m
e

a
su

re
 t

h
e
 v

e
lo

ci
ty

 f
ie

ld
 o

ve
r 

a
n
 e

n
tir

e
 p

la
n
e

 i
n

 a
 f

lo
w

. 



O
TH

ER
 K

IN
EM

AT
IC

 D
ES

CR
IP

TI
O

N
S

F
u

n
d
a
m

e
n
ta

l 
ty

p
e
s 

o
f 

fl
u
id

 e
le

m
e
n
t 
m

o
ti
o
n
 o

r 
d
e
fo

rm
a
ti
o
n
: 
(a

) 
tr

a
n
sl

a
ti
o
n
, 
(b

) 
ro

ta
tio

n
, 

(c
) 

lin
e
a
r 

st
ra

in
, 
a
n
d
 (

d
) 

sh
e
a
r 

s
tr

a
in

.

T
y

p
e
s
 o

f 
M

o
ti

o
n

 o
r 

D
e
fo

rm
a
ti

o
n

 o
f 

F
lu

id
 

E
le

m
e
n

ts

In
 f
lu

id
 m

e
ch

a
n
ic

s,
 a

n
 e

le
m

e
n
t 
m

a
y 

u
n
d
e

rg
o
 f

o
u
r 

fu
n
d

a
m

e
n

ta
l 
ty

p
e
s 

o
f 
m

o
tio

n
 o

r 
d
e
fo

rm
a

tio
n
:

(a
) 

tr
a
n

s
la

ti
o

n
, 
(b

) 
ro

ta
ti

o
n

, 

(c
) 

li
n

e
a
r 

s
tr

a
in

(a
ls

o
 c

a
lle

d
 e

x
te

n
s
io

n
a
l 

s
tr

a
in

),
 a

n
d

(d
) 

s
h

e
a
r 

s
tr

a
in

. 

A
ll 

fo
u
r 

ty
p

e
s 

o
f 

m
o

tio
n

 o
r 

d
e
fo

rm
a

tio
n

 u
su

a
lly

 o
cc

u
r 

si
m

u
lta

n
e
o

u
sl

y.
 

It
 is

 p
re

fe
ra

b
le

 in
 f
lu

id
 d

yn
a
m

ic
s 

to
 d

e
sc

ri
b
e
 t
h
e
 m

o
tio

n
 

a
n
d
 d

e
fo

rm
a

tio
n
 o

f 
fl
u
id

 e
le

m
e
n

ts
 in

 t
e

rm
s 

o
f 

ra
te

s
su

ch
 a

s 

ve
lo

ci
ty

(r
a
te

 o
f 

tr
a

n
s
la

ti
o
n
),

 

a
n
g
u
la

r 
v
e
lo

ci
ty

(r
a
te

 o
f 
ro

ta
ti
o
n
),

 

lin
e
a

r 
st

ra
in

 r
a
te

(r
a
te

 o
f 

lin
e
a
r 

st
ra

in
),

 a
n

d
 

sh
e
a
r 

s
tr

a
in

 r
a
te

(r
a
te

 o
f 

sh
e
a
r 

s
tr

a
in

).
 

In
 o

rd
e

r 
fo

r 
th

e
se

 d
e

fo
rm

a
ti

o
n

 r
a

te
s

to
 b

e
 u

se
fu
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 c
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 d
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at
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 c
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 d
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 c
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 c
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 d
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at
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 f
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 c
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at
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y
 (

e
n
e
rg

y,
 

m
o

m
e
n
tu

m
)

b
 =

 B
/m

 t
h

e
 c

o
rr

e
s
p
o

n
d

in
g
 i

n
te

n
s

iv
e

 
p

ro
p

e
rt

y

O
r

b
=

B
/m

A
t 

ti
m

e 
t 

+
Δ

t,
 t

h
e 

sy
st

em
 c

on
si

st
s 

of
 t

he
 

sa
m

e 
fl

ui
d,

 b
ut

 i
t 

o
cc

u
pi

es
 t

he
 r

eg
io

n.

C
V

 –
I 

+
II

.

B
 =

 b
m



b
=

B
/m

B
 =

 b
m



R
e

la
tiv

e
 v

e
lo

ci
ty

 c
ro

ss
in

g
 a

 c
o
n
tr

o
l

su
rf

a
c
e
 i
s 

fo
u
n
d

 b
y
 v

e
ct

o
r 

a
d
d
iti

o
n

o
f 
th

e
 

a
b
so

lu
te

 v
e
lo

c
it
y 

o
f 

th
e
 f
lu

id
a
n
d
 t
h
e
 

n
e
g
a
tiv

e
 o

f 
th

e
 l
o
c
a
l 
v
e
lo

c
it
y

o
f 
th

e
 c

o
n
tr

o
l 

s
u

rf
a
ce

.

R
e

yn
o
ld

s 
tr

a
n
sp

o
rt

 t
h

e
o

re
m

 a
p

p
lie

d
 t

o
a

 
co

n
tr

o
l 
vo

lu
m

e
 m

o
vi

n
g
 a

t 
co

n
st

a
n
t

ve
lo

ci
ty

.



A
n
 e

xa
m

p
le

 c
o
n
tr

o
l 
vo

lu
m

e
 i
n
 w

h
ic

h
th

e
re

 is
 o

n
e
 w

e
ll-

d
e
fi
n
e
d
 i
n
le

t 
(1

) 
a
n
d

tw
o
 w

e
ll-

d
e
fin

e
d
 o

u
tl
e
ts

 (
2
 a

n
d
 3

).
 I
n

su
ch

 c
a
se

s,
 t
h
e
 c

o
n
tr

o
l 
su

rf
a
ce

 
in

te
g
ra

l
in

 t
h
e
 R

T
T

 c
a
n
 b

e
 m

o
re

 
co

n
ve

n
ie

n
tl
y

w
ri
tt
e
n
 i
n
 t
e
rm

s 
o
f 
th

e
 

a
ve

ra
g
e
 v

a
lu

e
s

o
f 
fl
u
id

 p
ro

p
e
rt

ie
s
 

cr
o
ss

in
g
 e

a
ch

 in
le

t
a
n
d
 o

u
tle

t.



C
o

n
s

e
rv

a
ti

o
n

 l
a
w

s
su

ch
 a

s 
th

e
 

la
w

s
o

f 
co

n
se

rv
a

tio
n

 o
f 

m
a

ss
, 

co
n
se

rv
a
ti
o

n
 o

f 
e
n
e

rg
y,

 a
n

d
 

co
n
se

rv
a
ti
o

n
 o

f
m

o
m

e
n
tu

m
. 

H
is

to
ri

ca
lly

, 
th

e
 c

o
n
s
e
rv

a
tio

n
 

la
w

s 
a
re

 f
ir

st
 a

p
p

lie
d

 t
o

 a
 f

ix
e

d
q
u
a
n
tit

y 
o
f 
m

a
tt
e
r 

ca
lle

d
 a

 
cl

o
se

d
 s

ys
te

m
o
r 

ju
st

 a
 s

ys
te

m
, 

a
n
d
 t
h
e
n
 e

xt
e
n
d
e
d

to
 r

e
g

io
n
s 

in
 

sp
a
ce

 c
a
lle

d
 c

o
n
tr

o
l v

o
lu

m
e
s
. 

T
h

e
 c

o
n
s
e
rv

a
tio

n
 r

e
la

tio
n
s 

a
re

a
ls

o
 c

a
lle

d
 b

a
la

n
ce

 e
q
u
a

tio
n
s

si
n

ce
 a

n
y 

co
n
se

rv
e
d
 q

u
a
n
tit

y 
m

u
st

 b
a
la

n
ce

d
u
ri

n
g
 a

 p
ro

ce
s
s.

M
a
n

y 
fl
u

id
 f

lo
w

 d
e

vi
c
e
s
 s

u
c
h
 a

s 
th

is
P

e
lto

n
 

w
h
e
e
l h

yd
ra

u
lic

 t
u
rb

in
e

 a
re

a
n
a
ly

z
e
d
 b

y 
a
p
p
ly

in
g
 t
h

e
 c

o
n

se
rv

a
tio

n
o

f 
m

a
s
s
 a

n
d
 

e
n
e
rg

y
 p

ri
n
ci

p
le

s,
 a

lo
n
g

w
ith

 t
h
e
 l
in

e
a
r 

m
o

m
e
n
tu

m
 e

q
u
a
tio

n
.
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C
o

n
s

e
rv

a
ti

o
n

 o
f 

M
a

s
s

T
h

e
 c

o
n
s
e
rv

a
tio

n
 o

f 
m

a
s
s
 r

e
la

tio
n
 f
o
r 

a
 c

lo
s
e
d
 s

ys
te

m
u
n
d
e
rg

o
in

g
 

a
 c

h
a
n
g
e

is
 e

x
p
re

ss
e

d
 a

s 
m

sy
s

=
co

n
st

a
n
t
o
r 

d
m

sy
s
/d

t 
=

0
, 
w

h
ic

h
 i
s 

th
e
 s

ta
te

m
e
n
t 
th

a
t
th

e
 m

a
ss

 o
f 

th
e
 s

ys
te

m
 r

e
m

a
in

s 
co

n
st

a
n
t 
d
u
ri
n

g
 

a
 p

ro
ce

ss
.

M
a
ss

 b
a
la

n
c
e

fo
r 

a
 c

o
n
tr

o
l v

o
lu

m
e

(C
V

)
in

 r
a
te

 f
o
rm

:

th
e
 t

o
ta

l r
a
te

s 
o
f 

m
a
ss

 f
lo

w
 in

to
 a

n
d
 o

u
t 

o
f 
th

e
 c

o
n
tr

o
l
vo

lu
m

e

th
e
 r

a
te

 o
f 

ch
a
n
g

e
 o

f 
m

a
ss

 w
ith

in
th

e
 c

o
n
tr

o
l 

vo
lu

m
e
 b

o
u
n
d
a
ri
e
s.

C
o

n
ti

n
u

it
y

e
q

u
a
ti

o
n

:
In

 f
lu

id
 m

e
ch

a
n
ic

s,
 t
h

e
 c

o
n

se
rv

a
ti
o
n
 o

f 
m

a
s
s

re
la

tio
n

 w
ri
tt

e
n

 f
o

r 
a

 d
iff

e
re

n
tia

l c
o

n
tr

o
l v

o
lu

m
e

 is
 u

su
a
lly

 c
a

lle
d

 t
h

e
 

co
n
ti
n
u
it
y

e
q
u
a
tio

n
.



T
h

e
 L

in
e
a
r 

M
o

m
e
n

tu
m

 E
q

u
a
ti

o
n

L
in

e
a
r

m
o

m
e
n

tu
m

:
T

h
e
 p

ro
d
u
c
t 
o
f 
th

e
 m

a
s
s
 a

n
d

 t
h

e
 v

e
lo

c
it

y
 o

f 
a
 b

o
d
y 

is
 c

a
lle

d
 t
h
e
 l
in

e
a
r

m
o
m

e
n
tu

m
 o

r 
ju

s
t 
th

e
 m

o
m

e
n
tu

m
 o

f 
th

e
 

b
o

d
y.

 

T
h
e
 m

o
m

e
n
tu

m
 o

f 
a

 r
ig

id
b
o
d
y
 o

f 
m

a
ss

 m
m

o
vi

n
g
 w

it
h
 a

 v
e
lo

ci
ty

 
V

is
 m

V
.

N
e

w
to

n
’s

 s
e

c
o

n
d

 l
a
w

:
T

h
e
 a

cc
e
le

ra
tio

n
 o

f 
a
 b

o
d
y 

is
 p

ro
p
o
rt

io
n
a
l 

to
 t
h

e
 n

e
t 

fo
rc

e
 a

ct
in

g
 o

n
 it

a
n

d
 is

 i
n
ve

rs
e
ly

 p
ro

p
o

rt
io

n
a

l t
o
 it

s
 

m
a

ss
, 
a
n
d

 t
h
a

t 
th

e
 r

a
te

 o
f 

c
h

a
n

g
e

 o
f 

th
e

m
o

m
e

n
tu

m
 o

f 
a

 b
o

d
y

 
is

 e
q

u
a
l 

to
 t

h
e

 n
e
t 

fo
rc

e
 a

c
ti

n
g

 o
n

 t
h

e
 b

o
d

y
. 

C
o

n
s

e
rv

a
ti

o
n

 o
f 

m
o

m
e
n

tu
m

 p
ri

n
c
ip

le
:

T
h
e
 m

o
m

e
n
tu

m
o
f 
a
 

sy
st

e
m

 r
e

m
a

in
s 

co
n

st
a

n
t
o

n
ly

 w
h

e
n

 t
h

e
 n

e
t 

fo
rc

e
 a

ct
in

g
o

n
 it

 is
 

ze
ro

, 
a
n
d
 t
h
u
s 

th
e
 m

o
m

e
n
tu

m
 o

f 
su

ch
 s

ys
te

m
s 

is
 c

o
n
se

rv
e
d
. 

L
in

e
a
r 

m
o

m
e
n

tu
m

 e
q

u
a

ti
o

n
:

In
 f
lu

id
 m

e
ch

a
n
ic

s,
 N

e
w

to
n
’s

se
c
o
n
d
 la

w
 is

 u
su

a
lly

 r
e
fe

rr
e

d
 t
o
 a

s
 t
h
e
 l
in

e
a
r 

m
o
m

e
n
tu

m
 

e
q

u
a

tio
n
.
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C
o

n
s

e
rv

a
ti

o
n

 o
f 

E
n

e
rg

y

T
h

e
 c

o
n

s
e
rv

a
ti

o
n

 o
f 

e
n

e
rg

y
 p

ri
n

c
ip

le
(t

h
e
 e

n
e

rg
y
 b

a
la

n
c
e
):

T
h
e
 

n
e
t 
e
n
e
rg

y 
tr

a
n
sf

e
r 

to
o
r 

fr
o
m

 a
 s

ys
te

m
 d

u
ri
n

g
 a

 p
ro

ce
ss

 b
e
 e

q
u
a
l 
to

 
th

e
 c

h
a
n
g
e

 in
 t
h
e
 e

n
e
rg

y 
c
o
n
te

n
t

o
f 
th

e
 s

ys
te

m
. 

E
n
e
rg

y 
ca

n
 b

e
 t
ra

n
sf

e
rr

e
d
 t
o
 o

r 
fr

o
m

 a
 c

lo
s
e
d
 s

ys
te

m
 b

y 
h
e
a
t 

o
r 

w
o

rk
.

C
o

n
tr

o
l v

o
lu

m
e
s 

a
ls

o
 in

vo
lv

e
 e

n
e

rg
y 

tr
a
n

sf
e
r 

vi
a
 m

a
s
s 

fl
o

w
.

th
e

 t
o

ta
l r

a
te

s 
o

f 
e

n
e

rg
y 

tr
a

n
sf

e
r 

in
to

 
a
n
d

 o
u
t 
o
f 
th

e
co

n
tr

o
l v

o
lu

m
e

th
e
 r

a
te

 o
f 
ch

a
n

g
e
 o

f 
e
n
e
rg

y
w

ith
in

 t
h
e

 c
o

n
tr

o
l 
vo

lu
m

e
 b

o
u

n
d

a
ri

e
s

In
 f

lu
id

 m
e

c
h

a
n

ic
s
, 
w

e
 u

s
u

a
ll
y
 l
im

it
o

u
r 

c
o

n
s
id

e
ra

ti
o

n
 t

o
 

m
e
c

h
a

n
ic

a
l 

fo
rm

s
 o

f 
e

n
e

rg
y
 o

n
ly

.



8

C
O

N
SE

R
VA

T
IO

N
 O

F
 M

A
SS

M
a

ss
 is

 c
o

n
s
e
rv

e
d

 e
ve

n
 d

u
ri

n
g
 c

h
e

m
ic

a
l r

e
a

ct
io

n
s.

C
o

n
s

e
rv

a
ti

o
n

 o
f 

m
a
s
s
: 
M

a
ss

, 
lik

e
 e

n
e
rg

y,
 is

 a
 c

o
n
se

rv
e
d
 p

ro
p

e
rt

y,
 

a
n
d
 it

 c
a
n
n
o
t 
b
e
 c

re
a
te

d
 o

r 
d
e
st

ro
y
e
d
 d

u
ri

n
g
 a

 p
ro

ce
s
s.

 

C
lo

s
e
d

 s
y
s
te

m
s

: 
 T

h
e
 m

a
ss

 o
f 
th

e
 s

ys
te

m
 r

e
m

a
in

 c
o

n
st

a
n
t 

d
u
ri
n

g
 

a
 p

ro
ce

ss
. 

C
o

n
tr

o
l 
v
o

lu
m

e
s
: 
M

a
ss

 c
a
n
 c

ro
s
s 

th
e
 b

o
u
n
d
a
ri
e

s,
 a

n
d
 s

o
 w

e
 m

u
st

 
ke

e
p
 t
ra

ck
 o

f 
th

e
 a

m
o
u
n
t 
o
f 
m

a
ss

 e
n
te

ri
n

g
 a

n
d
 le

a
vi

n
g
 t
h
e

 c
o

n
tr

o
l 

vo
lu

m
e
.

M
a

ss
 m

 a
n
d
 e

n
e
rg

y 
E

 c
a
n
 b

e
 c

o
n
ve

rt
e
d
 t
o
 e

a
ch

 o
th

e
r:

c
 is

 t
h
e
 s

p
e
e
d
 o

f 
lig

h
t 
in

 a
 v

a
cu

u
m

, 
c 

=
 2

.9
9
7

9
´
1
0

8
m

/s
 

T
h

e
 m

a
ss

 c
h
a
n
g
e
 d

u
e
 t
o
 e

n
e
rg

y 
ch

a
n
g
e
 is

 n
e
g

lig
ib

le
.
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M
as

s 
an

d
 V

ol
u

m
e 

Fl
o

w
 R

at
es

T
h

e
 n

o
rm

a
l 
ve

lo
ci

ty
 V

n
fo

r 
a
 

su
rf

a
c
e

is
 t

h
e
 c

o
m

p
o

n
e

n
t 
o

f 
ve

lo
ci

ty
p
e
rp

e
n
d
ic

u
la

r 
to

 t
h

e
 

su
rf

a
ce

.

P
o

in
t 

fu
n

c
ti

o
n

s
h

a
ve

 e
x

a
c

t 
d

if
fe

re
n

ti
a

ls

P
a
th

fu
n

c
ti

o
n

s
h
a
v
e
 i
n

e
x
a
c
t 

d
if

fe
re

n
ti

a
ls

T
h

e
 d

iff
e
re

n
tia

l m
a
ss

 f
lo

w
 r

a
te

M
a
s
s
 f

lo
w

 r
a
te

:
T

h
e
 a

m
o
u
n
t 
o

f 
m

a
ss

 f
lo

w
in

g
 

th
ro

u
g
h
 a

 c
ro

ss
 s

e
ct

io
n
 p

e
r 

u
n

it 
tim

e
.



T
h

e
 a

ve
ra

g
e

 v
e
lo

ci
ty

 V
a
vg

is
 d

e
fi
n
e

d
 

a
s 

th
e
 a

v
e
ra

g
e
 s

p
e
e

d
 t
h

ro
u
g
h

 a
 

cr
o

ss
 s

e
c
tio

n
.

T
h
e
 v

o
lu

m
e
 f
lo

w
 r

a
te

 i
s
 t
h
e
 

vo
lu

m
e
 o

f 
flu

id
 f

lo
w

in
g

 t
h

ro
u

g
h
 

a
 c

ro
ss

 s
e
c
tio

n
 p

e
r 

u
n
it
 t
im

e
.

A
ve

ra
g
e
 v

e
lo

ci
ty

M
a

ss
 f
lo

w
 r

a
te

V
o

lu
m

e
 f
lo

w
 r

a
te



C
o

n
se

rv
at

io
n

 o
f M

as
s 

P
ri

n
ci

p
le

C
o

n
se

rv
a
ti
o
n
 o

f 
m

a
ss

 p
ri
n
ci

p
le

 
fo

r 
a
n
 o

rd
in

a
ry

 b
a

th
tu

b
.

T
h

e 
co

n
se

rv
at

io
n

 o
f 

m
as

s 
p

ri
n

ci
p

le
 f

o
r 

a 
co

n
tr

o
l 

vo
lu

m
e:

 T
h

e 
ne

t 
m

as
s 

tr
an

sf
er

 
to

 o
r 

fr
om

 a
 c

on
tr

ol
 v

ol
um

e 
du

ri
ng

 a
 t

im
e 

in
te

rv
al

 D
t

is
 e

qu
al

 to
 t

h
e 

n
et

 c
h

an
g

e 
(i

nc
re

as
e 

or
 d

ec
re

as
e)

 in
 t

he
 t

ot
al

 m
as

s 
w

it
h

in
 t

he
 c

on
tr

ol
 v

ol
um

e 
d

u
ri

n
g

 D
t.

th
e
 t
o

ta
l 
ra

te
s
 o

f 
m

a
s
s
 

flo
w

 in
to

 a
n
d
 o

u
t 
o
f 
th

e
 

co
n
tr

o
l
v
o
lu

m
e

th
e
 r

a
te

 o
f 

c
h
a
n
g
e
 o

f 
m

a
ss

 
w

it
h
in

th
e
 c

o
n

tr
o

l 
v
o

lu
m

e
 

b
o
u
n
d
a
ri

e
s.

M
a
s
s
 b

a
la

n
c
e
 i
s

a
p
p
lic

a
b
le

 t
o
 a

n
y
 c

o
n
tr

o
l 

vo
lu

m
e

u
n
d

e
rg

o
in

g
 a

n
y

k
in

d
 o

f 
p

ro
c
e
s
s
.



T
h
e
 d

iff
e

re
n
tia

l 
co

n
tr

o
l v

o
lu

m
e
 

d
V

a
n
d

 t
h

e
 d

iff
e

re
n
tia

l c
o
n
tr

o
l 

su
rf

a
ce

d
A

 u
se

d
 in

 t
h

e
 

d
e
ri
va

tio
n
 o

f 
th

e
co

n
se

rv
a

tio
n
 o

f 
m

a
ss

 r
e
la

tio
n
.



T
h
e
 c

o
n
se

rv
a

tio
n
 

o
f 
m

a
ss

 e
q
u
a
ti
o
n

is
 o

b
ta

in
e
d
 b

y 
re

p
la

ci
n
g
 B

 in
 t
h
e

R
e

yn
o

ld
s
 

tr
a
n
sp

o
rt

 t
h
e
o
re

m
 

b
y

m
a

ss
 m
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 d
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 d
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h
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o
rc

e
s
 a

re
 

n
e
g
lig

ib
ly

 s
m

a
ll

c
o
m

p
a
re

d
 t

o
 

in
e

rt
ia

l, 
g
ra

v
it
a
ti
o
n
a
l,
 o

r
p
re

s
s
u
re

 
fo

rc
e
s
. 

S
u
ch

 r
e
g
io

n
s
 o

c
cu

r
o
u
ts

id
e

 o
f 

b
o
u
n
d
a
ry

 l
a
ye

rs
 a

n
d

 
w

a
ke

s
.



D
e

ri
v

a
ti

o
n

 o
f 

th
e

 B
e

rn
o

u
ll
i 
E

q
u

a
ti

o
n

T
h
e
 f
o

rc
e
s 

a
ct

in
g
 o

n
 a

 f
lu

id
 

p
a
rt

ic
le

a
lo

n
g
 a

 s
tr

e
a
m

lin
e
.

S
te

a
d

y
, 
in

c
o

m
p

re
s
s
ib

le
 f

lo
w

:

T
h
e
 s

u
m

 o
f 

th
e
 k

in
e
tic

, 
p
o
te

n
tia

l, 
a
n
d
 

fl
o
w

e
n
e
rg

ie
s 

o
f 
a

 f
lu

id
 p

a
rt

ic
le

is
 

c
o
n
st

a
n

t 
a

lo
n

g
 a

 s
tr

e
a

m
lin

e
 d

u
ri

n
g
 

s
te

a
d

y 
flo

w
 w

h
e
n

co
m

p
re

s
si

b
ili

ty
a
n
d

 
fr

ic
tio

n
a
l e

ff
e
c
ts

 a
re

 n
e
g
lig

ib
le

.

B
e

rn
o

u
ll

i 
e
q

u
a
ti

o
n

T
h

e
 B

e
rn

o
u

ll
i 

e
q

u
a

ti
o

n
 b

e
tw

e
e
n

 a
n

y
 

tw
o

 p
o

in
ts

 o
n

 t
h

e
s

a
m

e
 s

tr
e
a
m

li
n

e
:

S
te

a
d

y
 f

lo
w

:

A
c
ce

le
ra

ti
o
n
 in

 s
te

a
d
y 

fl
o
w

 i
s 

d
u
e
 t

o
 t
h
e
 

c
h
a
n
g

e
 o

f
ve

lo
c
it
y 

w
ith

 
p
o
si

ti
o
n
.



T
h

e
 in

c
o
m

p
re

ss
ib

le
 B

e
rn

o
u
lli

e
q
u
a
tio

n
 is

 
d
e
ri
ve

d
 a

ss
u
m

in
g

in
co

m
p
re

ss
ib

le
 f
lo

w
, 

a
n

d
 t
h

u
s
 it

sh
o

u
ld

 n
o

t 
b

e
 u

se
d

fo
r 

flo
w

s 
w

ith
 s

ig
n
ifi

ca
n
t
co

m
p
re

ss
ib

ili
ty

 e
ff
e
ct

s.



T
h

e
 B

e
rn

o
u
lli

 e
q

u
a

tio
n
 

s
ta

te
s 

th
a
t 
th

e
su

m
 o

f 
th

e
 

k
in

e
tic

, 
p
o
te

n
tia

l,
 a

n
d
 f

lo
w

e
n
e

rg
ie

s 
o

f 
a

 f
lu

id
 p

a
rt

ic
le

 is
 

c
o
n
st

a
n
t

a
lo

n
g
 a

 s
tr

e
a
m

lin
e
 

d
u

ri
n
g

 s
te

a
d

y 
flo

w
.

•
T

h
e 

B
er

no
ul

li
 e

q
ua

ti
on

 c
an

 b
e

v
ie

w
ed

 a
s 

th
e

“c
on

se
rv

at
io

n
 o

f 
m

ec
ha

ni
ca

l 
en

er
g

y 
p

ri
n

ci
p

le
.”

•
T

hi
s 

is
 e

qu
iv

al
en

t
to

 t
he

 g
en

er
al

 c
o

n
se

rv
at

io
n

 o
f

en
er

gy
 p

ri
nc

ip
le

 f
o

r 
sy

st
em

s 
th

at
 d

o
 n

o
t

in
v

o
lv

e 
an

y
 c

on
ve

rs
io

n 
of

 m
ec

ha
ni

ca
l e

n
er

g
y

 a
n

d
 

th
er

m
al

 e
ne

rg
y 

to
 e

ac
h

ot
he

r,
 a

n
d

 t
h

us
 t

h
e 

m
ec

h
an

ic
al

 e
ne

rg
y 

an
d

 t
h

er
m

al
 e

n
er

g
y

 a
re

 
co

ns
er

ve
d 

se
pa

ra
te

ly
.

•
T

he
 B

er
no

ul
li

 e
q

ua
ti

on
 s

ta
te

s 
th

at
 d

u
ri

n
g

 s
te

ad
y,

 
in

co
m

p
re

ss
ib

le
 f

lo
w

w
it

h
 n

eg
li

g
ib

le
 f

ri
ct

io
n,

 t
h

e 
v

ar
io

u
s 

fo
rm

s 
of

 m
ec

ha
ni

ca
l e

n
er

g
y

 a
re

 
co

nv
er

te
d

to
 e

ac
h 

ot
he

r,
 b

u
t 

th
ei

r 
su

m
 r

em
ai

n
s 

co
ns

ta
nt

. 

•
T

he
re

 i
s

no
 d

is
si

pa
ti

on
 o

f
m

ec
h

an
ic

al
 e

n
er

g
y

 
d

ur
in

g
 s

uc
h

 f
lo

w
s 

si
nc

e 
th

er
e 

is
 n

o 
fr

ic
ti

o
n

th
at

 
co

nv
er

ts
 m

ec
ha

ni
ca

l 
en

er
gy

 t
o

 s
en

si
b

le
 t

h
er

m
al

 
(i

nt
er

na
l)

 e
ne

rg
y.

•
T

he
B

er
n

ou
ll

i 
eq

ua
ti

on
 is

 c
o

m
m

o
n

ly
 u

se
d

 i
n

 
p

ra
ct

ic
e 

si
nc

e 
a 

va
ri

et
y

 o
f 

pr
ac

ti
ca

l
fl

u
id

 f
lo

w
 

p
ro

bl
em

s 
ca

n 
be

 a
n

al
yz

ed
 to

 r
ea

so
n

ab
le

 
ac

cu
ra

cy
 w

it
h 

it
.



U
n

s
te

a
d

y,
 C

o
m

p
re

s
s

ib
le

 F
lo

w

T
h
e
 B

e
rn

o
u
lli

 e
q
u
a
ti
o
n

 f
o
r 

u
n
st

e
a

d
y,

 c
o

m
p
re

ss
ib

le
 f

lo
w

:



S
ta

ti
c

, 
D

y
n

a
m

ic
, 

a
n

d
 S

ta
g

n
a

ti
o

n
 P

re
s

s
u

re
s

T
h
e

ki
n
e
ti
c 

a
n
d
 p

o
te

n
tia

l 
e

n
e

rg
ie

s 
o
f 
th

e
 f
lu

id
 c

a
n
 b

e
 c

o
n
v
e
rt

e
d
 t
o
 f
lo

w
 

e
n
e
rg

y
(a

n
d

 v
ic

e
 v

e
rs

a
) 

d
u
ri
n

g
 f

lo
w

, 
ca

u
si

n
g
 t
h
e
 p

re
ss

u
re

 t
o
 c

h
a
n
g
e

.
M

u
lti

p
ly

in
g
 t
h
e
 B

e
rn

o
u
lli

 e
q
u
a
tio

n
 b

y 
th

e
d

e
n
si

ty
g
iv

e
s

T
o

ta
l
p

re
s
s
u

re
:

T
h
e
 s

u
m

 o
f 

th
e
 s

ta
tic

, 
d

yn
a

m
ic

, 
a
n
d

 
h

yd
ro

st
a

tic
 p

re
s
su

re
s.

T
h

e
re

fo
re

, 
th

e
 B

e
rn

o
u

lli
 e

q
u

a
ti
o
n

 
st

a
te

s 
th

a
t 
th

e
 t

o
ta

l p
re

ss
u
re

a
lo

n
g
 a

 s
tr

e
a
m

lin
e
 i
s
 c

o
n
s
ta

n
t.

P
 i
s

 t
h

e
 s

ta
ti

c
 p

re
s
s
u

re
:

It
 d

o
e
s 

n
o
t 

in
c
o
rp

o
ra

te
 a

n
y 

d
yn

a
m

ic
 e

ff
e

c
ts

; 
it

re
p
re

se
n
ts

 t
h
e
 a

ct
u
a
l 
th

e
rm

o
d
y
n
a
m

ic
 p

re
ss

u
re

 o
f 
th

e
 f
lu

id
. 
T

h
is

 is
 t
h

e
s
a
m

e
 

a
s 

th
e

 p
re

ss
u

re
 u

se
d
 in

 t
h

e
rm

o
d
yn

a
m

ic
s 

a
n
d
 p

ro
p

e
rt

y
 t
a

b
le

s
.

V
2
/2

 i
s

 t
h

e
 d

y
n

a
m

ic
 p

re
s
s

u
re

:
It

 r
e
p

re
se

n
ts

 t
h
e
 p

re
s
su

re
 r

is
e
 w

h
e
n

 t
h
e

flu
id

 i
n
 m

o
tio

n
is

 b
ro

u
g
h
t 

to
 a

 s
to

p
 is

e
n
tr

o
p
ic

a
lly

.

g
z 

is
 t

h
e
 h

y
d

ro
s
ta

ti
c
 p

re
s
s
u

re
:

It
is

 n
o
t 

p
re

ss
u
re

 in
 a

 r
e
a

l 
s
e
n

s
e

s
in

c
e
 i
ts

 
va

lu
e

 d
e

p
e

n
d

s 
o
n

 t
h

e
 r

e
fe

re
n
ce

 le
ve

l 
se

le
ct

e
d

; 
it 

a
cc

o
u

n
ts

 f
o

r 
th

e
e
le

v
a

ti
o

n
 

e
ff
e
ct

s,
 i.

e
.,
 f

lu
id

 w
e
ig

h
t 

o
n
 p

re
s
su

re
. 

(B
e
 c

a
re

fu
l 
o
f 
th

e
 s

ig
n
—

u
n
lik

e
h
yd

ro
st

a
tic

 p
re

ss
u
re

 r
g

h
 w

h
ic

h
 i
n
cr

e
a
se

s
 w

ith
 f
lu

id
 d

e
p

th
 h

, 
th

e
h

yd
ro

s
ta

tic
 

p
re

s
su

re
 t
e

rm
 r

g
z 

d
e
cr

e
a
s
e
s 

w
it
h
 f

lu
id

 d
e
p
th

.)



S
ta

g
n

a
ti

on
p

re
ss

u
re

: 
T

he
 s

u
m

 o
f 

th
e 

st
at

ic
 a

nd
 d

y
na

m
ic

pr
es

su
re

s.
 I

t
re

p
re

se
n

ts
 t

h
e 

p
re

ss
ur

e 
at

 a
 p

oi
nt

 w
he

re
 t

he
 f

lu
id

 i
s

br
ou

gh
t 

to
 a

 c
om

pl
et

e 
st

op
 i

se
n

tr
o

p
ic

al
ly

.

C
lo

se
-u

p
 o

f 
a
 P

it
o

t-
s
ta

ti
c
 p

ro
b

e
,

sh
o
w

in
g

 t
h

e
 s

ta
g
n
a
tio

n
 p

re
ss

u
re

h
o
le

 
a
n
d

 t
w

o
 o

f 
th

e
 f
iv

e
 s

ta
tic

ci
rc

u
m

fe
re

n
tia

l 
p

re
ss

u
re

 h
o

le
s.

T
h
e
 s

ta
tic

,
d
yn

a
m

ic
, 

a
n
d

s
ta

g
n

a
tio

n
p
re

s
s
u
re

s
m

e
a
s
u
re

d
 

u
si

n
g

p
ie

zo
m

e
te

r 
tu

b
e

s
.



S
tr

e
a
k
lin

e
s 

p
ro

d
u
ce

d
 b

y 
co

lo
re

d
 f
lu

id
in

tr
o

d
u

c
e

d
 

u
p
s
tr

e
a
m

 o
f 

a
n
 a

ir
fo

il;
si

n
ce

 
th

e
 f
lo

w
 i
s 

s
te

a
d
y,

 t
h
e

 
st

re
a
kl

in
e
s

a
re

 t
h
e
 s

a
m

e
 a

s
 

st
re

a
m

lin
e
s 

a
n
d

p
a
th

lin
e
s.

 
T

h
e
 s

ta
g

n
a
ti

o
n

 s
tr

e
a
m

li
n

e
is

 m
a

rk
e
d
.

C
a

re
le

ss
 d

ri
lli

n
g
 o

f 
th

e
 s

ta
tic

 p
re

s
s
u

re
ta

p
 m

a
y 

re
su

lt
 in

 a
n
 

e
rr

o
n
e
o
u
s
 r

e
a

d
in

g
o
f 
th

e
 s

ta
tic

 
p
re

ss
u
re

 h
e
a
d

.



L
im

it
a

ti
o

n
s

 o
n

 t
h

e
 U

s
e

 o
f 

th
e
 B

e
rn

o
u

ll
i 
E

q
u

a
ti

o
n

1
.

S
te

a
d

y
 f

lo
w

T
h
e
 B

e
rn

o
u
lli

 e
q
u

a
tio

n
 is

 a
p
p
lic

a
b
le

 t
o
 s

te
a
d
y
 f
lo

w
.

2
.

F
ri

c
ti

o
n

le
s
s
 f

lo
w

E
ve

ry
 f
lo

w
 in

vo
lv

e
s 

so
m

e
 f
ri

ct
io

n
, 

n
o
 m

a
tt

e
r 

h
o
w

 s
m

a
ll,

 
a

n
d
 f

ri
ct

io
n
a
l e

ff
e

ct
s 

m
a

y 
o
r 

m
a
y 

n
o
t 

b
e
 n

e
g
lig

ib
le

.

3
.

N
o

 s
h

a
ft

 w
o

rk
T

h
e
 B

e
rn

o
u

lli
 e

q
u
a
tio

n
 is

 n
o
t 
a

p
p
lic

a
b
le

 in
 a

 f
lo

w
 s

e
c
ti
o
n
 t
h
a
t 

in
v
o
lv

e
s 

a
 p

u
m

p
, 

tu
rb

in
e

, 
fa

n
, 

o
r 

a
n

y 
o
th

e
r 

m
a
ch

in
e

 o
r 

im
p
e

lle
r 

s
in

c
e
 s

u
c
h

 
d

e
v
ic

e
s 

d
e
st

ro
y 

th
e
 s

tr
e
a
m

lin
e
s 

a
n
d
 c

a
rr

y 
o
u
t 

e
n
e

rg
y 

in
te

ra
c
ti
o
n

s
 w

it
h
 t
h

e
 

fl
u
id

 p
a
rt

ic
le

s.
 W

h
e
n
 t

h
e
s
e
 d

e
vi

ce
s 

e
xi

s
t,
 t
h

e
 e

n
e
rg

y 
e
q
u

a
tio

n
 s

h
o
u
ld

 b
e
 

u
se

d
 i
n
st

e
a
d
.

4
.

In
c
o

m
p

re
s
s
ib

le
 f

lo
w

D
e

n
si

ty
 is

 t
a
ke

n
 c

o
n

st
a

n
t 

in
 t
h

e
 d

e
ri
v
a
ti
o
n

 o
f 

th
e
 

B
e
rn

o
u

lli
 e

q
u
a
tio

n
. 
T

h
e
 f

lo
w

 i
s 

in
co

m
p
re

ss
ib

le
 f

o
r 

liq
u
id

s
 a

n
d

 a
ls

o
 b

y
 g

a
s
e
s
 

a
t 
M

a
c
h
 n

u
m

b
e
rs

 l
e
ss

 t
h
a
n
 a

b
o
u

t 
0
.3

.

5
.

N
o

 h
e

a
t 

tr
a
n

s
fe

r
T

h
e
 d

e
n
si

ty
 o

f 
a
 g

a
s 

is
 i
n
ve

rs
e
ly

 p
ro

p
o
rt

io
n
a
l 
to

 
te

m
p
e
ra

tu
re

, 
a
n
d
 t
h

u
s 

th
e
 B

e
rn

o
u
lli

 e
q
u
a
tio

n
 s

h
o
u
ld

 n
o
t 

b
e
 u

s
e
d
 f
o

r 
flo

w
 

s
e
ct

io
n

s 
th

a
t 
in

v
o
lv

e
 s

ig
n

ifi
ca

n
t 

te
m

p
e

ra
tu

re
 c

h
a

n
g

e
 s

u
c
h

 a
s
 h

e
a
ti
n

g
 o

r 
c
o
o
lin

g
 s

e
ct

io
n

s.

6
.

F
lo

w
 a

lo
n

g
 a

 s
tr

e
a
m

li
n

e
S

tr
ic

tly
 s

p
e
a
ki

n
g
, 
th

e
 B

e
rn

o
u

lli
 e

q
u
a
ti
o
n

is
 

a
p
p

lic
a
b

le
 a

lo
n
g
 a

 s
tr

e
a
m

lin
e
. 
H

o
w

e
ve

r,
 w

h
e
n
 a

 r
e
g
io

n
 o

f 
th

e
 f
lo

w
 i
s
 

ir
ro

ta
tio

n
a
l 
a
n
d
 t
h

e
re

 is
 n

e
g
lig

ib
ly

 s
m

a
ll 

vo
rt

ic
ity

 i
n
 t

h
e
 f

lo
w

 f
ie

ld
, 

th
e
 

B
e
rn

o
u

lli
 e

q
u

a
tio

n
 b

e
co

m
e

s 
a
p

p
lic

a
b
le

 a
cr

o
ss

 s
tr

e
a
m

lin
e

s 
a

s
 w

e
ll.



F
ri
ct

io
n
a
l e

ff
e
ct

s,
 h

e
a
t 

tr
a
n
sf

e
r,

a
n
d
 c

o
m

p
o
n
e

n
ts

 t
h

a
t

d
is

tu
rb

 t
h

e
 

st
re

a
m

lin
e

d
 s

tr
u

ct
u
re

 o
f

flo
w

 m
a
ke

 t
h

e
B

e
rn

o
u

lli
 e

q
u

a
tio

n
 i
n

v
a

lid
. 
It

 
sh

o
u
ld

n
o
t 

b
e
 u

se
d
 in

 a
n
y 

o
f 
th

e
 f
lo

w
s 

sh
o
w

n
h
e
re

.



W
h
e
n
 t

h
e
 f

lo
w

 i
s 

ir
ro

ta
tio

n
a
l, 

th
e

B
e
rn

o
u
lli

 e
q
u

a
tio

n
 b

e
c
o
m

e
s
 a

p
p
lic

a
b

le
b
e
tw

e
e

n
 a

n
y 

tw
o
 p

o
in

ts
 a

lo
n

g
 t

h
e

 f
lo

w
(n

o
t 
ju

st
 o

n
 t
h

e
 s

a
m

e
 s

tr
e

a
m

lin
e
).

F
lo

w
 a

lo
n

g
 a

 s
tr

e
a
m

li
n
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