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Example 2: Determine whether the following sequences converge or diverge: 

1- 𝑎𝑛 =
1

𝑛
        

      Sol:   lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

(
1

𝑛
) =

1

∞
= 0          (Converge) 

2- 𝑎𝑛 =
𝑛2+1

𝑛+2
 

Sol:       lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

(
𝑛2+1

𝑛+2
) = lim

𝑛→∞
(

𝑛2

𝑛2+
1

𝑛2

𝑛

𝑛2+
2

𝑛2

) = lim
𝑛→∞

(
1+

1

𝑛2

1

𝑛
+

2

𝑛2

) =
1+

1

∞2

1

∞
+

2

∞2

= ∞            

(Diverge) 

3- 𝑎𝑛 = (−1)𝑛 (1 −
1

𝑛
) 

Sol:   lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

((−1)𝑛 (1 −
1

𝑛
)) = (−1)∞ (1 −

1

∞
) =

+1
−1

      

The lim
𝑛→∞

(𝑎𝑛)  does not exist so it is   (Diverge) 
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Convergent sequences 
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Examples: Show whether the following sequences are convergence or divergence: 

1- 𝑎𝑛 =
𝑛+1

2𝑛+1
 

Sol:  lim
𝑛→∞

(
𝑛+1

2𝑛+1
) = lim

𝑛→∞
(

𝑛

𝑛
+
1

𝑛
2𝑛

𝑛
+
1

𝑛

) = lim
𝑛→∞

(
1+

1

𝑛

2+
1

𝑛

) =
1+

1

∞

2+
1

∞

=
1

2
        (Conv.) 
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2- 𝑎𝑛 =
2𝑛−1

𝑛+1
 

Sol:  lim
𝑛→∞

(
2𝑛−1

𝑛+1
) = lim

𝑛→∞
(
2𝑛

𝑛
−
1

𝑛
𝑛

𝑛
+
1

𝑛

) = lim
𝑛→∞

(
2−

1

𝑛

1+
1

𝑛

) =
2−

1

∞

1+
1

∞

= 2        (Conv.) 

3- 𝑎𝑛 =
2𝑛−1

2𝑛
 

Sol:  lim
𝑛→∞

(
2𝑛−1

2𝑛
) = lim

𝑛→∞
(
2𝑛

2𝑛
−

1

2𝑛

2𝑛

2𝑛

) = lim
𝑛→∞

(
1−

1

2𝑛

1
) =

1−
1

2∞

1
=

1−0

1
= 1        (Conv.) 

4- 𝑎𝑛 = 1 +
(−1)𝑛

2𝑛
 

Sol:  lim
𝑛→∞

(1 +
(−1)𝑛

2𝑛
) = lim

𝑛→∞
(1) + lim

𝑛→∞
(
(−1)𝑛

2𝑛
) = 1 +

(−1)∞

2∞
= 1 + 0 = 1     (Conv.) 

5- 𝑎𝑛 = cos
𝑛𝜋

2
 

Sol:  lim
𝑛→∞

(cos
𝑛𝜋

2
) = cos

∞𝜋

2
=

0
−1
+1

        The limit does not exist   (Div.) 

6- 𝑎𝑛 = sin
𝑛𝜋

2
 

Sol:  lim
𝑛→∞

(sin
𝑛𝜋

2
) = sin

∞𝜋

2
=

0
−1
+1

        The limit does not exist   (Div.) 

7- 𝑎𝑛 =
1

10𝑛
 

Sol:  lim
𝑛→∞

(
1

10𝑛
) =

1

10
lim
𝑛→∞

(
1

𝑛
) =

1

10
×

1

∞
=

1

10
× 0 = 0        (Conv.) 

8- 𝑎𝑛 = (−1)𝑛 (1 −
1

𝑛
) 

Sol:  lim
𝑛→∞

((−1)𝑛 (1 −
1

𝑛
)) = (−1)∞ (1 −

1

∞
) =

+1
−1

   The limit does not exist  (Dev.) 
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9- 𝑎𝑛 =
2𝑛+1

1−3𝑛
 

Sol:  lim
𝑛→∞

(
2𝑛+1

1−3𝑛
) = lim

𝑛→∞
(

2𝑛

𝑛
+

1

𝑛
1

𝑛
−

3𝑛

𝑛

) = lim
𝑛→∞

(
2+

1

𝑛
1

𝑛
−3

) = −
2

3
        (Conv.) 

10- 𝑎𝑛 = √
2𝑛

𝑛+1
 

Sol:  lim
𝑛→∞

(√
2𝑛

𝑛+1
) = √ lim

𝑛→∞
(

2𝑛

𝑛+1
) = √ lim

𝑛→∞
(

2𝑛

𝑛
𝑛

𝑛
+

1

𝑛

) = √ lim
𝑛→∞

(
2

1+
1

𝑛

) = √2        (Conv.) 

11- 𝑎𝑛 = sin 𝑛𝜋 

Sol:  lim
𝑛→∞

(sin 𝑛𝜋) = 0        (Conv.) 

12- 𝑎𝑛 = 𝑛𝜋 cos 𝑛𝜋 

Sol:  lim
𝑛→∞

(𝑛𝜋 cos 𝑛𝜋) = lim
𝑛→∞

(𝑛𝜋) ∙ lim
𝑛→∞

(cos 𝑛𝜋) = ∞ × (
−1
+1

) =
−∞
+∞

        (Dev.) 

13- 𝑎𝑛 = tanh 𝑛 

Sol:  lim
𝑛→∞

(tanh 𝑛) = lim
𝑛→∞

(
𝑒𝑛−𝑒−𝑛

𝑒𝑛+𝑒−𝑛
) = lim

𝑛→∞

𝑒𝑛

𝑒𝑛
(

1−
𝑒−𝑛

𝑒𝑛

1+
𝑒−𝑛

𝑒𝑛

) = lim
𝑛→∞

(
1−

1

𝑒2𝑛

1+
1

𝑒2𝑛

) = 1        (Conv.) 

14- 𝑎𝑛 = ln 𝑛 − ln(𝑛 + 1) 

Sol:  lim
𝑛→∞

(ln 𝑛 − ln(𝑛 + 1)) = lim
𝑛→∞

(ln
𝑛

𝑛+1
) = lim

𝑛→∞
(ln

𝑛

𝑛
𝑛

𝑛
+

1

𝑛

) = 

        lim
𝑛→∞

(ln
1

1+
1

𝑛

) = ln 1 = 0             (Conv.) 

15- 𝑎𝑛 = 𝑛 sin
1

𝑛
 

Sol:  lim
𝑛→∞

(𝑛 sin
1

𝑛
) = lim

𝑛→∞
(

sin
1

𝑛
1

𝑛

) = 1         (Conv.)       𝑅𝑢𝑙𝑒:  {lim
𝑛→0

(
sin 𝑥

𝑥
) = 1} 
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16- 𝑎𝑛 =
4−7𝑛6

𝑛6+3
 

Sol:  lim
𝑛→∞

(
4−7𝑛6

𝑛6+3
) = lim

𝑛→∞
(

4

𝑛6−
7𝑛6

𝑛6

𝑛6

𝑛6+
3

𝑛6

) = lim
𝑛→∞

(
4

𝑛6−7

1+
3

𝑛6

) =
0−7

1+0
= −7        (Conv.) 

17- 𝑎𝑛 =
ln(3𝑛+5)

𝑛
 

Sol:  lim
𝑛→∞

(
ln(3𝑛+5)

𝑛
) = lim

𝑛→∞
(

3

3𝑛+5

1
) = lim

𝑛→∞
(

3

3𝑛+5
) = 0        (Conv.) 

 

Homework:    

1- 𝑎𝑛 =
1−2𝑛

1+2𝑛
 

2- 𝑎𝑛 =
2𝑛

2𝑛+1
 

3- 𝑎𝑛 =
1−𝑛

𝑛2
 

4- 𝑎𝑛 = (
1

3
)

𝑛
 

5- 𝑎𝑛 =
(−1)𝑛+1

2𝑛−1
 

6- 𝑎𝑛 = 1 +
(−1)𝑛

𝑛
 

7- 𝑎𝑛 =
(𝑛)2

(𝑛+1)2
 

8- 𝑎𝑛 =
1−5𝑛4

𝑛4+8𝑛3
 

9- 𝑎𝑛 =
2(𝑛+1)+1

2𝑛+1
 

10- 𝑎𝑛 =
𝑛𝑛

(𝑛+1)𝑛+1
 

11- 𝑎𝑛 = √2 −
1

𝑛
 

12- 𝑎𝑛 =
𝑛2−2𝑛+1

𝑛−1
 

13- 𝑎𝑛 =
3𝑛

𝑛3
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14- 𝑎𝑛 =
𝑛2

2𝑛−1
sin

1

𝑛
 

15- 𝑎𝑛 = (0.5)𝑛 

16- 𝑎𝑛 = √3𝑛 + 5
𝑛

 

17- 𝑎𝑛 =
ln 𝑛

𝑛3
 

18- 𝑎𝑛 =
ln 𝑛2

𝑛
 

19- 𝑎𝑛 =
ln 𝑛

𝑛1 𝑛⁄  

20- 𝑎𝑛 = √𝑛2𝑛
 

21- 𝑎𝑛 = √3𝑛
𝑛

 

22- 𝑎𝑛 = (
𝑛−2

𝑛
)

𝑛
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Series 

An infinite series is the sum of an infinite sequence of numbers. 
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Geometric Series 

 

 

 

 

 



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 17 

Example 3: 

∑
4

2𝑛−1

∞

𝑛=1

= ∑ 4 (
1

2
)

𝑛−1
∞

𝑛=1

 

𝑎 = 4;      𝑟 =
1

2
< 1   ………. (Conv.) 

∑
4

2𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

4

1 −
1
2

= 8 

 

Example 4: 

∑
3𝑛 − 2𝑛

6𝑛

∞

𝑛=0

= ∑
3𝑛−1 − 2𝑛−1

6𝑛−1

∞

𝑛=1

= ∑
3𝑛−1

6𝑛−1

∞

𝑛=1

− ∑
2𝑛−1

6𝑛−1

∞

𝑛=1

= ∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑(
1

3
)𝑛−1

∞

𝑛=1

 

 ∑(
1

2
)𝑛−1

∞

𝑛=1

       ;      a = 1 ,    r =
1

2
< 1    … … … … (Conv. ) 

 ∑(
1

3
)𝑛−1

∞

𝑛=1

       ;     a = 1 ,     r =
1

3
< 1    … … … …  (Conv. ) 

∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

          ;            𝐼𝑡  𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡       

∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 −
1
2

−
1

1 −
1
3

=
1

2
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Example 5: Determine whether each of the following series convergence or 

divergence. If it is convergent, find the sum. 

(1) ∑(
1

√2
)𝑛

∞

𝑛=0

= ∑(
1

√2
)𝑛−1

∞

𝑛=1

 

𝑎 = 1;      𝑟 =
1

√2
< 1   ……….  (Conv.) 

∑(
1

√2
)𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 −
1

√2

= 3.414 

 

(2) ∑
5

2𝑛

∞

𝑛=0

−
1

3𝑛
= ∑

5

2𝑛−1

∞

𝑛=1

−
1

3𝑛−1
= ∑ 5 (

1

2
)

𝑛−1
∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

 

       ∑ 5(
1

2
)𝑛−1

∞

𝑛=1

     ;   a = 5 ,   r =
1

2
< 1   … … … …    (Conv. ) 

       ∑(
1

3
)𝑛−1

∞

𝑛=1

     ;   a = 1 ,   r =
1

3
< 1   … … … …    (Conv. ) 

      ∑ 5 (
1

2
)

𝑛−1
∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

=
𝑎

1 − 𝑟
=

5

1 −
1
2

−
1

1 −
1
3

=
17

2
 

(3) ∑ 𝑒−2𝑛

∞

𝑛=0

= ∑(𝑒−2)𝑛−1

∞

𝑛=1

 

∑(𝑒−2)𝑛−1

∞

𝑛=1

  ;     𝑎 = 1 ,   𝑟 = 𝑒−2 < 1 … … … (𝐶𝑜𝑛𝑣. ) 

∑(𝑒−2)𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 − 𝑒−2
= 1.15 
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The nth-Term Test for Divergence 

 

 

 

(𝐞) ∑ 2(cos
𝜋

3
)

𝑛

∞

𝑛=1

= ∑ 2(
1

2
)𝑛

∞

𝑛=1

  ;  lim
𝑛→∞

( 2(
1

2
)𝑛) = 2(0) = 0 … ..  (𝐶𝑜𝑛𝑣. )  

(𝐟) ∑(tan
𝜋

4
)

𝑛

∞

𝑛=0

= ∑(1)𝑛

∞

𝑛=0

  ;  lim
𝑛→∞

(1)𝑛 = 1 … . . .  (𝐷𝑖𝑣. )  

(𝐠) ∑
5(−1)𝑛

4𝑛

∞

𝑛=1

= ∑ 5(
−1

4
)𝑛

∞

𝑛=1

  ;  lim
𝑛→∞

5(
−1

4
)𝑛 = 5(0) = 0 … . ..  (𝐶𝑜𝑛𝑣. )  

(𝐡) ∑
𝑛!

1000𝑛

∞

𝑛=0

  ;  lim
𝑛→∞

𝑛!

1000𝑛
= lim

𝑛→∞

1

1000𝑛

𝑛!

=
1

0
= ∞  … . . .  (𝐷𝑖𝑣. )  



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 20 

(𝒊) ∑ cos 𝑛𝜋

∞

𝑛=0

 = 𝐷𝑖𝑣𝑒𝑟𝑔𝑛𝑒𝑐𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑜𝑓 lim
𝑛→∞

( cos 𝑛𝜋) =  
+1
−1

   (𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡)  

(𝒋) ∑(−1)𝑛+1 ∙ 𝑛

∞

𝑛=1

  ;     lim
𝑛→∞

( −1)𝑛+1 ∙ 𝑛 =
+∞
−∞

   (𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡); … … … (𝐷𝑖𝑣. ) 

 

Combining Series 

Whenever we have two convergent series, we can add them term by term, subtract 

them term by term, or multiply them by constants to make new convergent series. 
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The p-Series 

 

Example: Use the p-Series 
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(𝟏) ∑
1

𝑛

∞

𝑛=1

  ;  𝑝 = 1 … … ….  (𝐷𝑖𝑣. )  

(𝟐) ∑
1

𝑛2

∞

𝑛=1

  ;  𝑝 = 2 … … ….  (𝐶𝑜𝑛. )  

(𝟑) ∑
1

√𝑛

∞

𝑛=1

= ∑
1

𝑛1 2⁄

∞

𝑛=1

 ;  𝑝 =
1

2
… … ….  (𝐷𝑖𝑣. )  

 

The Integral Test 

 

By using p-series ………𝑝 = 2 > 1 … … . (𝐶𝑜𝑛𝑣. ) 

By using Integral test to see whether it is convergent or divergent. 

∑
1

𝑛2

∞

𝑛=1

… … … . ∫
1

𝑥2

∞

1

𝑑𝑥 = [−
1

𝑥
]

1

∞

= −
1

∞
+

1

1
= 0 + 1 = 1 

The integral test is convergence……..the series converges. 
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Example: ∑
1

𝑛

∞

𝑛=1
 

Solution: 

∗ 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … . . 𝑝 = 1 … … . (𝐷𝑖𝑣. )  

∗ 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑒𝑠𝑡  

∑
1

𝑛

∞

𝑛=1

… … … . ∫
1

𝑥

∞

1

𝑑𝑥 = [ln 𝑥]1
∞ = ln ∞ − ln 1 = ∞ 

The series is divergent because the integral test diverges. 

Example: ∑
𝑛

𝑒𝑛2

∞

𝑛=1
 

∑
𝑛

𝑒𝑛2

∞

𝑛=1

… … ∫
𝑥

𝑒𝑥2

∞

1

𝑑𝑥 = ∫ 𝑥𝑒−𝑥2
∞

1

𝑑𝑥 = [−
1

2
𝑒−𝑥2

]
1

∞

= −
1

2
𝑒−∞2

+
1

2
𝑒−12

=
1

2𝑒
−

1

2𝑒∞
=

1

2𝑒
 

The integral test converges ……… The series converges. 
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Comparison Tests 

We can test the convergence of many more series by comparing their terms to those 

of a series whose convergence is known. 
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Example:  

(1) 𝑎𝑛 = ∑
1

2𝑛2 − 𝑛

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 = 2 > 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛2

2𝑛2 − 𝑛
= lim

𝑛→∞

1

2 −
1
𝑛

=
1

2
> 0 … … … … 𝑎𝑛 = 𝐶𝑜𝑛𝑣. 
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(2) 𝑎𝑛 = ∑
3𝑛3 − 2𝑛2 + 4

𝑛5 − 𝑛2 + 2

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 = 2 > 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

3𝑛5 − 2𝑛4 + 4𝑛2

𝑛5 − 𝑛2 + 2
= lim

𝑛→∞

3 −
2
𝑛

+
4

𝑛3

1 −
1

𝑛3 +
2

𝑛5

= 3 > 0 … … 𝑎𝑛 = 𝐶𝑜𝑛𝑣. 

(3) 𝑎𝑛 = ∑
1

√8𝑛2 − 3𝑛
3

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛
2
3

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 =
2

3
< 1 … … . . (𝐷𝑖𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛
2
3

(8𝑛2 − 3𝑛)
1
3

= lim
𝑛→∞

(
𝑛2

8𝑛2 − 3𝑛
)

1
3

= lim
𝑛→∞

(
1

8 −
3
𝑛

)

1
3

= 0.5 > 0 … …  

𝑎𝑛 = 𝑑𝑖𝑣𝑒𝑟𝑔𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏𝑛 𝑖𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑡  

(4) 𝑎𝑛 = ∑
√𝑛

𝑛3 + 1

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛
5
2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 =
5

2
> 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛
5
2 ∙ 𝑛

1
2

𝑛3 + 1
= lim

𝑛→∞

𝑛3

𝑛3 + 1
= lim

𝑛→∞

1

1 +
1

𝑛3

= 1 > 0 … …  

𝑎𝑛 = 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑎𝑠 𝑏𝑛 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡  
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Homework:    

(1) ∑
2𝑛

5𝑛

∞

𝑛=0

… … . . (𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠) 

(2) ∑
1

𝑛2 + 1

∞

𝑛=1

… … . (𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑒𝑠𝑡) 

(3) ∑
1

𝑛 − 2

∞

𝑛=1

… … … (Comparison test) 

(4) ∑
1

(𝑛 − 1)(√𝑛 − 1)

∞

𝑛=1

… … … . (Comparison test) 

(5) ∑
√𝑛

𝑛2 + 1

∞

𝑛=1

… … …  (Comparison test) 
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Sequences 
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Example 2: Determine whether the following sequences converge or diverge: 

1- 𝑎𝑛 =
1

𝑛
        

      Sol:   lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

(
1

𝑛
) =

1

∞
= 0          (Converge) 

2- 𝑎𝑛 =
𝑛2+1

𝑛+2
 

Sol:       lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

(
𝑛2+1

𝑛+2
) = lim

𝑛→∞
(

𝑛2

𝑛2+
1

𝑛2

𝑛

𝑛2+
2

𝑛2

) = lim
𝑛→∞

(
1+

1

𝑛2

1

𝑛
+

2

𝑛2

) =
1+

1

∞2

1

∞
+

2

∞2

= ∞            

(Diverge) 

3- 𝑎𝑛 = (−1)𝑛 (1 −
1

𝑛
) 

Sol:   lim
𝑛→∞

(𝑎𝑛) = lim
𝑛→∞

((−1)𝑛 (1 −
1

𝑛
)) = (−1)∞ (1 −

1

∞
) =

+1
−1

      

The lim
𝑛→∞

(𝑎𝑛)  does not exist so it is   (Diverge) 



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 4 
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   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 7 

Convergent sequences 
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Examples: Show whether the following sequences are convergence or divergence: 

1- 𝑎𝑛 =
𝑛+1

2𝑛+1
 

Sol:  lim
𝑛→∞

(
𝑛+1

2𝑛+1
) = lim

𝑛→∞
(

𝑛

𝑛
+
1

𝑛
2𝑛

𝑛
+
1

𝑛

) = lim
𝑛→∞

(
1+

1

𝑛

2+
1

𝑛

) =
1+

1

∞

2+
1

∞

=
1

2
        (Conv.) 



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 10 

2- 𝑎𝑛 =
2𝑛−1

𝑛+1
 

Sol:  lim
𝑛→∞

(
2𝑛−1

𝑛+1
) = lim

𝑛→∞
(
2𝑛

𝑛
−
1

𝑛
𝑛

𝑛
+
1

𝑛

) = lim
𝑛→∞

(
2−

1

𝑛

1+
1

𝑛

) =
2−

1

∞

1+
1

∞

= 2        (Conv.) 

3- 𝑎𝑛 =
2𝑛−1

2𝑛
 

Sol:  lim
𝑛→∞

(
2𝑛−1

2𝑛
) = lim

𝑛→∞
(
2𝑛

2𝑛
−

1

2𝑛

2𝑛

2𝑛

) = lim
𝑛→∞

(
1−

1

2𝑛

1
) =

1−
1

2∞

1
=

1−0

1
= 1        (Conv.) 

4- 𝑎𝑛 = 1 +
(−1)𝑛

2𝑛
 

Sol:  lim
𝑛→∞

(1 +
(−1)𝑛

2𝑛
) = lim

𝑛→∞
(1) + lim

𝑛→∞
(
(−1)𝑛

2𝑛
) = 1 +

(−1)∞

2∞
= 1 + 0 = 1     (Conv.) 

5- 𝑎𝑛 = cos
𝑛𝜋

2
 

Sol:  lim
𝑛→∞

(cos
𝑛𝜋

2
) = cos

∞𝜋

2
=

0
−1
+1

        The limit does not exist   (Div.) 

6- 𝑎𝑛 = sin
𝑛𝜋

2
 

Sol:  lim
𝑛→∞

(sin
𝑛𝜋

2
) = sin

∞𝜋

2
=

0
−1
+1

        The limit does not exist   (Div.) 

7- 𝑎𝑛 =
1

10𝑛
 

Sol:  lim
𝑛→∞

(
1

10𝑛
) =

1

10
lim
𝑛→∞

(
1

𝑛
) =

1

10
×

1

∞
=

1

10
× 0 = 0        (Conv.) 

8- 𝑎𝑛 = (−1)𝑛 (1 −
1

𝑛
) 

Sol:  lim
𝑛→∞

((−1)𝑛 (1 −
1

𝑛
)) = (−1)∞ (1 −

1

∞
) =

+1
−1

   The limit does not exist  (Dev.) 
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9- 𝑎𝑛 =
2𝑛+1

1−3𝑛
 

Sol:  lim
𝑛→∞

(
2𝑛+1

1−3𝑛
) = lim

𝑛→∞
(

2𝑛

𝑛
+

1

𝑛
1

𝑛
−

3𝑛

𝑛

) = lim
𝑛→∞

(
2+

1

𝑛
1

𝑛
−3

) = −
2

3
        (Conv.) 

10- 𝑎𝑛 = √
2𝑛

𝑛+1
 

Sol:  lim
𝑛→∞

(√
2𝑛

𝑛+1
) = √ lim

𝑛→∞
(

2𝑛

𝑛+1
) = √ lim

𝑛→∞
(

2𝑛

𝑛
𝑛

𝑛
+

1

𝑛

) = √ lim
𝑛→∞

(
2

1+
1

𝑛

) = √2        (Conv.) 

11- 𝑎𝑛 = sin 𝑛𝜋 

Sol:  lim
𝑛→∞

(sin 𝑛𝜋) = 0        (Conv.) 

12- 𝑎𝑛 = 𝑛𝜋 cos 𝑛𝜋 

Sol:  lim
𝑛→∞

(𝑛𝜋 cos 𝑛𝜋) = lim
𝑛→∞

(𝑛𝜋) ∙ lim
𝑛→∞

(cos 𝑛𝜋) = ∞ × (
−1
+1

) =
−∞
+∞

        (Dev.) 

13- 𝑎𝑛 = tanh 𝑛 

Sol:  lim
𝑛→∞

(tanh 𝑛) = lim
𝑛→∞

(
𝑒𝑛−𝑒−𝑛

𝑒𝑛+𝑒−𝑛
) = lim

𝑛→∞

𝑒𝑛

𝑒𝑛
(

1−
𝑒−𝑛

𝑒𝑛

1+
𝑒−𝑛

𝑒𝑛

) = lim
𝑛→∞

(
1−

1

𝑒2𝑛

1+
1

𝑒2𝑛

) = 1        (Conv.) 

14- 𝑎𝑛 = ln 𝑛 − ln(𝑛 + 1) 

Sol:  lim
𝑛→∞

(ln 𝑛 − ln(𝑛 + 1)) = lim
𝑛→∞

(ln
𝑛

𝑛+1
) = lim

𝑛→∞
(ln

𝑛

𝑛
𝑛

𝑛
+

1

𝑛

) = 

        lim
𝑛→∞

(ln
1

1+
1

𝑛

) = ln 1 = 0             (Conv.) 

15- 𝑎𝑛 = 𝑛 sin
1

𝑛
 

Sol:  lim
𝑛→∞

(𝑛 sin
1

𝑛
) = lim

𝑛→∞
(

sin
1

𝑛
1

𝑛

) = 1         (Conv.)       𝑅𝑢𝑙𝑒:  {lim
𝑛→0

(
sin 𝑥

𝑥
) = 1} 
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16- 𝑎𝑛 =
4−7𝑛6

𝑛6+3
 

Sol:  lim
𝑛→∞

(
4−7𝑛6

𝑛6+3
) = lim

𝑛→∞
(

4

𝑛6−
7𝑛6

𝑛6

𝑛6

𝑛6+
3

𝑛6

) = lim
𝑛→∞

(
4

𝑛6−7

1+
3

𝑛6

) =
0−7

1+0
= −7        (Conv.) 

17- 𝑎𝑛 =
ln(3𝑛+5)

𝑛
 

Sol:  lim
𝑛→∞

(
ln(3𝑛+5)

𝑛
) = lim

𝑛→∞
(

3

3𝑛+5

1
) = lim

𝑛→∞
(

3

3𝑛+5
) = 0        (Conv.) 

 

Homework:    

1- 𝑎𝑛 =
1−2𝑛

1+2𝑛
 

2- 𝑎𝑛 =
2𝑛

2𝑛+1
 

3- 𝑎𝑛 =
1−𝑛

𝑛2
 

4- 𝑎𝑛 = (
1

3
)

𝑛
 

5- 𝑎𝑛 =
(−1)𝑛+1

2𝑛−1
 

6- 𝑎𝑛 = 1 +
(−1)𝑛

𝑛
 

7- 𝑎𝑛 =
(𝑛)2

(𝑛+1)2
 

8- 𝑎𝑛 =
1−5𝑛4

𝑛4+8𝑛3
 

9- 𝑎𝑛 =
2(𝑛+1)+1

2𝑛+1
 

10- 𝑎𝑛 =
𝑛𝑛

(𝑛+1)𝑛+1
 

11- 𝑎𝑛 = √2 −
1

𝑛
 

12- 𝑎𝑛 =
𝑛2−2𝑛+1

𝑛−1
 

13- 𝑎𝑛 =
3𝑛

𝑛3
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14- 𝑎𝑛 =
𝑛2

2𝑛−1
sin

1

𝑛
 

15- 𝑎𝑛 = (0.5)𝑛 

16- 𝑎𝑛 = √3𝑛 + 5
𝑛

 

17- 𝑎𝑛 =
ln 𝑛

𝑛3
 

18- 𝑎𝑛 =
ln 𝑛2

𝑛
 

19- 𝑎𝑛 =
ln 𝑛

𝑛1 𝑛⁄  

20- 𝑎𝑛 = √𝑛2𝑛
 

21- 𝑎𝑛 = √3𝑛
𝑛

 

22- 𝑎𝑛 = (
𝑛−2

𝑛
)

𝑛
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Series 

An infinite series is the sum of an infinite sequence of numbers. 
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Geometric Series 
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Example 3: 

∑
4

2𝑛−1

∞

𝑛=1

= ∑ 4 (
1

2
)

𝑛−1
∞

𝑛=1

 

𝑎 = 4;      𝑟 =
1

2
< 1   ………. (Conv.) 

∑
4

2𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

4

1 −
1
2

= 8 

 

Example 4: 

∑
3𝑛 − 2𝑛

6𝑛

∞

𝑛=0

= ∑
3𝑛−1 − 2𝑛−1

6𝑛−1

∞

𝑛=1

= ∑
3𝑛−1

6𝑛−1

∞

𝑛=1

− ∑
2𝑛−1

6𝑛−1

∞

𝑛=1

= ∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑(
1

3
)𝑛−1

∞

𝑛=1

 

 ∑(
1

2
)𝑛−1

∞

𝑛=1

       ;      a = 1 ,    r =
1

2
< 1    … … … … (Conv. ) 

 ∑(
1

3
)𝑛−1

∞

𝑛=1

       ;     a = 1 ,     r =
1

3
< 1    … … … …  (Conv. ) 

∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

          ;            𝐼𝑡  𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡       

∑(
1

2
)𝑛−1

∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 −
1
2

−
1

1 −
1
3

=
1

2
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Example 5: Determine whether each of the following series convergence or 

divergence. If it is convergent, find the sum. 

(1) ∑(
1

√2
)𝑛

∞

𝑛=0

= ∑(
1

√2
)𝑛−1

∞

𝑛=1

 

𝑎 = 1;      𝑟 =
1

√2
< 1   ……….  (Conv.) 

∑(
1

√2
)𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 −
1

√2

= 3.414 

 

(2) ∑
5

2𝑛

∞

𝑛=0

−
1

3𝑛
= ∑

5

2𝑛−1

∞

𝑛=1

−
1

3𝑛−1
= ∑ 5 (

1

2
)

𝑛−1
∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

 

       ∑ 5(
1

2
)𝑛−1

∞

𝑛=1

     ;   a = 5 ,   r =
1

2
< 1   … … … …    (Conv. ) 

       ∑(
1

3
)𝑛−1

∞

𝑛=1

     ;   a = 1 ,   r =
1

3
< 1   … … … …    (Conv. ) 

      ∑ 5 (
1

2
)

𝑛−1
∞

𝑛=1

− ∑ (
1

3
)

𝑛−1
∞

𝑛=1

=
𝑎

1 − 𝑟
=

5

1 −
1
2

−
1

1 −
1
3

=
17

2
 

(3) ∑ 𝑒−2𝑛

∞

𝑛=0

= ∑(𝑒−2)𝑛−1

∞

𝑛=1

 

∑(𝑒−2)𝑛−1

∞

𝑛=1

  ;     𝑎 = 1 ,   𝑟 = 𝑒−2 < 1 … … … (𝐶𝑜𝑛𝑣. ) 

∑(𝑒−2)𝑛−1

∞

𝑛=1

=
𝑎

1 − 𝑟
=

1

1 − 𝑒−2
= 1.15 
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The nth-Term Test for Divergence 

 

 

 

(𝐞) ∑ 2(cos
𝜋

3
)

𝑛

∞

𝑛=1

= ∑ 2(
1

2
)𝑛

∞

𝑛=1

  ;  lim
𝑛→∞

( 2(
1

2
)𝑛) = 2(0) = 0 … ..  (𝐶𝑜𝑛𝑣. )  

(𝐟) ∑(tan
𝜋

4
)

𝑛

∞

𝑛=0

= ∑(1)𝑛

∞

𝑛=0

  ;  lim
𝑛→∞

(1)𝑛 = 1 … . . .  (𝐷𝑖𝑣. )  

(𝐠) ∑
5(−1)𝑛

4𝑛

∞

𝑛=1

= ∑ 5(
−1

4
)𝑛

∞

𝑛=1

  ;  lim
𝑛→∞

5(
−1

4
)𝑛 = 5(0) = 0 … . ..  (𝐶𝑜𝑛𝑣. )  

(𝐡) ∑
𝑛!

1000𝑛

∞

𝑛=0

  ;  lim
𝑛→∞

𝑛!

1000𝑛
= lim

𝑛→∞

1

1000𝑛

𝑛!

=
1

0
= ∞  … . . .  (𝐷𝑖𝑣. )  
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(𝒊) ∑ cos 𝑛𝜋

∞

𝑛=0

 = 𝐷𝑖𝑣𝑒𝑟𝑔𝑛𝑒𝑐𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑜𝑓 lim
𝑛→∞

( cos 𝑛𝜋) =  
+1
−1

   (𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡)  

(𝒋) ∑(−1)𝑛+1 ∙ 𝑛

∞

𝑛=1

  ;     lim
𝑛→∞

( −1)𝑛+1 ∙ 𝑛 =
+∞
−∞

   (𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡); … … … (𝐷𝑖𝑣. ) 

 

Combining Series 

Whenever we have two convergent series, we can add them term by term, subtract 

them term by term, or multiply them by constants to make new convergent series. 
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The p-Series 

 

Example: Use the p-Series 
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(𝟏) ∑
1

𝑛

∞

𝑛=1

  ;  𝑝 = 1 … … ….  (𝐷𝑖𝑣. )  

(𝟐) ∑
1

𝑛2

∞

𝑛=1

  ;  𝑝 = 2 … … ….  (𝐶𝑜𝑛. )  

(𝟑) ∑
1

√𝑛

∞

𝑛=1

= ∑
1

𝑛1 2⁄

∞

𝑛=1

 ;  𝑝 =
1

2
… … ….  (𝐷𝑖𝑣. )  

 

The Integral Test 

 

By using p-series ………𝑝 = 2 > 1 … … . (𝐶𝑜𝑛𝑣. ) 

By using Integral test to see whether it is convergent or divergent. 

∑
1

𝑛2

∞

𝑛=1

… … … . ∫
1

𝑥2

∞

1

𝑑𝑥 = [−
1

𝑥
]

1

∞

= −
1

∞
+

1

1
= 0 + 1 = 1 

The integral test is convergence……..the series converges. 
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Example: ∑
1

𝑛

∞

𝑛=1
 

Solution: 

∗ 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … . . 𝑝 = 1 … … . (𝐷𝑖𝑣. )  

∗ 𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑒𝑠𝑡  

∑
1

𝑛

∞

𝑛=1

… … … . ∫
1

𝑥

∞

1

𝑑𝑥 = [ln 𝑥]1
∞ = ln ∞ − ln 1 = ∞ 

The series is divergent because the integral test diverges. 

Example: ∑
𝑛

𝑒𝑛2

∞

𝑛=1
 

∑
𝑛

𝑒𝑛2

∞

𝑛=1

… … ∫
𝑥

𝑒𝑥2

∞

1

𝑑𝑥 = ∫ 𝑥𝑒−𝑥2
∞

1

𝑑𝑥 = [−
1

2
𝑒−𝑥2

]
1

∞

= −
1

2
𝑒−∞2

+
1

2
𝑒−12

=
1

2𝑒
−

1

2𝑒∞
=

1

2𝑒
 

The integral test converges ……… The series converges. 
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Comparison Tests 

We can test the convergence of many more series by comparing their terms to those 

of a series whose convergence is known. 
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Example:  

(1) 𝑎𝑛 = ∑
1

2𝑛2 − 𝑛

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 = 2 > 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛2

2𝑛2 − 𝑛
= lim

𝑛→∞

1

2 −
1
𝑛

=
1

2
> 0 … … … … 𝑎𝑛 = 𝐶𝑜𝑛𝑣. 
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(2) 𝑎𝑛 = ∑
3𝑛3 − 2𝑛2 + 4

𝑛5 − 𝑛2 + 2

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 = 2 > 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

3𝑛5 − 2𝑛4 + 4𝑛2

𝑛5 − 𝑛2 + 2
= lim

𝑛→∞

3 −
2
𝑛

+
4

𝑛3

1 −
1

𝑛3 +
2

𝑛5

= 3 > 0 … … 𝑎𝑛 = 𝐶𝑜𝑛𝑣. 

(3) 𝑎𝑛 = ∑
1

√8𝑛2 − 3𝑛
3

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛
2
3

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 =
2

3
< 1 … … . . (𝐷𝑖𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛
2
3

(8𝑛2 − 3𝑛)
1
3

= lim
𝑛→∞

(
𝑛2

8𝑛2 − 3𝑛
)

1
3

= lim
𝑛→∞

(
1

8 −
3
𝑛

)

1
3

= 0.5 > 0 … …  

𝑎𝑛 = 𝑑𝑖𝑣𝑒𝑟𝑔𝑒 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑏𝑛 𝑖𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑡  

(4) 𝑎𝑛 = ∑
√𝑛

𝑛3 + 1

∞

𝑛=1

 

𝑏𝑛 = ∑
1

𝑛
5
2

∞

𝑛=1

            ;   𝑢𝑠𝑖𝑛𝑔 𝑝 − 𝑠𝑒𝑟𝑖𝑒𝑠 … … 𝑝 =
5

2
> 1 … … . . (𝐶𝑜𝑛𝑣. ) 

lim
𝑛→∞

𝑎𝑛

𝑏𝑛
= lim

𝑛→∞

𝑛
5
2 ∙ 𝑛

1
2

𝑛3 + 1
= lim

𝑛→∞

𝑛3

𝑛3 + 1
= lim

𝑛→∞

1

1 +
1

𝑛3

= 1 > 0 … …  

𝑎𝑛 = 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒 𝑎𝑠 𝑏𝑛 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡  



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 27 

Homework:    

(1) ∑
2𝑛

5𝑛

∞

𝑛=0

… … . . (𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠) 

(2) ∑
1

𝑛2 + 1

∞

𝑛=1

… … . (𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑒𝑠𝑡) 

(3) ∑
1

𝑛 − 2

∞

𝑛=1

… … … (Comparison test) 

(4) ∑
1

(𝑛 − 1)(√𝑛 − 1)

∞

𝑛=1

… … … . (Comparison test) 

(5) ∑
√𝑛

𝑛2 + 1

∞

𝑛=1

… … …  (Comparison test) 
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Differential Equations 

1- First Order Differential Equations ……𝑓(𝑥, 𝑦, 𝑦′) = 0 

2- Second Order Differential Equations …𝑓(𝑥, 𝑦, 𝑦′, 𝑦′′) = 0 

3- Higher Order Differential Equations …𝑓(𝑥, 𝑦, 𝑦′, 𝑦′′, 𝑦′′′, 𝑦′′′′, . . . ) = 0 

 

First Order Differential Equations 

 

 

Types of First-order Differential Equations 

1- Separable, 

2- Homogeneous, 

3- Exact, 

4- Linear, 

5- Bernoulli  

 

1- Separable Differential Equations 

Suppose we have a differential equation of the form 
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Examples: Find the solution of the following differential equations: 

1- sin 𝑥 𝑑𝑥 + 𝑦2𝑑𝑦 = 0 

∫ sin 𝑥 𝑑𝑥 + ∫ 𝑦2𝑑𝑦 = 0 

− cos 𝑥 +
𝑦3

3
= 𝑐 

2- 𝑥𝑑𝑥 − 𝑦2𝑑𝑦 = 0 

∫ 𝑥𝑑𝑥 − ∫ 𝑦2𝑑𝑦 = 0 

𝑥2

2
−

𝑦3

3
= 𝑐 

3- 
𝑑𝑦

𝑑𝑥
= 𝑦2𝑥3 

𝑑𝑦

𝑦2
= 𝑥3𝑑𝑥 

∫
𝑑𝑦

𝑦2
= ∫ 𝑥3𝑑𝑥 

−
1

𝑦
=

𝑥4

4
+ 𝑐 
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𝑦 =
−4

𝑥4 + 𝑐
 

4- 
𝑑𝑦

𝑑𝑥
= −

𝑥

𝑦
      ; 𝑦(1) = 4 

∫ 𝑦𝑑𝑦 = ∫ −𝑥𝑑𝑥 

𝑦2

2
= −

𝑥2

2
+ 𝑐 

𝑦2 + 𝑥2 = 2𝑐 = 𝑐  

42 + 12 = 𝑐 →   𝑐 = 17 

𝑦2 + 𝑥2 = 17  

5- 
𝑑𝑦

𝑑𝑥
= (1 + 𝑦2)𝑒𝑥 

𝑑𝑦

1 + 𝑦2
= 𝑒𝑥𝑑𝑥 

∫
𝑑𝑦

1 + 𝑦2
= ∫ 𝑒𝑥𝑑𝑥 

tan−1 𝑦 = 𝑒𝑥 + 𝑐 

𝑦 = tan( 𝑒𝑥 + 𝑐)  

6- ln(𝑦2 + 1) 𝑑𝑥 +
2𝑦(𝑥−1)

𝑦2+1
𝑑𝑦 = 0 

ln(𝑦2 + 1) 𝑑𝑥 = −
2𝑦(𝑥 − 1)

𝑦2 + 1
𝑑𝑦 

∫
𝑑𝑥

(𝑥 − 1)
= − ∫

2𝑦

(𝑦2 + 1) ln(𝑦2 + 1)
𝑑𝑦 

∫
𝑑𝑥

(𝑥 − 1)
= − ∫

2𝑦
(𝑦2 + 1)

ln(𝑦2 + 1)
𝑑𝑦 

ln(𝑥 − 1) = − ln (ln(𝑦2 + 1)) + 𝑐 
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7- 
𝑑𝑦

𝑑𝑥
= cos(𝑥 + 𝑦) 

We cannot separate this equation, so we change it to  

Let: 𝑥 + 𝑦 = 𝑢    →    
𝑑𝑢

𝑑𝑥
= 1 +

𝑑𝑦

𝑑𝑥
        (𝑁𝑜𝑡𝑒: 𝑦 = 𝑓(𝑥)) 

𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
− 1 

𝑑𝑦

𝑑𝑥
= cos(𝑥 + 𝑦)     →       

𝑑𝑢

𝑑𝑥
− 1 = cos(𝑢) 

𝑑𝑢

𝑑𝑥
= 1 + cos(𝑢) 

𝑑𝑢

1 + cos(𝑢)
= 𝑑𝑥 

∫
𝑑𝑢

1 + cos(𝑢)
= ∫ 𝑑𝑥 

∫
(1 − cos 𝑢)

(1 − cos 𝑢)(1 + cos 𝑢)
𝑑𝑢 = ∫ 𝑑𝑥 

∫
(1 − cos 𝑢)

(1 − cos2 𝑢)
𝑑𝑢 = ∫ 𝑑𝑥       →     ∫

(1 − cos 𝑢)

sin2 𝑢
𝑑𝑢 = ∫ 𝑑𝑥   

∫
1

sin2 𝑢
𝑑𝑢 − ∫

cos 𝑢

sin2 𝑢
𝑑𝑢 = ∫ 𝑑𝑥   

∫ csc2 𝑢 𝑑𝑢 − ∫ cot 𝑢 csc 𝑢 𝑑𝑢 = ∫ 𝑑𝑥   

− cot 𝑢 + csc 𝑢 = 𝑥 + 𝑐   

− cot(𝑥 + 𝑦) + csc(𝑥 + 𝑦) = 𝑥 + 𝑐   

 

2- Homogeneous Differential Equations 
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Examples: Find the solution of the following differential equations: 

1- 
𝑑𝑦

𝑑𝑥
=

𝑦+𝑥

𝑥
 

𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
+ 1 

𝐿𝑒𝑡: 
𝑦

𝑥
= 𝑣     →        𝑦 = 𝑣𝑥      →        

𝑑𝑦

𝑑𝑥
= 𝑥

𝑑𝑣

𝑑𝑥
+ 𝑣      

𝑥
𝑑𝑣

𝑑𝑥
+ 𝑣 = 𝑣 + 1       →      𝑥

𝑑𝑣

𝑑𝑥
= 1      →      𝑑𝑣 =

𝑑𝑥

𝑥
  

∫ 𝑑𝑣 = ∫
𝑑𝑥

𝑥
       →         𝑣 = ln 𝑥 + 𝑐       →          

𝑦

𝑥
= ln 𝑥 + 𝑐     

2- (𝑥𝑒
𝑦

𝑥 + 𝑦) 𝑑𝑥 − 𝑥𝑑𝑦 = 0 

(𝑥𝑒
𝑦
𝑥 + 𝑦) 𝑑𝑥 = 𝑥𝑑𝑦 

𝑑𝑦

𝑑𝑥
=

𝑥𝑒
𝑦
𝑥 + 𝑦

𝑥
= 𝑒

𝑦
𝑥 +

𝑦

𝑥
 

𝐿𝑒𝑡: 
𝑦

𝑥
= 𝑣     →        𝑦 = 𝑣𝑥      →        

𝑑𝑦

𝑑𝑥
= 𝑥

𝑑𝑣

𝑑𝑥
+ 𝑣      

𝑥
𝑑𝑣

𝑑𝑥
+ 𝑣 = 𝑒𝑣 + 𝑣        →        𝑥

𝑑𝑣

𝑑𝑥
= 𝑒𝑣        →       

𝑑𝑣

𝑒𝑣
=

𝑑𝑥

𝑥
 

∫
𝑑𝑣

𝑒𝑣
= ∫

𝑑𝑥

𝑥
       →        ∫ 𝑒−𝑣 𝑑𝑣 = ∫

𝑑𝑥

𝑥
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−𝑒−𝑣 = ln 𝑥 + 𝑐           →           −𝑒−
𝑦
𝑥 = ln 𝑥 + 𝑐 

3- 
𝑑𝑦

𝑑𝑥
=

𝑥−𝑦

𝑥+𝑦
 

𝑑𝑦

𝑑𝑥
=

1 −
𝑦
𝑥

1 +
𝑦
𝑥

              (𝑁𝑜𝑡𝑒: ÷ 𝑥) 

𝐿𝑒𝑡: 
𝑦

𝑥
= 𝑣     →        𝑦 = 𝑣𝑥      →        

𝑑𝑦

𝑑𝑥
= 𝑥

𝑑𝑣

𝑑𝑥
+ 𝑣      

𝑥
𝑑𝑣

𝑑𝑥
+ 𝑣 =

1 − 𝑣

1 + 𝑣
 

𝑥
𝑑𝑣

𝑑𝑥
=

1 − 𝑣

1 + 𝑣
− 𝑣 =

1 − 2𝑣 − 𝑣2

1 + 𝑣
 

𝑑𝑥

𝑥
=

1 + 𝑣

1 − 2𝑣 − 𝑣2
𝑑𝑣 

∫
𝑑𝑥

𝑥
= ∫

1 + 𝑣

1 − 2𝑣 − 𝑣2
𝑑𝑣 

ln 𝑥 = −
1

2
ln(1 − 2𝑣 − 𝑣2) + 𝑐 

ln 𝑥 = −
1

2
ln (1 − 2

𝑦

𝑥
− (

𝑦

𝑥
)2) + 𝑐 

Homework: 

1- (𝑥 + 1)
𝑑𝑦

𝑑𝑥
= 𝑥(𝑦2 + 1) 

2- 
𝑑𝑦

𝑑𝑥
=

𝑥√1−𝑦2

1+𝑥2
        ;     𝑦(0) = 1 

3- 𝑥𝑑𝑦 − 𝑦𝑑𝑥 − 𝑥2𝑦3𝑑𝑦 = 0 

4- 
𝑑𝑦

𝑑𝑥
=

𝑥+𝑦

𝑥−𝑦
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3- Exact Differential Equations 

𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0      𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑐𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑓   
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

𝑁𝑜𝑡𝑒:  𝑀 =
𝜕𝑓

𝜕𝑥
     ;     𝑁 =

𝜕𝑓

𝜕𝑦
 

 

Examples: Solve the following differential equations: 

1- 2𝑥𝑦𝑑𝑥 + (1 + 𝑥2)𝑑𝑦 = 0 

𝑀 = 2𝑥𝑦    →      
𝜕𝑀

𝜕𝑦
= 2𝑥 

𝑁 = (1 + 𝑥2)      →      
𝜕𝑁

𝜕𝑥
= 2𝑥  

∴ 𝑇ℎ𝑒 𝐷. 𝐸. 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑏𝑒𝑐𝑐𝑎𝑢𝑠𝑒  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

2𝑥𝑦𝑑𝑥 + (1 + 𝑥2)𝑑𝑦 = 0 

2𝑥𝑦𝑑𝑥 + 𝑑𝑦 + 𝑥2𝑑𝑦 = 0        →      2𝑥𝑦𝑑𝑥 + 𝑥2𝑑𝑦 = −𝑑𝑦   

𝑑(𝑥2𝑦) = −𝑑𝑦 

∫ 𝑑(𝑥2𝑦) = ∫ −𝑑𝑦 

𝑥2𝑦 = −𝑦 + 𝑐 

 

2-   (𝑥 + sin 𝑦)𝑑𝑥 + (𝑥 cos 𝑦 − 2𝑦)𝑑𝑦 = 0 

𝑀 = 𝑥 + sin 𝑦     →      
𝜕𝑀

𝜕𝑦
= cos 𝑦 

𝑁 = 𝑥 cos 𝑦 − 2𝑦     →      
𝜕𝑁

𝜕𝑥
= cos 𝑦  

∴ 𝑇ℎ𝑒 𝐷. 𝐸. 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑏𝑒𝑐𝑐𝑎𝑢𝑠𝑒  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 36 

(𝑥 + sin 𝑦)𝑑𝑥 + (𝑥 cos 𝑦 − 2𝑦)𝑑𝑦 = 0 

𝑥𝑑𝑥 + sin 𝑦 𝑑𝑥 + 𝑥 cos 𝑦 𝑑𝑦 − 2𝑦𝑑𝑦 = 0 

𝑑(𝑥 sin 𝑦) = 2𝑦𝑑𝑦 − 𝑥𝑑𝑥 

∫ 𝑑(𝑥 sin 𝑦) = ∫ 2𝑦𝑑𝑦 − ∫ 𝑥𝑑𝑥 

𝑥 sin 𝑦 = 𝑦2 −
𝑥2

2
+ 𝑐 

 

3- (5𝑦4𝑥3 − 2𝑦7)𝑑𝑦 − (𝑥7 − 3𝑥2𝑦5)𝑑𝑥 = 0 

(5𝑦4𝑥3 − 2𝑦7)𝑑𝑦 + (3𝑥2𝑦5 − 𝑥7)𝑑𝑥 = 0 

𝑀 = 3𝑥2𝑦5 − 𝑥7     →      
𝜕𝑀

𝜕𝑦
= 15𝑥2𝑦4 

𝑁 = 5𝑦4𝑥3 − 2𝑦7      →      
𝜕𝑁

𝜕𝑥
= 15𝑥2𝑦4  

∴ 𝑇ℎ𝑒 𝐷. 𝐸. 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑏𝑒𝑐𝑐𝑎𝑢𝑠𝑒  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

(5𝑦4𝑥3 − 2𝑦7)𝑑𝑦 + (3𝑥2𝑦5 − 𝑥7)𝑑𝑥 = 0 

5𝑦4𝑥3𝑑𝑦 − 2𝑦7𝑑𝑦 + 3𝑥2𝑦5𝑑𝑥 − 𝑥7𝑑𝑥 = 0 

𝑑(𝑥3𝑦5) = 2𝑦7𝑑𝑦 + 𝑥7𝑑𝑥 

∫ 𝑑(𝑥3𝑦5) = ∫ 2𝑦7𝑑𝑦 + ∫ 𝑥7𝑑𝑥 

𝑥3𝑦5 =
𝑦8

4
+

𝑥8

8
+ 𝑐 

 

4- (
𝑦2

1+𝑥2
− 2𝑦) 𝑑𝑥 + (2𝑦 tan−1 𝑥 − 2𝑥 + sinh 𝑦)𝑑𝑦 = 0 
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𝑀 =
𝑦2

1 + 𝑥2
− 2𝑦    →      

𝜕𝑀

𝜕𝑦
=

2𝑦

1 + 𝑥2
− 2 

𝑁 = 2𝑦 tan−1 𝑥 − 2𝑥 + sinh 𝑦      →      
𝜕𝑁

𝜕𝑥
=

2𝑦

1 + 𝑥2
− 2  

∴ 𝑇ℎ𝑒 𝐷. 𝐸. 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑏𝑒𝑐𝑐𝑎𝑢𝑠𝑒  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

(
𝑦2

1 + 𝑥2
− 2𝑦) 𝑑𝑥 + (2𝑦 tan−1 𝑥 − 2𝑥)𝑑𝑦 + sinh 𝑦 𝑑𝑦 = 0 

𝑑(𝑦2 tan−1 𝑥 − 2𝑥𝑦) + sinh 𝑦 𝑑𝑦 = 0 

∫ 𝑑(𝑦2 tan−1 𝑥 − 2𝑥𝑦) + ∫ sinh 𝑦 𝑑𝑦 = 0 

𝑦2 tan−1 𝑥 − 2𝑥𝑦 + cosh 𝑦 = 𝑐 

 

5- 3𝑥2 sinh−1 𝑦 𝑑𝑥 +
𝑑𝑦

1+𝑦2
+

𝑥3

√1+𝑦2
𝑑𝑦 = 0 

3𝑥2 sinh−1 𝑦 𝑑𝑥 + (
1

1 + 𝑦2
+

𝑥3

√1 + 𝑦2
)𝑑𝑦 = 0 

𝑀 = 3𝑥2 sinh−1 𝑦     →      
𝜕𝑀

𝜕𝑦
=

3𝑥2

√1 + 𝑦2
 

𝑁 =
1

1 + 𝑦2
+

𝑥3

√1 + 𝑦2
     →      

𝜕𝑁

𝜕𝑥
=

3𝑥2

√1 + 𝑦2
  

∴ 𝑇ℎ𝑒 𝐷. 𝐸. 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡 𝑏𝑒𝑐𝑐𝑎𝑢𝑠𝑒  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

𝑑(𝑥3 sinh−1 𝑦) +
𝑑𝑦

1 + 𝑦2
= 0 

∫ 𝑑(𝑥3 sinh−1 𝑦) + ∫
𝑑𝑦

1 + 𝑦2
= 0 

𝑥3 sinh−1 𝑦 + tan−1 𝑦 = 𝑐 
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4- Linear Differential Equations 
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Examples: 

1- 𝑥
𝑑𝑦

𝑑𝑥
+ 3𝑦 =

sin 𝑥

𝑥2
 

𝑑𝑦

𝑑𝑥
+

3

𝑥
𝑦 =

sin 𝑥

𝑥3
 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫
3
𝑥

𝑑𝑥 = 𝑒3 ln 𝑥 = 𝑒ln 𝑥3
= 𝑥3 

𝑥3
𝑑𝑦

𝑑𝑥
+ 3𝑥2𝑦 = sin 𝑥 

𝑥3𝑑𝑦 + 3𝑥2𝑦𝑑𝑥 = sin 𝑥 𝑑𝑥 

𝑑(𝑥3𝑦) = sin 𝑥 𝑑𝑥 

∫ 𝑑(𝑥3𝑦) = ∫ sin 𝑥 𝑑𝑥 

𝑥3𝑦 = − cos 𝑥 + 𝑐 

𝑦 =
− cos 𝑥

𝑥3
+

𝑐

𝑥3
 

 

2- 𝑡(1 + 𝑡2)𝑑𝑥 = (𝑥 + 𝑥𝑡2 − 𝑡2)𝑑𝑡                    (𝑁𝑜𝑡𝑒: 𝑥 = 𝑓(𝑡)) 

𝑑𝑥

𝑑𝑡
=

𝑥 + 𝑥𝑡2 − 𝑡2

𝑡(1 + 𝑡2)
=

𝑥(1 + 𝑡2) − 𝑡2

𝑡(1 + 𝑡2)
=

𝑥(1 + 𝑡2)

𝑡(1 + 𝑡2)
−

𝑡2

𝑡(1 + 𝑡2)
=

𝑥

𝑡
−

𝑡

(1 + 𝑡2)
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𝑑𝑥

𝑑𝑡
−

1

𝑡
𝑥 = −

𝑡

(1 + 𝑡2)
 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑡)𝑑𝑡 = 𝑒∫ −
1
𝑡

𝑑𝑡 = 𝑒− ln 𝑡 = 𝑒ln 𝑡−1
=

1

𝑡
 

1

𝑡
∙

𝑑𝑥

𝑑𝑡
−

1

𝑡2
𝑥 = −

1

(1 + 𝑡2)
 

1

𝑡
∙ 𝑑𝑥 −

1

𝑡2
𝑥𝑑𝑡 = −

1

(1 + 𝑡2)
𝑑𝑡 

𝑑(
𝑥

𝑡
) = −

1

(1 + 𝑡2)
𝑑𝑡 

∫ 𝑑(
𝑥

𝑡
) = ∫ −

1

(1 + 𝑡2)
𝑑𝑡 

𝑥

𝑡
= − tan−1 𝑡 + 𝑐 

𝑥 = 𝑡(− tan−1 𝑡 + 𝑐) 

 

3- 
𝑑𝑦

𝑑𝑥
=

𝑦

3𝑥−𝑦5
 

𝑑𝑥

𝑑𝑦
=

3𝑥 − 𝑦5

𝑦
=

3𝑥

𝑦
− 𝑦4 

𝑑𝑥

𝑑𝑦
−

3

𝑦
𝑥 = −𝑦4 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑦)𝑑𝑦 = 𝑒
∫ −

3
𝑦

𝑑𝑦
= 𝑒−3 ln 𝑦 = 𝑒ln 𝑦−3

=
1

𝑦3
 

1

𝑦3
∙

𝑑𝑥

𝑑𝑦
−

3

𝑦4
𝑥 = −𝑦 
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1

𝑦3
∙ 𝑑𝑥 −

3

𝑦4
𝑥𝑑𝑦 = −𝑦𝑑𝑦 

𝑑(
𝑥

𝑦3
) = −𝑦𝑑𝑦 

∫ 𝑑(
𝑥

𝑦3
) = ∫ −𝑦𝑑𝑦 

𝑥

𝑦3
= −

𝑦2

2
+ 𝑐 

𝑥 = −
𝑦5

2
+ 𝑐𝑦3 

 

Homework: 

1- (𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥𝑦 + cos 𝑦)𝑑𝑦 = 0 

2- 
𝑑𝑦

𝑑𝑥
− 3𝑦 = 6 

3- 
𝑑𝑦

𝑑𝑥
+ 𝑥2𝑦 = 𝑥2 
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5- Bernoulli Differential Equations 

 

 

Examples: 

 

1. 
𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑒−𝑥𝑦2 

𝑛 = 2      →       𝑢 = 𝑦1−𝑛 = 𝑦1−2 = 𝑦−1       →       𝑦 = 𝑢−1 

𝑑𝑦

𝑑𝑥
= −𝑢−2

𝑑𝑢

𝑑𝑥
 

Substitution into the original equation gives 

−𝑢−2
𝑑𝑢

𝑑𝑥
− 𝑢−1 = 𝑒−𝑥𝑢−2                                       (÷ −𝑢−2) 

𝑑𝑢

𝑑𝑥
+ 𝑢 = −𝑒−𝑥                                       (𝐼𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝐷. 𝐸. ) 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫ 𝑑𝑥 = 𝑒𝑥 

𝑒𝑥
𝑑𝑢

𝑑𝑥
+ 𝑒𝑥𝑢 = −𝑒𝑥𝑒−𝑥         

𝑒𝑥𝑑𝑢 + 𝑒𝑥𝑢𝑑𝑥 = −𝑑𝑥         

𝑑(𝑒𝑥𝑢) = −𝑑𝑥 

∫ 𝑑(𝑒𝑥𝑢) = ∫ −𝑑𝑥 

𝑒𝑥𝑢 = −𝑥 + 𝑐 
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𝑒𝑥
1

𝑦
= −𝑥 + 𝑐      →      𝑦 =

𝑒𝑥

−𝑥 + 𝑐
 

 

2. 
𝑑𝑦

𝑑𝑥
=

𝑥3𝑦4−2𝑦

𝑥
 

𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 𝑥2𝑦4 

𝑛 = 4      →       𝑢 = 𝑦1−𝑛 = 𝑦1−4 = 𝑦−3  

−3𝑦−4
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
        →        

𝑑𝑦

𝑑𝑥
=

1

−3𝑦−4

𝑑𝑢

𝑑𝑥
 

Substitution into the original equation gives 

1

−3𝑦−4

𝑑𝑢

𝑑𝑥
+

2

𝑥
𝑦 = 𝑥2𝑦4                                      (∗  −3𝑦−4) 

𝑑𝑢

𝑑𝑥
−

6

𝑥
𝑦−3 = −3𝑥2  

𝑑𝑢

𝑑𝑥
−

6

𝑥
𝑢 = −3𝑥2                                   (𝐼𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝐷. 𝐸. ) 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫ −
6
𝑥

𝑑𝑥 = 𝑒−6 ln 𝑥 = 𝑒ln 𝑥−6
=

1

𝑥6
 

1

𝑥6

𝑑𝑢

𝑑𝑥
−

6

𝑥7
𝑢 = −

3

𝑥4
   

1

𝑥6
𝑑𝑢 −

6

𝑥7
𝑢𝑑𝑥 = −

3

𝑥4
𝑑𝑥 

𝑑(
𝑢

𝑥6
) = −

3

𝑥4
𝑑𝑥 

∫ 𝑑(
𝑢

𝑥6
) = ∫ −

3

𝑥4
𝑑𝑥 

𝑢

𝑥6
= 𝑥−3 + 𝑐      →            

𝑦−3

𝑥6
= 𝑥−3 + 𝑐       

𝑦−3 = 𝑥3(1 + 𝑐𝑥3) 
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3. 𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 𝑦−2 

𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 =

1

𝑥
𝑦−2 

𝑛 = −2      →       𝑢 = 𝑦1−𝑛 = 𝑦1−(−2) = 𝑦3         →       𝑦 = 𝑢1 3⁄   

𝑑𝑦

𝑑𝑥
=

1

3
𝑢−2 3⁄

𝑑𝑢

𝑑𝑥
 

Substitution into the original equation gives 

1

3
𝑢−2 3⁄

𝑑𝑢

𝑑𝑥
+

1

𝑥
𝑢1 3⁄ =

1

𝑥
𝑢−2 3⁄  

𝑑𝑢

𝑑𝑥
+

3

𝑥
𝑢 =

3

𝑥
 

𝐼. 𝐹. = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫
3
𝑥

𝑑𝑥 = 𝑒3 ln 𝑥 = 𝑒ln 𝑥3
= 𝑥3 

𝑥3
𝑑𝑢

𝑑𝑥
+ 3𝑥2𝑢 = 3𝑥2 

𝑥3𝑑𝑢 + 3𝑥2𝑢𝑑𝑥 = 3𝑥2𝑑𝑥 

𝑑(𝑥3𝑢) = 3𝑥2𝑑𝑥 

∫ 𝑑(𝑥3𝑢) = ∫ 3𝑥2𝑑𝑥 

𝑥3𝑢 = 𝑥3 + 𝑐        

𝑥3𝑦3 = 𝑥3 + 𝑐      

 

Homework: 

1- 
𝑑𝑦

𝑑𝑥
− 𝑦 = −𝑦2 

2- 
𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑥𝑦2 
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Second – Order Differential Equations 

 

1. If 𝐺(𝑥) = 0, the equation is said to be Homogeneous as following 

𝑃(𝑥)𝑦′′ + 𝑄(𝑥)𝑦′ + 𝑅(𝑥)𝑦 = 0                                                   (2) 

2. If 𝐺(𝑥) ≠ 0, the equation is called Nonhomogeneous 

𝑃(𝑥)𝑦′′ + 𝑄(𝑥)𝑦′ + 𝑅(𝑥)𝑦 = 𝐺(𝑥) 

 

1. Second – Order Linear Homogeneous Differential Equations 
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Note: If 𝒓𝟏 ≠ 𝒓𝟐         →   𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:        𝒚 = 𝒄𝟏𝒆𝒓𝟏𝒙 + 𝒄𝟐𝒆𝒓𝟐𝒙 
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Note: If 𝒓𝟏 = 𝒓𝟐 = 𝒓      →   𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:        𝒚 = 𝒄𝟏𝒆𝒓𝒙 + 𝒄𝟐𝒙𝒆𝒓𝒙 
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Note: If 𝒓𝟏 = 𝜶 + 𝒊𝜷    𝒂𝒏𝒅    𝒓𝟐 = 𝜶 − 𝒊𝜷    →     𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:    

  𝒚 = 𝒆𝜶𝒙(𝒄𝟏 𝐬𝐢𝐧 𝜷𝒙 + 𝒄𝟐 𝐜𝐨𝐬 𝜷𝒙) 

 

 

Examples: Find the general solution of the following differential equations: 

1. 𝑦′′ − 𝑦′ − 2𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 − 𝑟𝑒𝑟𝑥 − 2𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 
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𝑟2 − 𝑟 − 2 = 0  

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2    𝑎𝑛𝑑    𝑟2 = −1               (𝑟1 ≠ 𝑟2) 

 𝑦 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥    

   

2. 𝑦′′ − 6𝑦′ + 9𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 − 6𝑟𝑒𝑟𝑥 + 9𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 

𝑟2 − 6𝑟 + 9 = 0  

(𝑟 − 3)(𝑟 − 3) = 0 

𝑟1 = 3    𝑎𝑛𝑑    𝑟2 = 3                          (𝑟1 = 𝑟2 = 𝑟)                  

𝑦 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥    

   

3. 𝑦′′ + 4𝑦′ + 5𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 + 4𝑟𝑒𝑟𝑥 + 5𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 

𝑟2 + 4𝑟 + 5 = 0  

𝑟 =
−𝑏 ∓ √𝑏2 − 4𝑎𝑐

2𝑎
         →            𝑟 =

−4 ∓ √42 − 4 ∗ 1 ∗ 5

2 ∗ 1
   

𝑟1 = −2 + 𝑖    𝑎𝑛𝑑    𝑟2 = −2 − 𝑖        →    𝛼 = −2     𝑎𝑛𝑑    𝛽 = 1                   

𝑦 = 𝑒−2𝑥(𝑐1 sin 𝑥 + 𝑐2 cos 𝑥)    

Homework: 

1. 𝑦′′ + 4𝑦 = 0 
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Initial Value and Boundary Value Problems 

The general solution to a second-order equation contains two arbitrary constants, it is 

necessary to specify two conditions. These conditions are called initial conditions. 

 

 

 

    Another approach to determine the values of the two arbitrary constants in the 

general solution to a second-order differential equation is to specify the values of the 
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solution function at two different points in the interval I. That is, we solve the 

differential equation subject to the boundary values 

 

 

 

Nonhomogeneous Linear Differential Equations 

Two methods for solving second-order linear nonhomogeneous differential equations 

with constant coefficients. These are the methods of undetermined coefficients and 

variation of parameters. We begin by considering the form of the general solution. 
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You may find the following table helpful in solving the problems at the end of this 

section.  
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Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 4𝑦 = sin 𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 4𝑦 = 0     

𝑟2 − 4 = 0 

(𝑟 − 2)(𝑟 + 2) = 0 

𝑟1 = 2   ;    𝑟2 = −2 

∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = sin 𝑥    𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑦𝑝 = 𝐴 sin 𝑥 + 𝐵 cos 𝑥 

𝑦𝑝
′ = 𝐴 cos 𝑥 − 𝐵 sin 𝑥 

𝑦𝑝
′′ = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔  𝑦𝑝 , 𝑦𝑝
′ , 𝑦𝑝

′′ 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑦′′ − 4𝑦 = sin 𝑥), 𝑤𝑒 𝑔𝑒𝑡   

−𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 4(𝐴 sin 𝑥 + 𝐵 cos 𝑥) = sin 𝑥 

−5𝐴 sin 𝑥 − 5𝐵 cos 𝑥 = sin 𝑥 
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∎  sin 𝑥       →   −5 𝐴 = 1       →      𝐴 = −
1

5
 

∎  cos 𝑥        →    −5𝐵 = 0     →    𝐵 = 0 

∴ 𝑦𝑝 = −
1

5
sin 𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 −
1

5
sin 𝑥 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 𝑦′ − 2𝑦 = 𝑒2𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 𝑦′ − 2𝑦 = 0     

𝑟2 − 𝑟 − 2 = 0 

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2   ;    𝑟2 = −1 

∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 𝑒2𝑥   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡: 𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒  

𝑦𝑝 = 𝐴𝑒2𝑥 

𝑦𝑝
′ = 2𝐴𝑒2𝑥 

𝑦𝑝
′′ = 4𝐴𝑒2𝑥 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈  𝒚𝒑, 𝒚𝒑
′ , 𝒚𝒑

′′ 𝒊𝒏 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝒚′′ − 𝒚′ − 𝟐𝒚 = 𝒆𝟐𝒙), 𝒘𝒆 𝒈𝒆𝒕   

4𝐴𝑒2𝑥 − 2𝐴𝑒2𝑥 − 2𝐴𝑒2𝑥 = 𝑒2𝑥 

0 = 𝑒2𝑥       𝑡ℎ𝑒 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑟𝑟𝑒𝑐𝑡, 𝑡ℎ𝑢𝑠, 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑦𝑝 = 𝐴𝑥𝑒2𝑥 
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𝑦𝑝 = 𝐴𝑥𝑒2𝑥 

𝑦𝑝
′ = 2𝐴𝑥𝑒2𝑥 + 𝐴𝑒2𝑥 

𝑦𝑝
′′ = 4𝐴𝑥𝑒2𝑥 + 4𝐴𝑒2𝑥 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈  𝒚𝒑, 𝒚𝒑
′ , 𝒚𝒑

′′ 𝒊𝒏 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝒚′′ − 𝒚′ − 𝟐𝒚 = 𝒆𝟐𝒙), 𝒘𝒆 𝒈𝒆𝒕   

4𝐴𝑥𝑒2𝑥 + 4𝐴𝑒2𝑥 − (2𝐴𝑥𝑒2𝑥 + 𝐴𝑒2𝑥) − 2(𝐴𝑥𝑒2𝑥) = 𝑒2𝑥 

3𝐴𝑒2𝑥 = 𝑒2𝑥         →    𝐴 =
1

3
 

∴ 𝑦𝑝 =
1

3
𝑥𝑒2𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 +
1

3
𝑥𝑒2𝑥 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ + 2𝑦′ − 3𝑦 = 6 

Step 1: Find 𝑦𝑐       →     𝑦′′ + 2𝑦′ − 3𝑦 = 0     

𝑟2 + 2𝑟 − 3 = 0 

(𝑟 − 1)(𝑟 + 3) = 0 

𝑟1 = 1   ;    𝑟2 = −3 

∴   𝑦𝑐 = 𝑐1𝑒𝑥 + 𝑐2𝑒−3𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 6   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑦𝑝 = 𝐴 

𝑦𝑝
′ = 0 

𝑦𝑝
′′ = 0 
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𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔  𝑦𝑝 , 𝑦𝑝
′ , 𝑦𝑝

′′ 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑦′′ + 2𝑦′ − 3𝑦 = 6), 𝑤𝑒 𝑔𝑒𝑡   

0 + 2 ∗ 0 − 3𝐴 = 6 

𝐴 = −2 

∴ 𝑦𝑝 = −2 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒𝑥 + 𝑐2𝑒−3𝑥 − 2 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 6𝑦′ + 9𝑦 = 𝑒3𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 6𝑦′ + 9𝑦 = 0     

𝑟2 − 6𝑟 + 9 = 0 

(𝑟 − 3)(𝑟 − 3) = 0 

𝑟1 = 𝑟2 = 3 

∴   𝑦𝑐 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 𝑒2𝑥   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥 +
1

2
𝑥2𝑒3𝑥 
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Solving nonhomogeneous D.E by the Method of Variation of Parameters 

 

 

 
 

Example: Solve 𝑦′′ − 𝑦′ − 2𝑦 = 𝑒2𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 𝑦′ − 2𝑦 = 0     

𝑟2 − 𝑟 − 2 = 0 

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2   ;    𝑟2 = −1 
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∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 

Step 2: Find 𝑦𝑝 

𝑦𝑝 = 𝑣1𝑒2𝑥 + 𝑣2𝑒−𝑥 

𝑣1
′ 𝑒2𝑥 + 𝑣2

′ 𝑒−𝑥 = 0      … … … (1) 

𝑣1
′ 2𝑒2𝑥 + 𝑣2

′ (−𝑒−𝑥) = 𝑒2𝑥       … … … (2)        𝑁𝑜𝑡𝑒 (𝑎 = 1) 

3𝑣1
′ 𝑒2𝑥 = 𝑒2𝑥 

𝑣1
′ =

1

3
       →         𝑣1 = ∫

1

3
𝑑𝑥 =

𝑥

3
  

1

3
𝑒2𝑥 + 𝑣2

′ 𝑒−𝑥 = 0           →        𝑣2
′ =  −

1

3
𝑒3𝑥  

𝑣2 = ∫ −
1

3
𝑒3𝑥 𝑑𝑥 = − 

1

9
𝑒3𝑥    

𝑦𝑝 =
𝑥

3
𝑒2𝑥 − 

1

9
𝑒3𝑥𝑒−𝑥 

𝑦𝑝 =
𝑥

3
𝑒2𝑥 − 

1

9
𝑒2𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 +
𝑥

3
𝑒2𝑥 − 

1

9
𝑒2𝑥 

Example: Solve 𝑦′′ + 𝑦 = sec 𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ + 𝑦 = 0     

𝑟2 + 1 = 0 

𝑟2 = −1 

𝑟1 = 𝑖   ;    𝑟2 = −𝑖                      (𝛼 = 0 ;  𝛽 = 1)  

∴   𝑦𝑐 = 𝑒0(𝑐1 sin 𝑥 + 𝑐2 cos 𝑥) = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 

Step 2: Find 𝑦𝑝 
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𝑦𝑝 = 𝑣1 sin 𝑥 + 𝑣2 cos 𝑥 

𝑣1
′ sin 𝑥 + 𝑣2

′ cos 𝑥 = 0      … … … (1) 

𝑣1
′ cos 𝑥 + 𝑣2

′ (− sin 𝑥) = sec 𝑥       … … … (2)        𝑁𝑜𝑡𝑒 (𝑎 = 1) 

𝑣1
′ =

|
0 cos 𝑥

sec 𝑥 − sin 𝑥
|

|
sin 𝑥 cos 𝑥
cos 𝑥 − sin 𝑥

|
=

− cos 𝑥 sec 𝑥

− sin2 𝑥 − cos2 𝑥
=

−1

−1
= 1  

𝑣1 = ∫ 1 𝑑𝑥 = 𝑥 

𝑣2
′ =

|
sin 𝑥 0
cos 𝑥 sec 𝑥

|

|
sin 𝑥 cos 𝑥
cos 𝑥 − sin 𝑥

|
=

sin 𝑥 sec 𝑥

− sin2 𝑥 − cos2 𝑥
=

− sin 𝑥

cos 𝑥
  

𝑣2 = ∫
− sin 𝑥

cos 𝑥
𝑑𝑥 = ln|cos 𝑥| 

𝑦𝑝 = 𝑥 sin 𝑥 + cos 𝑥 ln|cos 𝑥| 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 + 𝑥 sin 𝑥 + cos 𝑥 ln|cos 𝑥| 

𝑦 = (𝑐1 + 𝑥) sin 𝑥 + cos 𝑥 (𝑐2 + ln|cos 𝑥|) 
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Second – Order Differential Equations 

 

1. If 𝐺(𝑥) = 0, the equation is said to be Homogeneous as following 

𝑃(𝑥)𝑦′′ + 𝑄(𝑥)𝑦′ + 𝑅(𝑥)𝑦 = 0                                                   (2) 

2. If 𝐺(𝑥) ≠ 0, the equation is called Nonhomogeneous 

𝑃(𝑥)𝑦′′ + 𝑄(𝑥)𝑦′ + 𝑅(𝑥)𝑦 = 𝐺(𝑥) 

 

1. Second – Order Linear Homogeneous Differential Equations 
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Note: If 𝒓𝟏 ≠ 𝒓𝟐         →   𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:        𝒚 = 𝒄𝟏𝒆𝒓𝟏𝒙 + 𝒄𝟐𝒆𝒓𝟐𝒙 
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Note: If 𝒓𝟏 = 𝒓𝟐 = 𝒓      →   𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:        𝒚 = 𝒄𝟏𝒆𝒓𝒙 + 𝒄𝟐𝒙𝒆𝒓𝒙 
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Note: If 𝒓𝟏 = 𝜶 + 𝒊𝜷    𝒂𝒏𝒅    𝒓𝟐 = 𝜶 − 𝒊𝜷    →     𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔:    

  𝒚 = 𝒆𝜶𝒙(𝒄𝟏 𝐬𝐢𝐧 𝜷𝒙 + 𝒄𝟐 𝐜𝐨𝐬 𝜷𝒙) 

 

 

Examples: Find the general solution of the following differential equations: 

1. 𝑦′′ − 𝑦′ − 2𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 − 𝑟𝑒𝑟𝑥 − 2𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 
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𝑟2 − 𝑟 − 2 = 0  

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2    𝑎𝑛𝑑    𝑟2 = −1               (𝑟1 ≠ 𝑟2) 

 𝑦 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥    

   

2. 𝑦′′ − 6𝑦′ + 9𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 − 6𝑟𝑒𝑟𝑥 + 9𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 

𝑟2 − 6𝑟 + 9 = 0  

(𝑟 − 3)(𝑟 − 3) = 0 

𝑟1 = 3    𝑎𝑛𝑑    𝑟2 = 3                          (𝑟1 = 𝑟2 = 𝑟)                  

𝑦 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥    

   

3. 𝑦′′ + 4𝑦′ + 5𝑦 = 0 

Let 𝑦 = 𝑒𝑟𝑥       →     𝑦′ = 𝑟𝑒𝑟𝑥          →      𝑦′′ = 𝑟2𝑒𝑟𝑥    𝑠𝑢𝑏 𝑖𝑛 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝐸𝑞. 

𝑟2𝑒𝑟𝑥 + 4𝑟𝑒𝑟𝑥 + 5𝑒𝑟𝑥 = 0                              (÷ 𝑒𝑟𝑥) 

𝑟2 + 4𝑟 + 5 = 0  

𝑟 =
−𝑏 ∓ √𝑏2 − 4𝑎𝑐

2𝑎
         →            𝑟 =

−4 ∓ √42 − 4 ∗ 1 ∗ 5

2 ∗ 1
   

𝑟1 = −2 + 𝑖    𝑎𝑛𝑑    𝑟2 = −2 − 𝑖        →    𝛼 = −2     𝑎𝑛𝑑    𝛽 = 1                   

𝑦 = 𝑒−2𝑥(𝑐1 sin 𝑥 + 𝑐2 cos 𝑥)    

Homework: 

1. 𝑦′′ + 4𝑦 = 0 
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Initial Value and Boundary Value Problems 

The general solution to a second-order equation contains two arbitrary constants, it is 

necessary to specify two conditions. These conditions are called initial conditions. 

 

 

 

    Another approach to determine the values of the two arbitrary constants in the 

general solution to a second-order differential equation is to specify the values of the 
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solution function at two different points in the interval I. That is, we solve the 

differential equation subject to the boundary values 

 

 

 

Nonhomogeneous Linear Differential Equations 

Two methods for solving second-order linear nonhomogeneous differential equations 

with constant coefficients. These are the methods of undetermined coefficients and 

variation of parameters. We begin by considering the form of the general solution. 
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You may find the following table helpful in solving the problems at the end of this 

section.  
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Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 4𝑦 = sin 𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 4𝑦 = 0     

𝑟2 − 4 = 0 

(𝑟 − 2)(𝑟 + 2) = 0 

𝑟1 = 2   ;    𝑟2 = −2 

∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = sin 𝑥    𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑦𝑝 = 𝐴 sin 𝑥 + 𝐵 cos 𝑥 

𝑦𝑝
′ = 𝐴 cos 𝑥 − 𝐵 sin 𝑥 

𝑦𝑝
′′ = −𝐴 sin 𝑥 − 𝐵 cos 𝑥 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔  𝑦𝑝 , 𝑦𝑝
′ , 𝑦𝑝

′′ 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑦′′ − 4𝑦 = sin 𝑥), 𝑤𝑒 𝑔𝑒𝑡   

−𝐴 sin 𝑥 − 𝐵 cos 𝑥 − 4(𝐴 sin 𝑥 + 𝐵 cos 𝑥) = sin 𝑥 

−5𝐴 sin 𝑥 − 5𝐵 cos 𝑥 = sin 𝑥 



   2nd Year (2020-2021)                Mathematics II                         Dr. Rafea Dakhil 

 55 

∎  sin 𝑥       →   −5 𝐴 = 1       →      𝐴 = −
1

5
 

∎  cos 𝑥        →    −5𝐵 = 0     →    𝐵 = 0 

∴ 𝑦𝑝 = −
1

5
sin 𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−2𝑥 −
1

5
sin 𝑥 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 𝑦′ − 2𝑦 = 𝑒2𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 𝑦′ − 2𝑦 = 0     

𝑟2 − 𝑟 − 2 = 0 

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2   ;    𝑟2 = −1 

∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 𝑒2𝑥   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡: 𝐼𝑓 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒  

𝑦𝑝 = 𝐴𝑒2𝑥 

𝑦𝑝
′ = 2𝐴𝑒2𝑥 

𝑦𝑝
′′ = 4𝐴𝑒2𝑥 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈  𝒚𝒑, 𝒚𝒑
′ , 𝒚𝒑

′′ 𝒊𝒏 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝒚′′ − 𝒚′ − 𝟐𝒚 = 𝒆𝟐𝒙), 𝒘𝒆 𝒈𝒆𝒕   

4𝐴𝑒2𝑥 − 2𝐴𝑒2𝑥 − 2𝐴𝑒2𝑥 = 𝑒2𝑥 

0 = 𝑒2𝑥       𝑡ℎ𝑒 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑟𝑟𝑒𝑐𝑡, 𝑡ℎ𝑢𝑠, 𝑤𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑦𝑝 = 𝐴𝑥𝑒2𝑥 
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𝑦𝑝 = 𝐴𝑥𝑒2𝑥 

𝑦𝑝
′ = 2𝐴𝑥𝑒2𝑥 + 𝐴𝑒2𝑥 

𝑦𝑝
′′ = 4𝐴𝑥𝑒2𝑥 + 4𝐴𝑒2𝑥 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒏𝒈  𝒚𝒑, 𝒚𝒑
′ , 𝒚𝒑

′′ 𝒊𝒏 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝒚′′ − 𝒚′ − 𝟐𝒚 = 𝒆𝟐𝒙), 𝒘𝒆 𝒈𝒆𝒕   

4𝐴𝑥𝑒2𝑥 + 4𝐴𝑒2𝑥 − (2𝐴𝑥𝑒2𝑥 + 𝐴𝑒2𝑥) − 2(𝐴𝑥𝑒2𝑥) = 𝑒2𝑥 

3𝐴𝑒2𝑥 = 𝑒2𝑥         →    𝐴 =
1

3
 

∴ 𝑦𝑝 =
1

3
𝑥𝑒2𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 +
1

3
𝑥𝑒2𝑥 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ + 2𝑦′ − 3𝑦 = 6 

Step 1: Find 𝑦𝑐       →     𝑦′′ + 2𝑦′ − 3𝑦 = 0     

𝑟2 + 2𝑟 − 3 = 0 

(𝑟 − 1)(𝑟 + 3) = 0 

𝑟1 = 1   ;    𝑟2 = −3 

∴   𝑦𝑐 = 𝑐1𝑒𝑥 + 𝑐2𝑒−3𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 6   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

𝑦𝑝 = 𝐴 

𝑦𝑝
′ = 0 

𝑦𝑝
′′ = 0 
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𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔  𝑦𝑝 , 𝑦𝑝
′ , 𝑦𝑝

′′ 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑦′′ + 2𝑦′ − 3𝑦 = 6), 𝑤𝑒 𝑔𝑒𝑡   

0 + 2 ∗ 0 − 3𝐴 = 6 

𝐴 = −2 

∴ 𝑦𝑝 = −2 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒𝑥 + 𝑐2𝑒−3𝑥 − 2 

Example:  Solve the following nonhomogeneous differential equation: 

𝑦′′ − 6𝑦′ + 9𝑦 = 𝑒3𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 6𝑦′ + 9𝑦 = 0     

𝑟2 − 6𝑟 + 9 = 0 

(𝑟 − 3)(𝑟 − 3) = 0 

𝑟1 = 𝑟2 = 3 

∴   𝑦𝑐 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥 

Step 2: Find 𝑦𝑝 

𝐺(𝑥) = 𝑒2𝑥   𝑎𝑛𝑑 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑦𝑐  𝑎𝑛𝑑 𝐺(𝑥), 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒: 

 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒3𝑥 + 𝑐2𝑥𝑒3𝑥 +
1

2
𝑥2𝑒3𝑥 
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Solving nonhomogeneous D.E by the Method of Variation of Parameters 

 

 

 
 

Example: Solve 𝑦′′ − 𝑦′ − 2𝑦 = 𝑒2𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ − 𝑦′ − 2𝑦 = 0     

𝑟2 − 𝑟 − 2 = 0 

(𝑟 − 2)(𝑟 + 1) = 0 

𝑟1 = 2   ;    𝑟2 = −1 
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∴   𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 

Step 2: Find 𝑦𝑝 

𝑦𝑝 = 𝑣1𝑒2𝑥 + 𝑣2𝑒−𝑥 

𝑣1
′ 𝑒2𝑥 + 𝑣2

′ 𝑒−𝑥 = 0      … … … (1) 

𝑣1
′ 2𝑒2𝑥 + 𝑣2

′ (−𝑒−𝑥) = 𝑒2𝑥       … … … (2)        𝑁𝑜𝑡𝑒 (𝑎 = 1) 

3𝑣1
′ 𝑒2𝑥 = 𝑒2𝑥 

𝑣1
′ =

1

3
       →         𝑣1 = ∫

1

3
𝑑𝑥 =

𝑥

3
  

1

3
𝑒2𝑥 + 𝑣2

′ 𝑒−𝑥 = 0           →        𝑣2
′ =  −

1

3
𝑒3𝑥  

𝑣2 = ∫ −
1

3
𝑒3𝑥 𝑑𝑥 = − 

1

9
𝑒3𝑥    

𝑦𝑝 =
𝑥

3
𝑒2𝑥 − 

1

9
𝑒3𝑥𝑒−𝑥 

𝑦𝑝 =
𝑥

3
𝑒2𝑥 − 

1

9
𝑒2𝑥 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒−𝑥 +
𝑥

3
𝑒2𝑥 − 

1

9
𝑒2𝑥 

Example: Solve 𝑦′′ + 𝑦 = sec 𝑥 

Step 1: Find 𝑦𝑐       →     𝑦′′ + 𝑦 = 0     

𝑟2 + 1 = 0 

𝑟2 = −1 

𝑟1 = 𝑖   ;    𝑟2 = −𝑖                      (𝛼 = 0 ;  𝛽 = 1)  

∴   𝑦𝑐 = 𝑒0(𝑐1 sin 𝑥 + 𝑐2 cos 𝑥) = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 

Step 2: Find 𝑦𝑝 
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𝑦𝑝 = 𝑣1 sin 𝑥 + 𝑣2 cos 𝑥 

𝑣1
′ sin 𝑥 + 𝑣2

′ cos 𝑥 = 0      … … … (1) 

𝑣1
′ cos 𝑥 + 𝑣2

′ (− sin 𝑥) = sec 𝑥       … … … (2)        𝑁𝑜𝑡𝑒 (𝑎 = 1) 

𝑣1
′ =

|
0 cos 𝑥

sec 𝑥 − sin 𝑥
|

|
sin 𝑥 cos 𝑥
cos 𝑥 − sin 𝑥

|
=

− cos 𝑥 sec 𝑥

− sin2 𝑥 − cos2 𝑥
=

−1

−1
= 1  

𝑣1 = ∫ 1 𝑑𝑥 = 𝑥 

𝑣2
′ =

|
sin 𝑥 0
cos 𝑥 sec 𝑥

|

|
sin 𝑥 cos 𝑥
cos 𝑥 − sin 𝑥

|
=

sin 𝑥 sec 𝑥

− sin2 𝑥 − cos2 𝑥
=

− sin 𝑥

cos 𝑥
  

𝑣2 = ∫
− sin 𝑥

cos 𝑥
𝑑𝑥 = ln|cos 𝑥| 

𝑦𝑝 = 𝑥 sin 𝑥 + cos 𝑥 ln|cos 𝑥| 

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1 sin 𝑥 + 𝑐2 cos 𝑥 + 𝑥 sin 𝑥 + cos 𝑥 ln|cos 𝑥| 

𝑦 = (𝑐1 + 𝑥) sin 𝑥 + cos 𝑥 (𝑐2 + ln|cos 𝑥|) 
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